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Kraemer, Michael A., Ph.D., May 2001 Mathematics

Analysis of a Class of Integro-differential Equations
Describing Age Dynamics of a Natural Forest

Director: Leonid V. Kalachev %___,

In this thesis the age dynamics of a natural forest is modeled
by the von-Foerster partial differential equation for the age density,
while the seedlings density is obtained as a solution of an integro-
differential equation. This seedlings density equation contains a
small parameter, the ratio of seedlings re-establishment time and
the life span of an average tree in the forest.

Several models are introduced that take into account various
mortality curves and growth functions of trees, the dependence of
seedlings carrying capacity on forest volume, and different types of
seedlings re-establishment. Asymptotic, analytic and numerical
methods are used to solve example problems. Existence and
uniqueness of solutions and the convergence of numerical and
asymptotic methods is proven for a class of models.

For a particular model the stability is examined, and a
bifurcation point for the occurrence of oscillations is determined.
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Part I )

Description of classes of models

1 Introduction

In the literature many descriptive models related to forest growth are now avail-
able. Usually, they establish static relationships between "macroscopic” vari-
ables, e.g., the number of trees per unit area, the age of the trees, the mean
tree volume and other parameters. Although these types of models are very im-
portant in practical calculations of harvesting yields, they are not designed to
describe any dynamics associated with forest regeneration and evolution, they
cannot predict (even qualitatively) the consequences of disturbances. Other
models take a "microscopic” approach in the sense that simulate forest evo-
lution based on given initial conditions and characteristic parameters for each
individual tree. These models allow in many cases useful predictions of forest
growth including the effects of regeneration, but lack the simplicity of capturing
forest dynamics with a small number of variables and parameters.

In this thesis a class of simple models is introduced, with only a few easily
identifiable parameters, that allow us to qualitatively and quantitatively de-
scribe the long-term consequences of disturbances in a natural forest.

Perhaps the most common way to describe the structure of a forest is to

tabulate the number of trees in different age classes on a unit area basis. Age
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structure models are useful in a variety of capacities. They can provide insight
into tree growth responses from minor disturbance (e.g., low intensity fire, root
rot pockets) or major disturbance (e.g., catastrophic fire, disease and/or insect
epidemics). They can describe how seedlings and small trees become established
on a site after catastrophic disturbance or within canopy gaps of established old-
growth forests. They can also be linked to biomass/volume models to estimate
the amount of fiber available for timber harvest. They also provide information
about habitat quality for forest wildlife.

In the absence of catastrophic disturbance, age structure models can describe
an "ideal” condition not usually found in natural forests where disturbance
is the norm. This ideal condition can be thought of as a potential or stable
condition. Even though no ideal state usually exists, these models can be used
to examine how the structure of natural forests affects the response of the forest
to disturbance events.

In this study, simple population growth models are developed that describe
the age structure in a forest under conditions that the forest contains a single
tree species, tree density is uniform across the landscape, no catastrophic dis-
turbances (i.e., fire, disease, insects, logging, etc., that wiped out the majority
of the trees) occurred in the forest for a long time (this condition must not
necessarily be satisfied for a particular forest under consideration, it is assumed
that such an ideal forest consisting of trees of the same type and on a land plot
of comparable quality exists somewhere; this might be needed for obtaining the

numerical values of some parameters in the models). Some other conditions will
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be formulated below.

Although no major disturbances are assumed to happen in the near past, the
initial instant of time in the model below will correspond to occurrence of some
(non-catastrophic) disturbance in the age structure of the forest (due to a small
fire, disease that affected only a portion of trees, etc.). Our main goal will be
to describe the response of the forest age structure to such (non-catastrophic)
disturbance.

In this thesis a forest is called a natural forest if it regenerates itself after
(catastrophic or non-catastrophic) disturbances and contains trees of different
age groups. Unlike a natural forest, the artificial forest is planted, it usually

contains trees of only one age, and the seedlings that might become trees are

removed during a, so-called, thinning process.

2 Age structure model formulation

Stand density and forest growth

Initially, tree seedlings become established on a site following a non-catastrophic
disturbance that eliminates the tree canopy. They will grow freely until the on-
set, of competition for growing space with neighboring trees. Growing space can
be thought of as the intangible measure of a plant’s capacity to grow until one
of the factors necessary for growth (i.e., a site resource) becomes limiting ([7]).
Growing space can be defined in an abstract context when a particular factor

is limiting to a tree (e.g., water, light), or in a dimensional context when the
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physical space for growth is limiting to a tree (e.g., hardpans). At this point,
the growing space is fully occupied, and the trees begin to die as they compete
for more growing space. Eventually, gaps form in the overstory canopy and
growing space becomes available to newly established seedlings that begin to
grow in these openings. Their survival, however, depends on the amount of
larger overstory trees, where more overstory biomass results in higher seedling
mortality. Larger, established trees are better able to capture the water, light,
and nutrient resources on the site than smaller trees in the understory. Rarely,
if ever, do seedlings detrimentally affect overstory trees.

An important factor in any population growth model is the reproductive
rate of the organism. But, what is the reproductive rate of trees? Sexually
mature trees can produce thousands of viable seeds, but only a fraction of these
seeds will grow into seedlings. Surviving seedlings, rather than viable seeds, are
used as the starting point of the analysis. We will assume that enough seedlings
are always available. The question then becomes: how many will grow to adult
trees?

Unlike seedlings which are generally abundant and easily killed by compe-
tition, mature trees that are established on the site are less likely to die from
competition on such a large scale. Yet, many other factors can still cause a tree
to die. The number of trees in a forest where competition between trees actively
occurs is usually modeled as a decreasing ezponential function (also known as
monotonically decreasing function, negative ezponential curve, reverse J-sheped

curve) of age. This decline in the number of trees with age is a well recognized
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characteristic in forests ([5]).

Model assumptions

Let me list the assumptions underlying the model {some of the assumptions
are related to empirical observations and others are used to simplify model
formulation; note that some of the assumptions were already mentioned earlier).
Assume:

(1) that the forest contains only a single tree species with tree density uni-
form across the landscape.

(2) abundance of seeds and seedlings in a natural forest (that is, in the self
regenerating forest where no catastrophic disturbances occurred for some time).

(3) ezponential decline in the number of trees with age (due to competition,
weather, various other causes).

(4) that the number of seedlings that survive to become trees is defined by
available resources (that is, by the biomass/volume/basal area of mature trees).

(5) that competition 'works’ only in one direction: mature trees determine
the survivorship of seedlings, but seedlings cannot influence the growth of ma-

ture trees (which is usually the case in a natural forest).
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3 Model with logistic seedling re-establishment

Mathematical formulation

The age distribution of a tree population in a certain region is represented
in this mathematical model as a differentiable function N (t,a) of time ¢ and
chronological age a. If these are measured in years, the unit of NV is trees per
year, which means that at a fixed time ¢ the number of trees between ages r and
s is given by [ : N (t,a) da. Since the age a is also measured chronologically, the

increase of age in a time period At is given by Aa = At. Hence,

(1)

& &
Il
[

for each tree at each instant of time. The total derivative of the age density

with respect to time is therefore

d ON O8N da 8N ON
ZNGd =t 5w T 5 T a (2)

Assuming a constant and age-independent death rate u of the tree population
in this model, we obtain that the satisfies the differential equation:

%N (t., a) = —uN (ty a) - (3)

From (2) and (3) follows the von-Foerster partial differential equation

oN N

5t + aa =—#N (tva)' (4)

Consider the initial value problem in the rectangle 0 <t < T,0 < a < Gmax.

The initial age distribution,

N (0,a) = ®(a), )
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is given for 0 < a < amax as a continous function of age a. Assume that the

unknown seedling function,

N(t,0)=5(t), (6)

satisfies a seedling equation of the logistic form

ds _ __S €3]
7 =750 (- zom) @)
with initial condition
S(0) =N (0,0) = 2(0).- (8)

Here B is a positive constant {re-establishment rate), K (V') is a nonnegative

continous function (seedling carrying capacity) of the forest size
V() = / N (t,a) B (a) da, 9)
0

and B (a) is 2 monotone increasing, positive, continuous function representing
the average tree size of a tree of age a, e.g. its height, or its basal area, or its
volume.

The initial condition (8)-follows from continuity of the age density NV (¢,a)
at the corner point ¢ = 0, a = 0 of the domain of interest.

Equation (7) is a logistic type equation with growth rate £ and carrying
capacity K. However this carrying capacity is not a constant as in classical
logistic growth, but is a decreasing function of tree volume in a forest: as the
forest grows, the resources available for seedlings decrease. The vartable carrying
capacity K (V) depends on the species of trees under consideration. Various

functional representations can be used to model it. For example, one of the
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following functions can be used: -

linear: K (V) = Smaz ~ AV, for 0 <V < Smaz/A,

K(V)=0 for V' > Smaz /A,
(10)

exponential: K (V) = Smaze ",

treshold: K (V) = Smaz (1 -~ %‘7) :
where A and S;,,. are positive constants. Fig.1 illustrates qualitative shapes of

these functions.
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Fig.1: Qualitative dependence of seedling carrying capacity on forest volume:

linear, exponential and threshold type.
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- In each case the number of seedlings is bounded from above by
Sm.a.: = K(t" = 0) y (11)

the seedling carrying capacity of the empty forest.
In the linear case a forest. that surpasses a critical size

Verit = Smaz (12)

erit — Y
can no longer support any seedlings, whereas in the exponential and the thresh-
old case the carrying capacity remains positive at all times as it asymptotically
approaches zero with increasing forest size.

In the threshold case the seedling density remains near its maximum value
while the tree volume is small, but quickly drops to small values beyond a certain
critical threshold volume of trees.

In this thesis only models with linear seedling carrying capacity K (V) =
Smaz — AV. are investigated. Studies of models with other possible types of

K (V) will be published elsewhere.

Note that the model (4) - (9) is a particular case of a more general model

formulation:
ON IN
-t = —~g(N,t,a) N, (13)
ds
7 = hETV.

with V and additional conditions (specified at ¢t = 0 and a = 0) given by (9),
(5), (6) and (8). Here h describes the mortality rate of mature trees (that,
in general, might be a function of time and age), and f describes the effect

produced by the presence of mature trees on seedling dynamics.

10
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Reduction to one integro-differential equation
The solution of partial differential equation (1-4) can be expressed explicitly

in terms of the initial age distribution ® (a) and the seedling function S (t) :

N(t,a) =e™#® S(t—a) for0<a<t<T,
(14)

N(t,a) =e™#t &d(a—t) for0<t<a<anax-
Therefore function N (¢,a) can be eliminated from the equation for forest size

(9):

G m

V) = /ote"‘“’S(t—-a)B(a) da-i-e_‘“/; u@(a—-t)B(a) da. (13)

So, the seedling equation becomes an integro-differential equation for the seedling

function S (¢) :

ds S ()
2 gsyl1- 18
& = ° ()( K(f;e-MS(t—a)B(a)dﬁL(t))) -

50) = ¢(0),
where
L(t) =e "t /am“ ®(a—t)B(a)da 1
¢

is the contribution of the old trees (already alive at the initial instant of time

t = 0) to the forest size at time ¢. The convolution expression
¢
/ e=#2S (¢ — a) B (a) da (18)
0

describes contribution of the new trees (that came into being after the initial

instant of time) to the forest size.
Similar reduction to dimensionless variables can, in principle, be applied to

the general model formulation (13). However, it will not always lead to explicit

11
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expressions of type (14) for N(¢,a). Thus, not every choice of g in (13) will

produce an explicit integro-differential equation of type (16) for S(t).

Rescaling

Define
Smaz = Oglta;’[l’s(t) 3 (19)
Braz max B(a). (20)

0<a<amaz
The model with linear carrying capacity

K(V) =Smaz — AV, for0<V < Sma.z/'\:

(21)
K(V) =0 for V > Smaz/A,
can be re-formulated in terms of the following dimensionless quantities:
a = pa (tree age),
Cmaz = UGmaz (maximum tree age),
8 = ut (time),
(22)

n(d,a) =N (-f:, %) /Smaz (age density),
5(8) =S ( %) /Smax (seedling count),

b(c) =B (%) /Bmaz (average tree size),
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ela) =¢ (ﬁ) /Smez ’ (initial age density),

v() = 2O (forest volume),

Sma: Bmcx

. — (8 - AB : : e,
k(v) =K (1/ (;‘-)) /Smaz = 1 — 27232y (seedling carrying capacity),

Vert =& (critical forest volume).

Substituting equation (9) into the definition for the rescaled forest volume

yields
Cmaz
v (6) = / n (8, 0) b () da. (24)
0

The rescaled seedling carrying capacity of an empty forest (volume zero) is

Smaz Sma::

1 1
K =k(0) = —K (s’"“’f maz o) = K (0) = Smaz = 1. (25)

Smaz

After rescaling, equation (4) and corresponding additional conditions (5) and

(6) will have the form

on  On

6—9 + éz = —n (9, a) N (26)
n0,a) = g(a), (27)
n(4,0) = s(8). (28)

Representations (14) become

n(f,a)=e® s(@—-a) for0<a<d<ul,
(29)

n(d,a)=e? pla—0) for0<8 << bnax-

Substituting (29) into (24) we obtain the non-dimensionalized forest volume in

13
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terms of dimensionless seedling count:

Hemax

4
v(8) = ./0 s(@ —a)e *b(a)da+ e”? /9 p(a—8)b(a)da. (30)

This is a rescaled version of formula (15). Hence the integro-differential equation

(16) for seedlings will now have the form

pds 5(6)
5% = (- ream) ey
5(9)
= 9 1-— 1

S()( Ic(foes(O—a)e“‘*b(a)da+l(8)))

s(0) = ¢(0)=¢°
where
HGmax
[(f) =e? / p(a-0)b(a)da. (32)
9

Note that by the substitution @ — 6 — « the integral in (31) can be written as

7] 0
/ s0-a)e b(a)da = - / s(aye =*)p (0 — o) da (33)
0

v 8

8
= / s(a)e®=*)p (8 — a) da.
0

Setting b(a) = 1 in (30) we obtain the total number of trees in the forest as a

function of dimensionless time 6 :

8
p@) = /0 n (8, a) da (34)
e Hemax
- / s(6—a)e'°‘da+e‘3/ o (e — 0) da.
0 )

Similarly, the rescaling can be performed in the general case (13).

14
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- Zero order asymptotic solution

The seedling equation (31) is of the form

8
_.:_'gg = f (S (6) ,/(; s (a) g (9 - a) da, 9) (35)
s(0) = &°,

where the small parameter

0<e<l) (36)

o
i

ww

is the ratio of the per capita tree death rate and the seedling re-establishment
rate. This ratio is small, because the seedling re-establishment time (typically
1-53 years) is much smaller than the average life span of a tree (100 years or
more). Let us perform perturbation analysis for the more general statement
(35), and then apply the results to (31). Using the boundary function method
(see [9], [10]) for singularly perturbed problems, represent the uniform asymp-

totic approximation of the solution of (35) in the form
_ 8
s(8) =s5(8) + s (2) , 37)

where 5(8) is the regular part, and IIs (8/€) is the boundary layer part of the
approximation. The boundary layer part is necessary to correctly describe the
pulse of seedlings in the first few years of forest growth; it decays exponentially
to zero as time increases. In what follows, the rescaled time variable of the

boundary layer part is

T=0/e. (38)
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Substitution of representation (37), with (38), into problem (35) yields

e% + 4_;1?3 = f (’s’(ﬂ) + s (r) ,/oo (Ts’(a) +1s (g)) g(0—a) da,G) (39)
4
= f (E(G),/(; §(a)g(9—a)da,9) +
f (E(er) + s (), OET (‘5(04) +1s (g)) gler —a) da,er) _
f (E(er) ,/:r?(a)g(s‘r —a) da,er) ,
5(0)+0s(0) = °.

Equation (39), can be split into two equations in variables § and T, respectively:

£ - f(g(g),/ogg(a)g(e—a)daﬂ), (40)
% F(5(er) + s (1) ,/osr (@ +1s (%)) ger—a) da,er) _
f (Is‘ (e7) ,‘/:TE(a)g(er -a) da,er)

= f (E(s'r) + Is(7) ,e/or G(ea) + IIs (a)) g (eT — ea) d&',e-r) -

m

,
f (E (eT) ,6/ 5(ea) g (e — ea) da, sr) ,
0
Os(0) = ¢°—-3(0).
To obtain the zero order approximation of the solution, set

5(6) 5 (6) + O (e), (41)

Is(r) = Hgs(r)+0(g).

Here and below the notation f(¢) = O (¢”) means that for some constants
C>0,v>0,5 >0,
[B(e)] £Ce” for 0 < € < &p. (42)

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Substitution of (41) into (40), with omission of terms of order ¢ and higher,

yields:
g
0=7 (mo), [w@e@-a da,o) (43
g
for the regular part, and
oo = FEO+Tos(r),0,0 - F(F(0),0,0  (44)

= f(35(0) +Ios(7),0,0),
[Ios (0) = ¢°—35(0)
for the boundary layer part of the leading order asymptotic solution.
Taking into account the explicit form of function f for logistic seedling re-

establishment (compare equations (31) and (33)), we obtain the nonlinear inte-

gral equation
9
55(0) =k ( / 55 (8 — a) e=%b () dax +z(9)) (45)
0
for the regular part 55 (). From (45) the initial value is calculated to be
56(0) =k° =k (1(0)), (46)

which is the initial seedling carrying capacity. Equation (45) can be solved
numerically or by the method of successive approximations.
The leading order approximation IIgs of the boundary layer part is found as

the solution of the initial value problem

0 4+ IT,
TRT = (K +TDos (7)) (1_’°_+kg’s_(r)), 47)
Ios (0) = ¢°-355(0) =¢° —&°.
17
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Using the transformation
u(r) =k + s (1), (48)

we obtain the problem with logistic differential equation

du u(7)
7= = u(T)(I— %0 ), (49)
u(0) = ¢,
with explicit solution
kO
u(r) = . (50)
1+e T (g.’y - 1)
Therefore,
Hos(r) = u(r)—k° (51)
= a - ko
l+e 7 (%g— - 1)
®(&-1)

T E T
e +Gzr 1

The leading order approximation of the solution of (31) is given by

s(0) =50 (0) +1ps <§) +0(e). (52)

18
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Example 1: Logistic model with linear seedling carrying
capacity function and linear tree size growth function

Consider a forest with logistic seedling re-establishment and

k(v) =1—-Xv for0<uv<1/A, (linear seedling carrying capacity),

k(v) =0 for v > 1/A, (seedlings vanish, if volume > 1/}),

bla) =« (linear tree growth),

w(a) =le e (exponential initial age distribution).
(53)

Assume here that ¢max = 00, A = 2 and ¢° = 0.1. Then

v (0) == [Ceo(@)bla)da =01 (initial volume),
k() =k =1-v(0) =0.8 (initial carrying capacity),
¢ (0) = =0.1 (initial seedling density).

(54)
By virtue of (31), (32) and (36), the seedling density s () satisfies the

integro-differential equation

sgg = s(d) (1——%), (55)
o - o [T 0,~(a—0)
KWV (@®) = 1—A(/0 s(@—-a)e ®ada+e /‘; Qe ada)
)
= 1—/\/ s(9—a)e“’ada—-,\<,9°(1+9)e_o,
0
s (0) = ¢°.

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To obtain the leading order approximation of the solution using the boundary

function method, combine equations (37) and (41) and write
s(8) =50 (8) + os (8/€) + O () (56)
By (45) and (51) the regular part Sg (8) and the boundary layer part IIos (8/<)
are given by

)
@) = l—A/ 50 (8 — a)e Cada (87)
0 (s o]
—-,\e'a/ wPe @ adn
6

6
= 1—2/ 55(0 —a)e %ada ~0.2(1 +8)e?,
0

®(&-1) 5.6
fle) = ——2 =— 5
Mos (9/¢) P e R (58)

By Theorem 18 in the Appendix, the explicit solution of Volterra integral

equation (57) is

5(0) = % +e? ({% cos V28 + %5 sin \/59) . (59)

Instead of using an asymptotic method, the seedling equation (55) can be
solved numerically with a difference scheme (e.g. forward Euler method). Fig.
2a shows numerical approximations of seedling density and forest volume ob-
tained with both methods. The steady states for seedling density and forest

volume can be calculated from the seedling equation (55) by taking the limit

# — oc, so that s(9) — s* and ds/df — 0 :

o0
s =1~ /\/ s"e ™ ®ada =1— As", (60)
0

20
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that is

1 1
- _ R 61
S TIFAT3 (61)
The steady state forest volume is given by
o 1 1
;= ~eT< =8 = — = — 2
v /(; s"e %ada =s TT5=3 (62)

Fig. 2b shows the characteristic S shape of the logistic growth of the seedling
density graph in the phase where it increases from its initial to its maximum
value. The influence of parameter £ on the solution is demonstrated in Fig.2c:
for larger re-establishment time ¢ the maximum of the seedling density is smaller
and it is reached at a later time.

A larger value of the parameter ), on the other hand, leads to a smaller equi-
librium value 1/ (1 + A) for both seedling density and forest volume expressed
by (61) and (62) (see Fig. 2d).

The influence of initial forest size on the behavior of seedling count s (6) is
shown in Fig. 2e.

Finally, to derive the equilibrium age distribution of the forest, set

on
50 = 0 (63)

in the von-Foerster equation (26), thereby obtaining the ordinary differential

equation
& - n (@) (64)
da
for the equilibrium age distribution
n*(a) = lim n{f,a). (63)
§-—+00
21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Differential equation (64) with the additional condition
n” (0) =alir§°n(€,0) =0E€1°s(9) =g

has the solution

n*(a) =n"(0)e™= =s"e™°. (66)

This solution is shown in Fig. 2f for different values of parameter A. The three-
dimensional graph in Fig. 2g illustrates the convergence of tree age distribution

to an equilibrium distribution.
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Fig.2a: Example 1. seedling count s and forest volume v as functions of
time 4 are shown. They are obtained by solving tree age density equation
On/d0 + 6n/fa = —n with n(6,0) = s(f) and initial age distribution
n(0,a) = 0.1e%, and seedling density equation £%5 = s (6) (1 - T-_,,\(‘%%e_)) with
parameters £ = .05, A = 2. Forest volume is v (6) = [;~n(8,a)b(a)da, and
tree size growth function is b (@) = a. All quantities are rescaled as explained
in the text. seedling count and forest volume approach their respective steady
states, 1/(1 + A) = 1/3, in an oscillatory fashion. Results obtained via
numerical integration of the original statement of the problem using Euler
difference scheme with time stepsize 0.01 and results obtained from the zero

order approximation show good agreement.
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Fig. 2b: Example 1. Initial phase of the seedling count dynamics shown in Fig.

2a, during which s (8) increases from its initial value to its maximum value.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



€=0.02
— - e=0.05 |]
- e=0.1

0.8

0.7

06

o
(&)

o
»

seedlings count

o
(X

02k

0.1

time
Fig.2c: Example 1. Influence of the magnitude of small parameter € on the

behavior of seedling count s (8). All other parameters are the same as in Fig.2a.
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Fig.2d: Example 1. Same parameter values as in Fig. 2a, but different values

of A (which measures the inhibition of seedling count by forest volume).
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Fig. 2e: Example 1. Same parameter values as in Fig. 2a, but different initial

forest sizes.
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Fig. 2f: Example 1. Graphs of equilibrium tree age distributions obtained as

time § — oo for different values of A. All other parameter values are the same

as in Fig. 2a.
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4 Linear model with exponential seedling re-

establishment

Here is another particular statement of the general problem (13) (that can be

reduced to (33)) for which all results can be obtained explicitly:

Model description and leading order approximation

In some models for particular tree species instead of the logistic-type equa-
tion for seedling growth we can use a linear equation describing exponential
re-establishment of seedlings to the level defined by available resources. In this
class of models the rate of seedling increase at any time 6 is proportional to the
difference of seedling carrying capacity & (v), which depends on forest volume

v (), and the seedling count s (@), leading to the seedling differential equation

sj—; = k() -—s, (67)
s©0) = ¢°. (68)

Note that when the seedling carrying capacity k (v) is zero, this equation

simplifies to

sés- = —s (69)

with the explicit solution

s(8) = %", (70)

Equation (67) describing exponential seedling re-establishment is a special

case of the general form of a singularly perturbed integro-differential equation

30
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given in (35). In the leading order approximation, the regular part is identical to
that in the logistic model case. The boundary layer part, however, is different.

It satisfies the problem

Aos  _  _Hos(r), (1)
dr
hs(0) = - (k2-359,
with the explicit solution
Mos (7) = — (k® —s%) e (72)

Example 2 : Exponential tree growth

As an example, let us consider a particular model where the individual tree
size changes exponentially with age, and the seedling carrying capacity is a

linear function of forest volume

bla) = em1@ for a > 0, size of tree of age @, where 0 < x; < 1,
k(v) = 1-Xv for0<wv<1/A, seedling carrying capacity for forest volume v,
k(v) = 0 for v > 1/, seedlings vanish for v > 1/A.

(73)

Same as in Example 1, take initial age distribution

bt 4

v (a) =%

31
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From (24) and (30), the forest volume is given by

(> o]
v(d) = / n(8,a)b(a)da (74)
00 N
= / s(8 —a)e e *da +e7? / o (e — ) e™%da
0 8
¢ 0
= s(a) e~ {(1—r)(6—a) gy 4 i e—(1—x1)d (75)
0 1-— KL

Taking the derivative and using integration by parts yields the differential
equation for the forest volume
8
@) = s(6)—(1—r) / s (@) e~ (=R g _ Pe=(1=r10 (76
0
= s(@)—-(1—-~x)v(f)-
The same differential equation (76) is obtained for arbitrary initial age density
@ (a). Setting k = 1 — k1, we obtain the autonomous system

e’ =1l-Av-—s forogusl//\,

es’ = -—s forv> 1/, (77)

with initial conditions

s(0) = s°=¢(0), (78)
v(0) = v°=i—0.

This system has exactly one steady state

K

-= Fvg

s K+ (79)
1

* = . 80

v K+ A (80)
32
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Note that the steady state satisfies 0 < v* < 1/A. Thus in the vicinity of the

steady state, autonomous system (77) can be written in matrix form:

n

s -1/ =X/e s /e
= + . (81)
v’ 1 ] v 0
Since the coefficient matrix
—1l/e —AJe
A=
1 —-K
has negative trace tr A = (—1/¢ — k) and positive determinant det 4 = (k + A) /e,

both eigenvalues o, and o2 have negative real parts. So, the steady state is sta-

ble. The solutions satisfying 0 < v < 1/A are of the form

s (9) = clefng + Cgeazo + _/\ i g (82)
1
v(9) = dle"‘o +d'_)_6028 + Py

where the constants ¢;, ¢a2, di, do are determined by initial conditions (78) and

by the eigenvectors of matrix A.
In general, the eigenvalues are complex numbers with negative real part, so
that the seedling density approaches the steady state by damped oscillations.

In the following, we will explore the age dynamics of the forest for the case that

the eigenvalues are real:

1 2

oy = z_-(—l—en—\/(l—en) —4€/\)<0, (83)
1 2

T2 = 5 —l—sn-i-\/(l—sn) —45A)<0.

A sufficient condition for the eigenvalues to be real is
(1 —ex)® —4er >0, (84)

33
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which is equivalent to

1 -
554/\4-2’ (83)

Let us classify possible initial conditions into five cases:

Cast (A): FOREST WITHOUT SEEDLINGS (s? = 0) AND WITH INITIAL VOL-
UME v > 1/X. According to (77) the forest volume decreases exponentially
as

v (8) = vl (86)
until v(8;) = 1/A with §; = In (Av®) /«. Since v/ (61) = —x/A for § > 6y,
the solution v () will enter the interval 0 < v < 1/A, and converge to the
steady state v~ either decreasing monotonically or, after passing through a local
minimum of volume, increasing monotonically. The seedling count s (§) stays
zero for 0 < § < 6, since s = 0 is a steady state of the seedling equation for

v > 1/A. For 8 > 6,, function s (@) will increase monotonically and will reach

eventually the steady state s~ (see Fig. 3a).

Case (B): FOREST WITH SEEDLINGS (s > 0) AND WITH INITIAL VOLUME
W0 > 1/A.

The seedlings decrease as
s (8) = s%e?/* (87)

in the time interval 0 < # < 8>, where 6, is specified below. Thence, the volume

34
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in this time interval satisfies

v = —rv+sle b (88)
v (0) = UO)
with the explicit solution
s° s0
9 = 0 —x8 _ e—s/s_ 89
v () (v+§_n)e e (89)

This solution decreases monotonically and reaches at § = 4, the value 1/A
(possibly after passing through a local maximum value). Since v (62) = 1/A and
v (02) <0, we have 0 < v < 1/ for @ > 2. As in case (A), the volume then
converges to a steady state v*, possibly after going through a local minimum

first (see Fig. 3b).

Cask (C): FOREST WITHOUT SEEDLINGS (s® =0) AND WITH INITIAL VOL-

UME 0 <9 < 1/A.

Now

$(0) = 2(1-,\1;0)>o, (90)

v'(0) = —-m°<0,

so seedling count and forest volume converge to their respective steady state

values s* and v*, as shown in Fig. 3c.

Cast (D): FOREST WITHOUT SEEDLINGS (s° = 0) AND WITHOUT TREES

(v° =0).
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Then

$'(0) = é >0, (91)
v'(0) = 0,
v (0) = §'(0)~w(0)= é >0,

so the forest volume converges, monotonically increasing, to its steady state
value, while the seedling count reaches the steady state value possibly after

going through a local maximum (see Fig. 3d).

Cast (E): FOREST WITH SEEDLINGS (s® > 0) AND WITH INITIAL VOLUME
0<v® <1/A.

If the solution for the forest volume remains in the region 0 < v® < 1/A
for all times, then seedling count and forest volume converge to their respective
steady state values. If at some instant of time 83, we have v (f3) = 1/A, and
v’ (83) > 0, then for 8 > 83, immediately following 8, the function v (8) > 1/),
and we arrive at case (B); see Fig. 3e.

A forest with seedlings (s° > 0) and zero volume (v® = 0) is impossible,
because in the model under consideration, the seedlings have a nonzero volume.

Therefore these five cases exhaust all possible initial conditions. The conclusions

are:

1. The steady state is globally stable (the forest converges to it for every

possible initial state).

2. If the seedling count is initially positive, it remains positive for all times;

36
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so the seedlings cannot vanish in a natural forest that is described by this model,
and neither can the forest volume vanish.

3. seedling count and forest volume are completely determined by the initial
values of these two quantities, and do not depend on the initial age distribution

of the forest.

37
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Fig.3a: Example 2, Case (A). seedling count s and forest volume v are
shown as function of time 8. The exact solution is obtained by solving system
es' =max(l — A\v,0) — s, v/ = s — kv with parameterse = 0.1, A =2, ks = 0.5
and initial conditions s® = 0, v° = 0.7 > 1/A. seedling count and forest

volume converge to their respective equilibrium values x/(x + A) = 0.2 and

1/(k+A) =0.4.
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Fig.3b: Example 2, Case (B). seedling count s and forest volume v as functions
of time # obtained as the solution of the system &s’ = max(l — Av,0) — s,
2, & = 0.5 and initial conditions

v’ = s — kv with parameters ¢ = 0.1, A =

s9=0.5,v°=07>1/A
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Fig.3c: Example 2, Case (C). seedling count s and forest volume v as functions
of time @ obtained as solutions of the system es’ = max(l-Av,0) — s,

v’ = s ~ kv with parameters ¢ = 0.1, A = 2, £ = 0.5 and initial conditions

=0, =02 < 1/A
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Fig.3d: Example 2, Case (D). seedling count s and forest volume v as functions

of time @ obtained by solving the system es’ = max (1 — Av,0) ~ s, v = s — Kv

with parameters € = 0.1, A = 2, & = 0.5 and initial conditions s°® =0, v° =0,

that is an empty forest.
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Fig.3e: Example 2, Case (E). seedling count s and forest volume v as functions
of time 6 obtained by solving the system s’ = max (1 ~ A\v,0) —s, v/ =5 —xv
= 0.1, A = 2, k« = 0.5 and initial conditions s° = 0.5,

with parameters &

w© =03 <1/
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Example 3: Exponential tree growth compensating for

forest decay

If the exponential growth rate of an individual tree is the same as the decay
rate of the forest, set x; = 1 (that is, x = 0) in Example 2. Then we obtain

from (77) and (78) the autonomous system :

es' =1—-Av—-s for0<wv<1/A,

es' = -s for v > 1/A, (92)

with initial conditions

s(0) = s°, (93)
v(0) = °.
The steady state is
s =0, (94)
vt = % (95)

The solutions in the region 0 < v < 1/ are of the form

s(0) = cie”? +cre™,

1
v (9) = dleale +d~3€aze + X,

with suitable constants ci, ¢», d1, d», which are determined by initial conditions

(93), and by the eigenvectors of system (92).
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The corresponding eigenvalues of the system are

o = = (—1—\/1—45,\), (96)

2=

o2 = %(—14—\/1—45,\).

Since both eigenvalues have negative real part, the equiiibrium is stable. Note

that for

1 -

n

both eigenvalues o, and o2 are real and negative.

As in Example 2, we classify possible initial conditions into five cases.

CASE (A): FOREST WITHOUT SEEDLINGS (s° = 0) AND INITIAL VOLUME

> 1/

The forest volume remains constant, while the seedling count remains zero

for all times.

CASE (B): FOREST WITH SEEDLINGS (s° > 0) AND INITIAL VOLUME v° >

/A

The seedling function is
5(6) = s%e~9/¢. (98)
Evidently, s () — 0 as # — oo. Thus the volume satisfies the problem

s0e—9/¢, (99)

v =

v(0) = VP,

44
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with explicit solution (see Fig. 42):

1
v(8)=v°+ss°(1—e’%)—>v°+es°>v°zxa56—>oo. (100)

CASE (C): FOREST WITHOUT SEEDLINGS (s = 0) AND INITIAL VOLUME

0<? <1/A.
Then
s'(0) = i (1 -0 >0, (101)
v (0) = 0,
v (0) = s§'(0)= é (1-x%) >0.

While the seedling count increases to a local maximum and then converges,

monotonously decreasing, to zero, the forest volume converges, monotonically

increasing, to its steady state 1/A (see Fig. 4b).

Cast (D): FOREST WITHOUT SEEDLINGS (s° = 0) AND WITHOUT TREES

(° =0).
Now
s'(0) = é >0, (102)
¥ (0) = 0,
W0) = §(0)= f >0,

so the forest volume converges, monotonically increasing, to its steady state 1/A,

while the seedling count approaches zero after going through a local maximum.

(see Fig. 4c).
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- Cast (E): FOREST WITH SEEDLINGS (s° > 0) AND INITIAL VOLUME 0 <
v < 1/A

If the solution for the forest volume remains in the region 0 < v® < 1/A

for all times, then seedling count and forest volume converge to their respective

steady state s (6) — 0, v(6) — 1/ (see Fig. 4d). If the forest volume increases

beyond 1/, we arrive at case (B) (see Fig. 4e).
Thus, the following conclusions are valid for all five cases:

1. The seedling count converges to zero for every possible initial state of the

forest.

2. The forest volume converges to 1/X in some cases and to a value greater

than 1/X in others.

3. As in Example 2, seedling count and forest volume are completely deter-
mined by the initial values of these two quantities, and do not depend on the

initial age distribution of the forest.
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Fig.4a: Example 3, Case (B). seedling count s and forest volume v are shown
as functions of time 8. These functions are obtained by solving the system
es’ = max(l — Av,0) — s, v' = s with parameters € = 0.1, A = 2, and initial
conditions s® = 0.5, v® = 0.7 > 1/A. seedling count converges to zero, while the

forest volume converges to v° +zs® = 0.75.
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Fig.4b: Example 3, Case (C). seedling count s and forest volume v as functions
of time 6, obtained by solving the system &s' = max(l —Av,0) ~ s, v = s
with parameters € = 0.1, A = 2, and initial conditions s® = 0, 2° = 0.3 < 1/A.

seedling count converges to zero, while the forest volume converges to 1/X = 0.5.
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Fig.4c: Example 3, Case (D). seedling count s and forest volume v as functions

of time 8, obtained by solving the system £s’ = max (1 - Ay,0) —s,v' =s — kv

with parameters € = 0.1, A = 2, k = 0.5, and initial conditions s® = 0, v® =0,
that is an initially empty forest. The seedling count converges to zero, while

the forest volume converges to 1/A = 0.5.
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Fig.4d: Example 3, Case (E). seedling count s and forest volume v as functions
of time 8, solving the system g5’ = max (1l — Av,0) — s, v/ = s — kv with param-
eters ¢ = 0.1, A = 2, and initial conditions s° = 0.5, % = 0.3 < 1/). seedling
count converges to zero, while forest volume converges to its equilibrium value

1/X from below.
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Fig.4e: Example 3, Case (E). seedling count s and forest volume v as functions
of time 6, solving the system s’ = max(l — Av,0) — s, v = s — kv with
parameters € = 0.1, A = 2, & = 0.5, and initial conditions s® = 1.0, v° = 0.45.
When the forest volume increases beyond 1/A = 0.5, the seedling count is

positive. So, we arrive at Case (B) (compare with Fig. 4b). The forest volume

approaches a limit value greater than 1/A.
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- Example 4: Linear tree growth
If individual trees grow linearly with age, and the seedling carrying capacity
varies linearly with forest volume, we have

b(a) =a+c fora>0 (size of tree of age a,

where c is a positive constant),

(103)
k(v) =1-Xv for0<wv<1/\ (seedling carrying capacity),
k(v) =0 forv>1/A (seedlings vanish for v > 1/A).
Note that & = 0 means that the carrying capacity for seedlings is zero if the
forest volume surpasses the critical value 1/A. However, because of the non-zero
re-establishment time, seedlings can still exist even when & = 0.

From (30) and (34) it follows that v (§) and the total number of trees p(6)

are given by

6
v() = / s(a)e” %) (§ —a +c) da
0
+e~f /oo w(a—~8){a+c)da, (104)
P
4 co
p() = / s{a)e~~da + e? / w(a—8)da
0 8
= /6 s(a)e ¥ da + e~ /oo w(a)do. (105)
0 0

Taking the derivative and using integration by parts, we obtain the differ-

wt
[V

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ential equations
@) = s(8)c- /(;es(a)e’w“’) (0 — & +¢) dax
o
+/o s(aioe‘(a_")da
—e~? ({g ¢ (a—0) (a+ c)da + ¢ (0) (6+c))
-e—“’/a o' (@ —6) (a +c)da

8
= s@e- / Cs(e)e 0 (- aro)dat / s(a)e==2dg
0 0
-6 _ e _ 0
+e ( /; w(a 9)(a+c)da+/; (,g(a)da>

= cs(8)—v(8)+p(d), (106)
4 o0
/ —_ _ —{(0—a) _ .0 d
r(6) s(f) /0 s{a)e da—e /o @ (a)da
= s(6)—p(6). (107)

In the integration by parts for (106) we used

lim (e+c)g(a—-6) =0, (108)

ax—+oQ

which requires the additional assumption that ¢ (a) satisfles an exponential

estimate of the form

Ko

(o) <ce”

for some positive constants ¢, £ > 0, or - alternatively - that ¢ () is eventually

decreasing, that is decreasing for a > ag for a suitable &g > 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We obtain the autonomous system of first order differential equations

es’ =1—-dv-s for0<v<1/A,

cs’ = —s forv > 1//\,
(109)
vV =ecs—v+p,
p =s-p
with initial conditions
s(0) = sO = (0), (110)
oQ
v(@ = ° =/ v (a) (a + ¢) da,
000
p@) = p° =/(; @ (o) da.

The initial conditions for v and p are obtained by setting § = 0 in (104).

System (109) has exactly one steady state

L .

- 111

S T I A+’ (111)
c+1 1 1

= = < =, 112

CTTEA(eFD) A+ L TR (112)

" 1 (113)

P =1+
The steady state is located in the interior of the region 0 < v < 1/A. Using

matrix notation, system (109) can be written in this region as follows:

s’ —-1/e =X/ O s 1/e
v =1 ¢ -1 1 v | + 0 . (114)
73 1 0 -1 P 0

54
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The eigenvalues of the matrix in (114) are solutions of the characteristic equation

A 1+ +cA ]
X3+(2+%)X2+<1+2tc)x+ AT 0 (115)

- [

The Routh-Hurwitz conditions for all roots of any cubic polynomial
p(z) =z +a12° + a2z + a3 (116)
to have negative real part are the following:
a; > 0, (117)
az > 0,

aja» —az > 0.

In our case, since

1
a = 2+ -, (118)
g
2+
as = 1+ CA,
[
1+A(c+1)
az = c )

the real parts of all eigenvalues are negative if and only if

(2+_1_) (1+2+c/\)_1+/\(c+1)>0’ (119)
g g g
or, equivalently,

Alc(e+1)—¢€) > —2(e + 1)°. (120)

For ¢ > €/ (1 + <) the real parts of the eigenvalues are negative for all values of

the positive parameter A. For ¢ < £/ (1 +¢), the real parts of the eigenvalues

are negative for

AL gi,l-i—al (121)
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To find asymptotic approximations of the eigenvalues as € — 0, insert the

representation

X=A et + 4+ 416+ A2 + .. (122)
into the characteristic equation (115). This method results in the approxima-
tions

X, = -1/e+0(1), (123)

X2 = —1- (cA + VA2 —4A) /2+0(),

X2 = —1-— (cA —Vexz —4,\) /2+ 0 (e).

In the region v > 1/A (where the seedling carrying capacity is zero), solve

the system

es’ = —s,
v = -u+p, (124)
p, =s—-p,
with initial conditions (110). The explicit solution for s > 0 is
s(6) = s%7e, (125)
v(f) = are™® +aze,
p(@) = Bie”?+ Bae™ ¢,
56
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with constants

&
(a3} = 'Uo -+ 1— Epor (126)
- __& o
G2 = 1 —Ep y
.Bl = po + 1 E _soy
51 = —1 £ ’.So.

For s° = 0, however, the solution of (124) is given by
v(@ = (6p°+°)e?, (127)
0p—6

p(#) = pe

Fig. 5a - 5f show how the model behaves for some particular choices of

parameter values and initial conditions.
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Fig.5a: Example 4. seedling count s, forest volume v and number of trees p as

functions of time 8, obtained by solving the system &5’ = max (1 — A\v,0) — s,

v' = —v +p, p' =s —p with parameters € = 0.05, A = 2, and initial conditions
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Fig. 53b: Example 4. seedling count as a function of time obtained for the
same parameters as in Fig. 5a. One graph.corresponds to exact solution, the

other graph is obtained by leading order approximation of the eigenvalues of

the system.
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Fig. 5c: Example 4. Forest volume as a function of time, obtained by using

the same parameters as in Fig. 5a. One graph represents exact solution, the

other graph is obtained by leading order approximation of the eigenvalues of

the system.
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Fig. 5d: Example 4. Number of trees as a function of time, obtained using
the same parameters as in Fig. 5a. One graph is exact solution, the other

represents solution obtained by leading order approximation of the eigenvalues

of the system.
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Fig.5e: Example 4. seedling count s, forest volume v and number of trees p
as functions of time & are shown. These functions are obtained by solving the
' = —y +p, p = s ~ p with parameters

system s’ = max(l — Av,0) —s, v

= 0.05, A = 2 and initial conditions s® = v° = p°® =0.7.
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Fig.5f: Example 4. seedling count s, forest volume v and number of trees p
as functions of time # are shown. They are obtained by solving the system
es’ = max(l —Av,0) — s, v/ = —v + p, p’ = s — p with parameters £ = 0.05,

A = 100, and initial conditions s® = v® = p® = 0.4.
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5 Models with decreasing mortality rate of trees

For many tree species observations have shown that oider trees in a forest of
low density are less vulnerable to competition for resources and to diseases than
younger trees in a high-density forest. This phenomenon can be modeled by a

tree density equation which in rescaled form can be written as

3n_8£

o = —nP
50 + a n? (6,a), (128)

with a constant p > 1. The initial and boundary conditions are of the form:

n(0,a) = é(a), (129)
n{0,0) = s(6).
As in the case of the tree density equation with constant death rate, the
method of characteristics can be used to represent the solution in terms of the
initial age distribution and seedling function:

for0<8<La,

P=1(p—g 1/(p~1)
n(8,a) =(L+8(§—l)¢§“(a—9))
(130)

—1/g9_ 1/(p~1)
n(61 a) = (H—a(;l:—l)(z"?()o—-a)) for 0 S (83 S 8.

Let us assume that the seedling function fulfills an initial value problem of

type (67):
ds
€G = k(v(8)-s(), (131)
s(0) = s°

It can be easily seen that the problem (128), (129), (131) is also a particular

case of the general statement (13). By substitution of (130) into (131), we
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obtain an integro-differential equation for the seedling function. This equation
can be solved by the boundary function method or numerically. The procedure
is similar to that performed for the case of constant mortality rate of trees. For
linear seedling carrying capacity

k(v) =1-XMv =1—/\f0°°n(t9,a)b(a)da for 0 <v <1/,

(132)
E(x) =0 for v > 1/A,
we obtain the seedling problem
ds
e = 1-— 133
7 1-s(6) (133)
8 p—1 (g _ 1/(p~1)
- / 7 (6-a) ) b(a)da
o \l+a(@-1)sP~1(§ -a)
- /(p—1)}
> ¢* ! (a—0) )1
- b(a)da,
[ (e oe (@)
for0 <v <1/) and
ds
= == 134
e =—50), (134)
for v > 1/A,with initial condition
s (0) = s°. (135)

Example 5:
For linear tree growth b (a) = a, linear seedling carrying capacity and pa-
rameter p = 1.5, (133) becomes

ds 8 as (8 —a)
e— = 1= zda — Avaq (0) —s(6), (136)
a8 /0 (1+5/50-a) “
0

s(0) = s

(137)
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The volume of the old forest is -

voua (6) = /9 ~ 1(6,0)b(a) da (138)

/°° ap (o —6) _do
8 (1+%\/<p(a—-9')-)-

_ /°° (u+6)‘°("),,du,
0 (1 + g-\/.gp (u))-

and the number of trees in the old forest is

Poia(8) = /a " (6, 0) da (139)

/°° w(ax—18) do
¢ (1 +4/o(a —9))2

(o o]
/ o (u) _du.
° (1+4ve ()
In Theorem 14 of the Appendix it is shown that both volume and number of

trees of the old forest converge to zero as § — oo if the initial age distribution

has an exponential estimate of the form

pla) <ceT™ for0 < a < o0, (140)
with some positive constants ¢ and «. In this case we can show by an indirect
proof that there is no steady state s* of (136):

{» o] as-
0 = 1- /\/ ——————da — A lim vy (8) — 5" (141)
0 §—c0

(1+5Vs)

o -
= 1-A / ——as——.,da —s".
o (1+%vs)®
Indeed, for s* = 0O the integrand in this equation is zero, which yields the

contradiction 0 = 1. For s* > 0 calculate the integral by substitution
a
u=1+ 3\/ s* (142)
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and obtain a contradiction:

C2u-1)/Vs 2du .
1-af S s (143)

1
{e) OC
([ )
T U T
- 1—4A(/ d_uﬂ)
1 u

= —0Q,

since the last integral diverges. Fig. 6a and 6b show the disappearance of

seedlings after a finite time period for the initial age distribution

o(a) = ze™ (144)

In this example the old forest volume for § > 0 is given by

oo a 1 e-(o:-e) _
vota (8) = / Z————zda (1453)
2}

1+ fem%F*)
1 [ (u+8)e ™

4Jo (1+8%%)°

(o]
= i/ ————ue u + 0/ ————;du
4Jo (1+%e¥) (1 + %e~%)"
' (-lny)y lny)y 6/ dy
(1+ 2y)” l+—y

_/( lny
1+y '

and
s © = [ 2 = 1. (146)
Here we used substitutions
u = a-—20, (147)
y = eu/?
67
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in order to obtain a proper integral that can be approximated numerically, e.g.
with Simpson’s method. Note that the integrand is bounded on the interval

[0,1] with limit 0 as y — O from the right.
With the same substitutions, the number of trees in old forest is given by
l —(a—@)
paa®) = [ A —da (148)
(1 + Ge““_) .

>du

=z/o(1+—ee-:7

1 /1
2Jo (1+ 2y)

2
= im(u-g) - ————ford >0,
6(1+

AN y
and
©0) = / “leage =l (149)
Dotd = A 43 =3

With L’Hépital’s rule it can be shown that the functions voq (8) and poua (6)
are continuous at 8 = 0.

To solve (136), using the boundary function method, insert the representa-
tion

5(8) =55(8) +Tlos (8/2) + O (€) (150)
into (136), and obtain the system

0 = l—A/ 00O iy~ Mva(6) ~55(6), (151)

0 (1+%\/3—6'@——a))
dIIos
dr

—Is (1), (152)

i
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with conditions

55(0) +Mos (0) = s°, (153)
lim Mos(r) = 0.

Integral equation (151) can be solved numerically, discretizing the integral

by means of the trapezoid method. The solution of (152) is explicitly given as
Mgs (r) = (s —355(0)) e

Fig. 6a - 6d show graphs for seedling count, forest volume, and number of

trees.
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Fig. 6a: Example 5. seedling count, forest volume and number of trees

as functions of time are shown. These functions are obtained by solv-

ing age density equation dn/99 + On/8a = nP and seedling equation
el = rnax(l—Afown(e,a)b(a)da,o) — s with parameters p = 1.5,

¢ = .05, A = 2, tree growth function b(a) = ¢, and initial age distribution

n (0,a) = 0.25e7=.
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Fig. 6b: Example 5. seedling count as a function of time obtained for the
same parameter values as in Fig. 6a. One graph is obtained by numerical
approximation with Euler difference method (time stepsize 0.01), while the
other graph represents the leading order boundary function approximation

calculated numerically using the 0.01-stepsize trapezoid method.
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Fig. 6¢c: Example 5. Forest volume as a function of time obtained for the same

parameter values as in Fig. 6a. The graphs represent a solution computed by

Euler difference method and an approximation of the solution constructed by

the boundary function method, respectively.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



i e 1 )
— numerical (Euler method)
— — asymptotic (boundary function method)

0.45+

0.35

o
w

number of trees
Q
N
[¢)]

0.2
0.15
0.1
0.05f 1
0 1 L L - L S ! : 2
0 1 2 3 4 5 6 7 8 9 10

Fig. 6d: Example 5. Number of trees as a function of time obtained for the
same parameter values as in Fig. 6a. One graph is obtained by numerical in-
tegration using Euler difference scheme, the other represents an approximation

constructed using the boundary function method.
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Part 11

Existence, uniqueness, and error

analysis of a particular model

In this part we use a unifying approach, Banach’s fixed point theorem, to es-
tablish existence and uniqueness of the solution of the problem, convergence of
a numerical scheme for solving the problem, and for proving the theorem on
estimation of the remainder term for asymptotic approximation of the solution
of the problem. These results provide the mathematical basis for the next steps
of the analysis of age structure models related to explicit determination of func-
tions and parameters entering the models by fitting the solutions to data from
real field measurements using nonlinear least squares methods. Results of such
nonlinear least squares fitting procedures applied to particular age structure
models will be published elsewhere.

This part is organized as follows: Section 6 formulates the initial value prob-
lem for the seedling density, and presents the integral equation for the quasi-
equilibrium solution. Section 7 proves existence and uniqueness of the solution
of both above mentioned problems and derive some of their properties. Linear
convergence of the numerical solution is shown in section 8. Section 9 contains
the description of the algorithm for construction of an asymptotic solution us-

ing the boundary function method and the estimation of the remainder, which

74
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is the proof that the norm of the difference of asymptotic solution and exact

solution is of order O (). Some auxiliary results can be found in the Appendix.

6 Mathematical model

For a particular class of models introduced in [4], the integro-differential equa-

tion for seedling density s (t) as a function of time, has the (rescaled) form

es’'(t) = —s(t)+max(0,1-2Av(t)), (154)
v(t) = Tod (i) + ‘/t b(a)e s (t — a)da, (153)

0
s(0) = s°% (156)

In (154), 0 < € € 1 is a small parameter, which represents the ratio of seedling
re-establishment time and the average life span of a tree. The competition fac-
tor A measures how competition from other seedlings and older trees inhibits
the number of seedlings. Function v (t) represents the total volume of the for-
est as a function of time. The old forest volume voq (t) describes the total
volume of the trees already existing at the initial time, whereas the integral
_[; b(a)e™%s (t — a)da is the total volume of the trees that grew from seedlings
after initial time. The size function b (a) describes the average size of individual
trees of age a. Depending on the particular model used, the size function repre-
sents either height, basal area, stem volume or crown area. The model assumes
a constant relative death rate of trees, which has been rescaled to 1 and is re-
flected in the factor e~2 in the integral in (155). The term max (0,1 — Av (¢))

corresponds to the seedling quasi-equilibrium at time ¢, which is approached

=~!

(V]
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exponentially as expressed in equation (154). When the forest volume v (t)

increases above the critical volume
Uerit = L/A, (157)

the seedling quasi-equilibrium becomes zero, and seedling density s (t) decreases
exponentially at per-capita rate 1/e. At the transition point where v = veri: 2
discontinuity of the second derivative of the seedling density occurs.

Let us consider problem (154) - (156) in a finite time interval 0 < ¢ < T.

With notations

f@ = b()e™, (138)
gt) = 1-2Avaq(t), (159)
Ks(t) = g(t)—/\/otf(a)s(t—a)da, (160)
K*s(t) = max(0,Ks(t), (161)

the initial value problem can be written as
es'(t) = —-s(@)+K*ts(t) for0<t<T, (162)
s(0) = s (163)

We also analyse the gquasi-equilibriurn problem associated with (162), (163)

which is obtained by replacing the derivative in (162) by zero and omitting

condition (163):
0=—-s(t)+K¥s(t) for0<t<T. (164)

Assuming that the old forest volume function v (¢) and the size function b (t)

are continuously differentiable, the functions f (¢) and g () defined in (158) and
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(159) are also continuously differentiable, and the operators K and K* map
the space of continuous functions on the interval [0, 7] into itself. This space,

which we denoted by C ([0,T)), is 2 Banach space with the maximum norm
lsll = Orélfs-‘ﬂTls ). (165)

Note that the solutions of the quasi-equilibrium problem (164) are the fixed

points of the operator K+ in the Banach space C ([0,T]). In what follows we

often utilize the identity
¢ ¢
/f(t——a)s(a)da:/f(a)s(t—a)da, (166)
0 0

which results from the substitution a — ¢ — a in the integral.

7 Existence, uniqueness, and properties of solu-

tions

Theorem 1 The quasi-equilibrium problem (164) has ezactly one solution sy, (t)
in C ([0,T]) . This solution is non-negative, bounded from above by 1, and sat-

isfies a Lipschitz condition of order 1 with Lipschitz constant
Coe = llg'll + I UFN + ILAD - (167)

Proof: To show that operator K+ : C ([0,T]) — C([0,T]) has a unique

fixed point, consider any two functions s;,s2 € C([0,T]) and any ¢ € [0,T]. By
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virtue of (160), (161), and Corollary 1 (see Appendix), we have the estimate

|[K*s(t) — KTs2(¢)] = |max(0, Ks(t)) — max(0, Ks2(t))| (168)
< |Ksy (t) — Ks2 (8)]
< ,\/tf(t—a)lsl(a)-sz(a)lda
0
< st — sl AlLFHE

Using the same estimate (168) for K *s, and K V52 in the place of s; and sa,

respectively, yields

[KFsi(t) —K¥s2(8)] < /\/tf(t —a)|K*s, (a) — K*s2 (a)| da (169)
0

N

A/ ft—a)llsi —s2ll X [Ifll ada
0

2,2
< o - oy CILLE

’

and similarly, by induction over n,

QI e )

(&) s (0) - (K*)"s2(8)] < lls1 = sall 0

forn =0,1,2,.... Since the infinite series

> QUITT _ e (s ) a7

n=0

converges, we conclude that

lim Q—“—ﬂﬂ: =0. (172)

n—00 n!
Therefore there exists IV such that

Gy Ty 1 .
T— < 5. (1{3)
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From (170) it follows that

Y. 1 -
()Y st = (K%)Y 52| < 5lls1 = sell- (174)

Hence K (V)Y : C ([0,T]) — C([0,T)) is a contraction mapping. By a corol-
lary to Banach’'s fixed point theorem, the mapping K* has exactly one fixed
point s;, (¢) in C ([0,T]). This fixed point is the unique solution of the quasi-
equilibrium problem (164).

The function sg, (t) is non-negative, since
s;e (t) = max (0, K (sg. (¢))) > 0. (175)
It is bounded from above by 1, since by virtue of (159) and (160),

57, (t) = max(0,K (s5. (1)) (176)

IN

K (55 (1))

= l—A(vou(t)-f-/otf(a)s(t—a)da)

IA

1.

The fact that s, (t) satisfies a Lipschitz condition of order 1, follows from (164)
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and Coroliary 1 (see Appendix). Indeed, for any ¢,, t> € [0,T], we have

[s5e (1) — 57 (t2)] = |max (0, K}, (t1)) — max (0, K55, (t2)) | (177)

< |Kspe (t1) — Ksg, (t2)]

< lg(t) —g(t)l

+A ‘/‘h f(ti —a)s(a)da — tzf(tg —~a)s(a)da

o 0
< gl — o
ta [ 43
+A A (f(t1 —a) — f(ta —a))s(a)da — f(ty —a)s(a)da
ty

< llg'lHey — ]

+AT NI £ sl [ty — £2 + AHFIIsI [£0 — 22

= (lg'll + Ml (TS +UFD) (82 — ta] - .

Theorem 2 Th‘e tnitial-value problem (162), (163) has ezactly one solution
s*(t) in C* ([0,T]). This solution is non-negative and bounded from above by
1. Its derivative is bounded in absolute value by 1/, and it satisfies a Lipschitz
condition of order 1 with Lipschitz constant

¢ = LT+l + AT+ WD, (178)

This means that
[(s*) (t1) = (s7) (t2)] S CltL —ta|  for t1,t2 € [0, T]. (179)
Proof: Integrating both sides of (162) from 0 to t, we obtain:
t
e(st)—s% = / (s (u) + Kts (u)) du, (180)
0
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or equivalently,
1 /¢ .
s(t) =5+ = / (=s (u) + K¥s (w)) du = L*s (2) . (181)
€Jo

If a function s € C ([0,T]) solves equation (181), then it is differentiable,
it solves the integro-differential equation (162), and s(0) = s°. Therefore it is
sufficient to show that operator Lt defined in (181) has a unique fixed point.

By virtue of estimate (168), it follows from (181) that for any two functions
S1, 52 € C([Ov T]) ’
. I
IL+51 (¢) = Lts, (t)[ < E/ Is1 (u) — s2 (u)|du
0

t
+%/ |K*s1(u) — K¥s2 (u)] du (182)
< Jo

IN

1t 1t
L / llst — sall AlLFll ude + = / sy = sal] du
E 0 £ 0

= Dl —sall (0715 +¢)

A
FIAIT+1,

< sy —sell 2

for 0 < t < T. Using the same technique as in the proof of Theorem 1 it can be
shown that, for a certain NV, operator LY is a contraction in the Banach space
C ([0, T]). Therefore operator Lt has exactly one fixed point s* (), the unique

solution of (162), (163) in C* ([0, T])-

Since K+s* (¢) > 0, this solution s* (¢) is greater than or equal to the solution

of initial value problem

Es::omp () = —Scomp(t), (183)

Scomp (0) = $§,
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for which we evidently have

Scomp (t) = s%e <t >0. (184)

Hence, s* (t) is also non-negative in [0, T].
The fact that the solution s” (¢) is bounded from above by 1 can be verified

by indirect proof. If there is any ¢, € (0, 7] for which
s* (t2) > 1, (185)
then due to continuity of the function s* (t) there exists a ¢, € (0, £2) such that

s (b)) = L, (186)

s*(() > 1 forallt <t <. (187)

By the mean value theorem, there exists some intermediate point t3 € (¢1,¢2),

where

(s*)' (ts) > 0. (188)
By virtue of (162) and (159),
e(s") (t.3) = —s5"(t3) + 1 — Avorg (t3) < —s" (t3) +1 < —-1+1=0, (189)

which contradicts (188).

The bound 1/¢ for the derivative is easily obtained from integro-differential

equation (162), using (159), (160) and the upper bound for s (t):

es'(t) = -s(t)+max(0,Ks(t)) <—s(t)+1<1, (190)

es'(¢) > -—-s(¥)>-—1. (191)
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- To show that solution s~ (¢) satisfies Lipschitz condition of order 1, we pro-

ceed as follows. Let ¢;,¢» € [0, T]. Then by virtue of (162) and Corollary 1,

57 (0) =7 ()] S Zles”(0) +5 ()] T KHS (1) — K (t2)]

o

< I () — 57 (B + 2 K () — K (ta)
< ZIs () = ()l + 219 (t) — g (t2)
+’2 Oh fa)s(t — a)da - :f(a)s(t:2 —a)da
< 26+ o) e - ol
2| [ U-a-r-as@a- [ 625 @d
< U6 +lg) 1 - ko

£ 2T Wil ~ el + S 1Al sl 63~ ]
6™l + llgll + Alisll (T 1Ll + LD

3

[ty — ta].

8 Numerical approximation

Difference method for the initial value problem

To discretize the problem

es'(t) = —s(t)+max(0,Ks(t)), 0<t<T,
Ks(t) = g(t)—/\/tf(a)s(t—a)da,
0
s(0) = s

using N equal time steps, we set
T
th =n— =nh forn=0,1,2,..., V.

N
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(193)
(194)

(195)

(196)

(192)




Let us replace the derivative by a forward difference quotient, and approximate

the integral in (194) by the trapezoid rule. Then forn =0,1,2,...,N — 1,

sl (tn) - S (tn+1)h_ S (tn) + An (197
tn n .
f@s(ta—a)da = hY_a;s(ty) f(tn—;) + Bn, (198)
=0
whereap = an, =1/2and a; = a2 = ... =a@p1 = 1.

By Theorem 16 in the Appendix, the error terms A, and A, have the

estimates

[An] < Ch, (199)

[B.] < §CTh:', (200)

where C is the Lipschitz constant given in (178). Substituting (197) and (198)

into integro-differential equation (193), we obtain

(S msl) ;o) 201)
= —s5(t,) + max (O,g (ta) — A (hz a; f (tn-j) s (t;) + Kn) ) ,
j=0
s(0) = s° (202)

The corresponding difference scheme is

s———snﬂh— Sn = s, +max (0,5) (ta) = AR Z a;f (tn—j) 31’) ,  (203)
j=0
So = So. (204)

Theorem 3 The error of difference method (203), (204) for solving initial value

problem (193)-(195) is of the order O (k).
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Proof: A linear system for the error sequence

en = $(tp) — Sn (205)

is obtained by subtracting (203) from (201), and (204) from (202):

e (e—"i‘l-z"—e’i + /_\n) (206)
n —
= —ep+max | 0,g(ta) = A | hD_a;f (tay)s(t;) +2n
=0
— max (0,9 (tn) = AR D a;f (ta—j) 3j> )
=0
eo = O. (207)
Solving (206) for e,+1, we get
h
€pnt+r = '—hAn + (1 - t) €n (208)
h i —
+E max | 0,g(tr) — A hz a;if (tn—j) s (¢5) +An
=0

-—g’-ma_x (O,Q(tn) - /\hzajf (tn—j5) 31') .

=0

From (208), the triangle inequality, and Corollary 1 from the Appendix it

follows that

lenra| < [1 2 leal + ’\:2 jz;;a,-f (tnms)es| = hAAn + 2K, (209)
< (- 2+ 221 O) tel + 25 2ajf(tn-f) el - han + 2,
j=
If we make h small enough, that is if
h<2 for f(0)=0, (210)

h < min (:f%j’ 26) for f(0) >0,
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then (209) implies that

ARZ RS Ah—
lenst] < lenl + . ”f“;lejl‘*‘hAn‘*'—s-An (211)
n—1 -
Ah2 5  3AT
S leal + U X_ lesl + Ch® + Z=Ch®
1=0
AL 2 &= AT .0
< ]e,,l+—li—”h-§:]e,-|+(1+ =) Ch

j=0

By virtue of Lemma 7 from the Appendix and (196) it follows from (211) that

lex] < n (1 + %1:) Ch? (1 + ’\—”E’fﬂh) (212)
< (1 + -5/\3—T) CThexp :\y

(s + g+ Al T + 1) T2 exep /21D

= O(h).
Thus, the difference method for the initial value problem converges linearly in

stepsize h. a

Difference method for the quasi-equilibrium problem

Discretization of the quasi-equilibrium problem,

0 = —s(t)+max(0,Ks (), (213)
4
Ks(t) = g(t)-—z\/ f(a) s(t —a)da, (214)
0
with N equal time steps

T _ 915
th = ny = nh forn=0,12,..,N, (215)

]

yields (here we approximate the integral with the trapezoid rule):

s (tp) = max (O,g (tn) — A (h. Z e;f (tn—j) s (t;) + [kn> ) ) (216)

i=0
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where ag = a, = 1/2 and a1 = a2 = ... = an—; = 1. In (216), A, is an error

term, for which Theorem 15 in the Appendix provides the estimate:
A 1 o1
|3n] € 5CecTh, (217)
with constant C,,. explicitly given in (167).

Theorem 4 The error of difference method

so = max(0,g(0)) =s(0), (218)

Sp+1 = max (Org (tasr1) — AR Z ajf (tn—j) sj) (219)
j=0

forn = 0,1,2,.., (220)

for solving quasi-equilibrium problem (213) is of the order O (h).
Proof: A system for the error sequence
en =35(th) ~sn (221)

is obtained by subtracting (219) from (216): -

e = 0, (222)
hid -
ent1 = max|0,g(ta) —A|{hD_a;if(ta—y)s(t;) +Dn
=0
n
—max | 0,g(ta) —AR D _a;f (tn—j)s; | - (223)
—~
From the triangle inequality and Corollary 1 it follows that
lenstl < ARDIf (bas)lles] + AAn (224)
j=0
= 1
< ARSI lesl + 5ACeTh.
j=0
87
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By Lemma 8 from the Appendix, we obtain the estimate
lenl < 3AC. T (L+ARIIFID™ (225)
The sequence (1 + AR [[f])™ is bounded uniformly in h since
A+ ARJFD" = (1 + %)nrew'” asn T oo. (226)
It follows from (223), (226) that
len] < %,\CTe""f"Th =0(h). n (227)

Fig. 7 shows graphs of numerical solutions for a typical initial-value problem
and the associated quasi-equilibrium problem. In Fig. 8 the solutions of the
initial value problem are compared for different values of the time step h. It is

not recommended to choose the h > &, because then instabilities occur.
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' ' j — Kquasi-—equilibn’um
— = 02
— - €=.05

- eE=.1

seedlings density (rescaled)

T
1
time (rescaled)

Fig. 7: Numerical solution (stepsize A = 0.005) of initial value problem
gst (t) = —s (t) + maz(0,1 — Avga (8) — A fot s (t —a)ae™%da),
5(0) = 0.05, for A = 10, voiq () = 0.05te™¢, and three different values of . The

quasi-equilibrium solution is shown as thick line.
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- Nee =05
— — hee /2«.025
0.5p:-- —— he€ /4+.0125

o
'S

0.3

seediings density (rescaled)
[=]
N

0.1

1 1.5
time (rescaled)

Fig. 8: Numerical solution with different stepsizes for initial value problem
es/ (t) = —s (t) + maz(0,1 — Avoa (t) — /\fol s(t — a)ae~%da),

5(0) = 0.05, for A = 10, voq (t) = 0.05te™¢, and € = .05.
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9 Asymptotic approximation -

Leading order approximation: construction using the bound-

ary function method
Using the boundary function method (see [2], [9], [10]) for singularly per-
turbed problems, represent the uniform asymptotic approximation of the solu-

tion of the singularly perturbed initial value problem

es’'(t) = —s(t)+max(0,Ks(t)), O0<t<T, (228)
Ks(t) = g(t) —-/\/tf(a)s(t—a)da, (229)
0
s5(0) = s° (230)
in the form
s(t) =5(t) +10s G) , (231)

where 5(¢) is the regular part, and IIs(t/e) is the boundary layer part of the
approximation. The boundary layer part is necessary to correctly describe the
pulse of seedlings in the first few years of forest growth; it decays exponentially

to zero as time increases. In what follows, the rescaled time variable of the

boundary layer part is denoted by

T =t/e. (232)
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Substitution of representation (231), with (232), into problem (228)-(230) yields

2+ I8 = ) -Ts(r) (233)
+ max <O,g(t) —,\/Otf(t —a) (§(a) + s (g)) da) ,
= 5@ +max (0.0 -2 [ Ft-a)3(0)da)
_IIs (7)
+max (O,g(ar) - ,\/Os?f(s'r ~a) (s(a) +11s (2)) da>
— max (O,g(er) -,\/O-Sff(er ~a)3(a) da) ,
5(0)+Is(0) = s°. (234)

Equation (233) can be split into two equations in variables ¢ and T, respectively:

eg_'-:- = —5(t)+ max (O,Q(t) - /\/t f(t—a)3(a) da) , (235)
0
%Iri = ~ls(7) (236)

+ max (O,g(er) - A/osrf(er —a) (§(a) + IIs (g)) da)
— max (0,9(51‘) —/\/osrf(sr—a)E(a)a'a) .

To obtain the leading order approximation, substitute

() + 0 (e), (237)

3(t)

Os(r) = Hos(r) +0(e), (238)

into equations (235), (236) and into initial condition (234), and omit terms of

order £ and higher. we obtain the integral equation
t
0 = —5p (t) + max <O,g(t) - A/ f(t—a)se(a) da) (239)
o
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for the regular part, and the initial value problem

dgl:s = —Ilps (1) + max(0,g(0)) — max (0, g (0)) (240)
= —HQS (T) 2
Hos(0) = s° —55(0) (241)

for the boundary layer part of the leading order asymptotic solution. Integral
equation (239) for the regular part is exactly the quasi-equilibrium problem

(164). An approximate solution of (239) can be found numerically with differ-

ence method (218), (219).

The problem (240), (241) for the boundary layer part has solution
Ios (7) = (s° =55 (0)) e (242)

Fig. 9 illustrates how the asymptotic solution is obtained as a sum of regular
and boundary layer parts. Fig. 10 displays asymptotic solution and numerical

solution for the same initial value problem (e = .05,k = .005).
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0.5 — leading order asymptotic solution | |
: iy — - regular part
X - - - _boundary layer part

0.2

seedlings densily (rescaled)
5
T
/

0.2

~0.4 2

-t L 2
0.5 1 1.5 2 2.5
time (rescaled)

Fig. 9: Leading order asymptotic solution of initial value problem

gst (t) = —s(t) + maz(0,1 — Avga (8) — A fot s (t — a) ae~%da),

5(0) = 0.05, for A = 10,vu,4(t) = .05te”*%, and ¢ = .05. The asymptotic
solution (solid line) is the sum of regular part (quasi-equilibrium solution) and

boundary layer part (exponentially decaying to zero).
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—r—
—— lsading order asymptotic solution

- _numerical solution i

© o
© »

seedlings densily (rescaled)
[=]
Y

0.1

" L -
1 1.5 2 2.5
time (rescaled)

Fig. 10: Comparison of leading order asymptotic solution from Fig. 9 with

numerical solution from Fig. 7 (¢ = .02, h = .003).
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textbfEistimation of the remainder

Let us represent the exact solution s (¢) of (228)-(230) in the form
s(t) =5 (t) + Oos(7) +u(¢), (243)

where 57 (¢) and Igs (7) are the regular and boundary layer parts, respectively,
of the leading order approximation constructed in previous section, and u () is
the error or, so-called, remainder term. Substituting (243) into the initial value

problem (228), (230) we obtainan integro-differential equation for the remainder
u (t):
dsp = dlgs du _
=0 O e = 55— - 244
et tey So(t) —Ios (r) —u(t) + (244)
t
max (O,g(t) - ,\/ f(t—a) (ﬁ(a) + Mgs (%) +u (a)) da.) ,
] 3

with initial condition

5o (0) + Has (0) +u(0) =0. (245)

By virtue of (239), (240) and (241), the initial value problem (244), (245) sim-

plifies to

du ‘
e = U (&) + R(u;t), (246)
R(u;t) = —6%‘? (247)

¢
+ max (0,g (t) — ,\/0 flt—a) (%(a) +os (-‘EE) tu (a)) da)
— max (o,gm -2 [ te-amE da) ,

w(0) = O. (248)

Theorem 5 The solution of initial value problem (24{6)-(248) is of order O (g).
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Proof: Instead of (246), (247) let us consider an equivalent integral equation

t
u(t) = é / e~ "R (u;a) da, (249)
€ Jo
and let us define the operator J : C ([0,T]) = C ([0,T]) by

t
Ju(t) == / e R (v:a) da. (250)
4]

Using Corollary 1 in the Appendix , we get that for all v;,v= € C ([0,T]) and
all t € [0, T,
[R (v15t) — R (v2st) | (251)
t a
= — — So - di —
| max (O,g(t) /\/0 f(t—a) (so (a) +Igs (6) + v (a)) a)
max (O,g (t) - ,\/O f(t—a) (%(a) + Ilgs (g) + U2 (a)) da) [
< l—/\/otf(t—a)vl (a)da-i-/\/otf(t—a)uz(a)da

= /\l/otf(t—a)(vl (a) —v2 (a))da

< Allflitlve — el

Using this estimate we conclude from (249) that

[Jor () = Ju2 ()] < ‘l‘/teht? [R(vi;a) — R (ve;a)| da

€ Jo
t
AlALy,, -u«_,n/ e~ “T*ada
0

S 5
= iefll-llvl — vs| (ezt—s2 (l—e‘i))
< Ay e

Using the same technique as in the proof of Theorem: 1, it can be shown that

operator JV for a certain positive integer NV is a contraction with a Lipschitz
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constant 0 < ¢ < 1. It, therefore, has a unique fixed point u, which satisfies the

estimate
1 N C
lull < 7= 17l (252)

where v € C([0,T]) is some starting function for the sequence of successive
approximations vg, Jug, J3vyg, ... To show that ”J Nuo ” is of order O (g}, we use
an upper estimate for R (v;t), where v € C ({0, T]). From the definition of R in

(247} it follows (by virtue of Corollary 1 and the triangle inequality) that

[R(v;t)] < & ";if +)\l/0tf(t—a)(1'[os(g-)+v(a))da (253)
< 0@+l [ Tas (2) da| + Al vl
(254)

In this estimate we utilized the fact that the derivative of 55 is piecewise con-
tinuous and therefore bounded. The integral of the boundary layer part Ilgs is

of order O (¢) because by virtue of (242),

/otH“(Z’)da = (s°—%(0))f0te—%da
= (*-%(0)e(1-e7F)

< (s"-35(0)e.

From (250) and (252) it follows that

1

el < 2

t
sup IR(v;a)I/ e~ da (255)
0<a<t 0
= sup |R(v;a)| (l—e"i)
0<a<t

¢
< 0@ +AIfl /0 lu (a)| da.
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Now consider the successive approximations

vg = 0, (256)
Unte1 = Ju, forn=20,1,23,.. (237)
Using (255), we obtain the recursion
() = 0, (258)
t
onss (O] S Ce+AIAN [ lon(@lda forn=0,1,2,3,... (259
1]

where C is a suitable positive constant independent of €. By induction we can

prove the inequality

lun| < Ce Z s (ALY ”f 1Y frn=123,.. (260)

=0

Indeed, (260) is true for n = 1 since from (258), we have

[vr (8)] < Ce. (261)

Assume that (260) is satisfied for j = 1,2, ...,n. Then, by recursion (259),

lune1 ()] < Ce+ AlIfHl / Z(A”f "a)J (262)
J=0

_ (Allfll)’
= C’e+Cs,\I|f||Jz_; ] /0 ada
_ (z\llfll t”‘
= Ce+Cs AufuJ)_:O 1

(/\Ilfil t)?
= Z .

j=0

Thus, (260) is true for n + 1, and the induction over n is completed. A conse-

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



quence of (260) is that -

o~ (I’
e ()] < cszzo—ﬂ—

= Ceerifllt

< CeelIT,

Thence,

llonll < CeeMIT =0 (e).

so, in particular,

7% %] = llowll = O (e).
From (252) it then follows that

llull = O () - =
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(264)

(265)

(266)



Part III
Asymptotic solution of the
problem with a nonlinear

seedling equation

10 Statement of the problem

Governing equations Let N(t,a) be the age density of a tree population,
depending on time ¢ and chronological age a. This means that the number of
individuals in an age interval [r,s] at any time ¢ > 0 is given as [’ NV (¢,a) da.
Since

da _ . (267)

dt

the rate of change of the age density N (¢,a) is

d N ONda JON  ON
G Al T e T P

(268)
If the death rate constant p of the population is constant over time and is age-
independent, then the number of deaths in a given age interval and a given

infinitesimal time period is proportional to the number of individuals in this

class, so that

3N ON
3{ + ‘é‘; = —uhl, (269)
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In the experimental study of tree populations often a nonlinear dependence of
the death rate in an age interval on the number of individuals in this age interval
is observed, so that in generalization of (269) we assume the population follows
the partial differential equation

N ON -
?aT-%-—a-a-—-—f(N'), (270)

where the function f(V) : [0,00) — [0, 00) is zero at IV = 0, positive for N > 0
and continously differentiable.
We consider the boundary value problem on the rectangle 0 <t < T and

0 < a <T, where T and T} are positive time constants. Boundary conditions

are the initial age distribution

N(0,a) =®(a) for 0 <a<T, (271)

and the seedling function
N (t,0)=S5() for0<t<T. (272)

The initial age distribution ® (a) is explicitly given as a differentiable function,
whereas the seedling function S (¢t) satisfies an ordinary differential equation of
the form

ds Ti

e—=F (S(t),
0

= N (t,a) B (a) da) , ifS()>0 (273)

0, ifS(t) =0, (274)

Conditions on the function F' will be imposed later in this paper to ensure

existence, stability and uniqueness of the solution.
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- The initial value for the seedling function S (t) is given by the compatibility
condition

5(0)=®(0) >0, (275)

which ensures that the age density function NV (¢, a) is continuous in the rectangle

(t,a) € [0,T] x [0,T1].-

Reduction to one integro-differential equation
By using the method of characteristics, the solution N (¢, a) of the partial
differential equation can be expressed in terms of the nonlinear term f(iV) and

the boundary value functions & (a) and S (¢) as follows:

da dt dN -
I=F) (276)

and thence by integrating N along the characteristics a — ¢ =constant,

N(a.t -
t= [oonfn for0<t<a, (277)
a= s[\(rfi:; ?% for0<a<t. (278)
By the assumptions made in the previous section, the function
N
G(N):= dn (279)

1 f(n)
is a strictly increasing differentiable function for N > 0, therefore its inverse

G~ ! exists, and we havefor0 <t <a:
t=G(N(ta) -G (®(a—-1t), (280)
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and solving for N (¢, a) yields:
N~ (t,a) =G~ ' (t+ G (®(a—1t))). (281)
Similarly for 0 < a < ¢,
a=G(N (t,a)) -G (S(a-1t), (282)
and thence
Nt (t,a) =G 1 (a+G(S(t-a))). (283)
Note that because of the compatibility condition (275), the representations (281)
and (283) yield the same solution fora =t:
N=(,t) = G '(t+G(®(0)) (284)
= GT'(E+G(S(0))
= N¥(t1t).

Using (281) and (283) to eliminate NV (t, a) in (273) we obtain a nonlinear integro-

differential equation for the seedling function S (t) :

X _r (S(t),/otK(a,S(t _a))da+ L(t)) for0<t<T.  (285)
where

K(as) = G l(a+G(s) B ) (286)

L(t) = /tTI G~ (t+G(®(a—1)) B(a)da (287)

Since ¢ and G are differentiable, so is L (¢), and substituting
. t
L(t)=L(0) +/ L' (a) da (288)
0
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in (285), we obtain -

45
“dt

t
F (S(t),L(O) + / (K (a,S(t—a)) + L’ (a))da) (289)
]
= F (S(t),/ I?(a,S(t—a))da) ,
o
where
F(z,y) =F(z,L(0)+y) (290)

K (a,s) =K (a,s)+L'(a) (291)

Writing F instead of £ and K instead of K, we obtain the integro-differential

initial value problem for the seedling function S (¢) in the form

ds
e =F (S(t), LK (a,5(t-a)) da) , (292)
S(0) =&(0). (293)

When S(¢) is found, the solution for N(¢,a) is given by (281) and (283) as

N(t,a) =G 1 (t+G(®(a—1t)) for0<t<La, (294)

N(t,a) =G ' (a+G(S(t—a))) for0<a<t (295)

11 Asymptotic approximation of the solution

In order to find the leading order approximation using, e.g., the boundary func-
tion method, we assume that F € C2 ([0, 00) X [0,0)) and that there is a func-
tion $* : [0,7] — [0, c0) which satisfies the following three conditions:

(81) S* () is a continuous solution of the auxiliary problem
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F (S(t), /0 "K(@5S(—a) da) =0. (296)

(S2)
t
F. (S'(t), / K(a,S(t -a))da) <0 (297)
0
in the interval 0 < ¢ < 7. Since this interval is closed and the functions F, S*,

and K are continuous, this implies the existence of a constant m < 0 such that
¢

F. (S'(t), / K (a,S" (t-—a))da) <m (298)
0

foral0<t<T.

(S3) If ®(0) > S*(0), then F(S,0) <O forall S*(0) < S < ®(0); and if
® (0) < S*(0), then F(5,0) > 0 for all # (0) < § < S*(0). We do not consider
the case ¢ (0) = 5" (0) here, because then S* (t) solves the initial value problem
(1.21), and there is no need for an approximation.

Note that conditions (S1), (S2) and (S3) imply that S*(0) is a stable

equilibrium of the autonomous differential equation

ds
= = F (S0, (299)

such that the initial value ®° is in the domain of attraction of S* (0) . To solve the
initial value problem (293) using the boundary function method for singularly
perturbed problems, the solution S (t) is presented as a sum of the regular part

S (t) and the boundary layer part IIS (¢/z) :

S(t) =5 () + IS (7), (300)
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where T = t/e is a stretched time variable. In addition, we require that the

boundary function decays to zero as T — oo.

Substituting (300) into equation (293) and representing its right-hand side

in a form similar to (3-27), yields:

ds , dis =F (S0, [{ K (@5 (¢t —a)de) +OF(r),  (301)

€ dt dr

where

OrF(r) = F(?(er)+HS(7—),5/:K(5(T—Q),§(EQ)+H5(a))da)

-F (? (e7) ,s/r K (s(r—a),S(ca)) da) (302)
o
The initial condition becomes
5(0) + 1S (0) = @°. (303)

In this equation and for the remainder of this paper, the notation of a function
with upper index 0 denotes the value of the function at 0, e.g. $° means ® (0),

='0 = . . . .
Sé, means S;, (0) etc. Substituting asymptotic expansions

-g(t) = §o ) +E—:§1 () + ..oy (304)

for the regular part and

IIS(t) =TS (t) +elliS(r) + ... (303)
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for the boundary layer part into integro-differential equation (301) we obtain:

dSo dlIgS dil, S
et e+ (306)

= F (?o (£) +€5; () + ...,/ot K (t—a,So(a) +&51 (a) + -.) da)
+F §00 +e57° +erSy P+ oS (7) +...,e/orK(0,5_oo+HoS(a)) da-f-...)
-F (?60 +E§10 +s‘r§z,-o + ...,e/orK (O,?oo) da + )
= F+e5.(t)F; +5/0t5—1(a) K, (t—a,S (a) daFy, + ...
+F (5 + M08 (),0) +¢ (57 +755 + LS (1) Fx (5 + WS (7) ,0)
s (/OTK (0,55° + oS () da) F, (55 + S () ,0)
-F (—5?0,0) -z (?{O +T‘S_60) F, (S_OO,O)

([ & (0.5") da) , (5°.0) +--

where we used the notation

F =F(5%®,[K (-5 @) da) (307)
E =F(5%®.[K(-035()d) (308)
F, =F, (5. K(t-a,5% (a) da) (309)

By equating terms of the zeroth order in € depending on t, we obtain from (306)

a nonlinear integral equation for Sg (t) :

0 = F (S—o(t),/ot.r{(a,ﬁ(t-a)) da) . (310)

Assume that F" and K are such that (310) has a unique solution Sy(¢t) for ¢ > 0,

with

S =S". (311)
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By-equating terms of the zeroth order in £ depending on 7, we obtain from (306)
a nonlinear differential equation for S (7) :

dlly S

- = F (8" +OS(7),0) — F(S".0)

= F(5 +1eS(r),0). (312)

Here we used the fact that F (Sp (0),0) =0 when ¢ = 0 in (310). Taking into

account (303), we get that IIoS (+) must satisfy the Initial condition
S (0)=8"-5". (313)

Theorem 17 in the appendix deduces from the stability conditions (S1), (S2)

and (S3) above that (312) has a unique solution for all T > 0 which satisfies an

exponential estimate of the form

oS (T)] S ce™™" (314)

where ¢ and & are positive constants that do not depend on 7.
Equating terms of the order & depending on t in (306), we arrive at the

Volterra integral equation of the second kind for Sj (¢) :

_ . o
SR+ [ F@K, (t- a3 @) daF, (315)
0

which can be written as:

. e _ F 45
Si(t) = — / 51 (a) K, (t —a,5; (a)) da=t + L& (316)
0 Fx Fz

Finally, by comparing the terms of order ¢ depending on T in (306) we obtain

the linear ordinary differential equation for I1;S (7) :

dHT;i =F; (S*+ 1S (r),0) LS () + G(7), (317)
109
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with the inhomogeneity
G(r) = (5 +755 ) (Fx (5™ + oS (r),0) - Fx (57,0))
+ (/TK(O, 5" + oS (@) da) F,(S* + LS (r),0)
o]
- (/TK(O, 5% da) F, (5",0)
o]
= (5 +755) (B (5" + oS (7),0) - F (S7,05)
+ (/T (K (0,S" + oS (a)) ~ K(0,57)) a'a) F, (8" +OS(7),0)
o]

+ (/fK(O,S')da) (Fy (ST + TS (1) ,0) — F, (S7,0)) (318)
0

and the initial condition

MS(0) = -31 - (319)
The solution of this problem can be easily written out:

I0,S (r) = =5y e~ Jo blode / e~ Ja Moo (o) da (320)
0

where for all & > 0,
b(o) = —F: (5" + 1S (0),0). (321)
Since F: is continuous, there is a § > 0 such that
F.(S"+=2,0)<0 (322)

for all —§ < z < §. Moreover since {IIoS (7)| — 0 exponentially as 7 — co there

is 79 > 0 such that

S (T} <dforT 2> (323)
and thence
bing = riggo b(oc) =— flzlg) Fr (S +IIS(0),0) > 0. (324)
110
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Taking 79 as initial point of time, the solutioa of (317) can also be presented in

the form

o +p Tot+o "
ILS (70 +p) =~II1S(m0)e™ [370 b(rda +/ e~ ST e G (0) do (325)

To

From (318) we obtain an exponential estimate for the inhomogeneity G (1) :

("

+(/0 HOS(a)da) max [K(0, 5° + )| max|F, (S” +2,0)

+T|§:0

IG ()|

IA

) {Blas_\g |Fez (§° + z,0)| [TIoS (7))

+7K (0,57) lmléggley (§* +z,0)| [TIoS (7))
< ey +cem)e™™"

< cze™ (326)

for all = > 0, where ¢;,c2 and ¢3 are some positive constants. In the last
inequality we used the estimate
2

e " = (te” i) e ¥ < (max (re'gr)) e ¥ = —e7F7 (327)
>0 ex

for 7 > 0. The exponential estimate for I} S (7) where 7 > 15 now follows from

(325) and (326):

[ILS(m)] =[S (70 + (7 —70))l
To+p
< LS ()] e—biac(r—70) +/ (c;»,e""") doebint(r—70)
To
= [(ImS (o) + Zemrro) gmtimero] g=tine (328)
K

Higher order terms in the asymptotic expansion of the solution can be ob-
tained in a similar way, and all terms of the boundary layer part can be shown

to have exponential estimates.
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12 Estimation of the remainder for leading or-

der approximation
The exact solution of differential equation (293) can be represented as
S(t) =50 (t) + oS (1) +u(t), (329)

where Sg (¢) and ITgS (7) denote the regular and boundary layer part of the
zero order approximation respectively, and u (t) is the error for the zero order

approximation (or, so-called, remainder term).

Substituting (329) into equation (293) yields a nonlinear ordinary differential

equation for the error function u (¢) :

dS; | dIbS | du (330)

£ ——

dt * dr E:f?
— ¢ — a
= F (So(t) + oS (1) +u (£) / K (t - 4,55(a) + S (2) +u (@) da) ,
o g
So0(0) + oS (0) +u(0) = &(0). (331)
Because of (303), the initial condition for u(t) simplifies to
u (0) =0. (332)

For the purpose of error analysis, equation (331) can be written as

e% = ~A(t)u(t)
+B (t) /£ [K (t — a,Xo(a) + u(a)) — K (t — a, Xo(a))]da
0

+9(u,t) (333)
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where

— t
Xg (t) =S (t) + oS (E) ’ (334)
is the zero order approximation, and A(t), B(t) and g(u,t) are given by
t
A@) = -—-F, (Xo(t),/ K (t —a, Xq (a)) da) (335)
(i

B(t) = F, (Xo (t) /o tK(t—-a,Xo (a))da) (336)

g(u,t) = F (Xo (&) + u(), /t K (t — a, Xo(a) +u(a)) da)
0
+A(t)u(t)

—B(¢) /t [A(t —a,Xo(a) +ula)) — K(t—a,Xp(a))da
0
2% (337)

_E—

dt

The corresponding homogeneous equation

dU A(t)
= 338
dt € v (338)
has the explicit solution
1 [t
U(t) = cexp (’E / A(a’)da') (339)
0

with constant of integration c.

Using variation of constants, the nonlinear differential equation (333) for

u(t) can be rewritten as a nonlinear integral equation:

u(t) = /:exp (—-;— /: A(a)da)

[—B—i_i) /; [K (t — a, Xo(a) +u(a)) — K (t - a, Xo(a))]da — g(z;, s)] ds
= Tlu(®)]. (340)
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- Lemma 1

9(0,t) = O(e) (341)
uniformly in t.

Proof: By setting u = 0 in (337), we obtain

¢ dX
F(Xo(t),/ K(t-—a,Xo(a))da) —€ d°
0 t

= F (Xo(t),/otl{(t -a,xo(a))da) —eddit—° _F (33(0) +n05(£),o) .
= F(Xo(t),/otzf(t—a,xo'(a))da> —F(:s';(t),/otf((t—a,ma)) da)

- F (?0'(0) + HOS(;:-),0> + F (55(0),0)

g(0,¢)

dSg
-0 342
St (342)

It follows that

9(0,¢t) + E% (343)

1 t
/ ;1%: [F (:ST{-*- al'IoS,/ K (t —a,So + oT1,S) da) —F(S*+0lpS, 0)} do
0 0

Carrying out the differentiation in the integrand, we obtain:

=
90,8 + 22

1 ¢ .
= / MySF, (:ST{-*-UHOS,/ K (t —a,S50 + 011y S) da) do
0 0
1t
+ / / K, (t —a,50 + oIy S) o SdaFy (vs,6,) do
0o Jo
1
—/ I, SF, (S° + 0115, 0)do
10 _ ¢ . L
/ oS (So — S*) Fez (11,01 +/ K (t -, + 0TloS) daFyy (7,8) do
0 0

1 — ¢t
+ / K, (t—a,s—o(a)+an05(§)> f o SdaF, (vs,0,) do, (344)
0 0
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where

t
(V51 00) = (§+ a'IIoS,/ K (t —a,Sp +ollpS) da) (345)
0
and (’7, 3) is a suitable convex combinaton of the two points
(ﬁ(t) +0TS(L), JE K (¢t — a.5a(a) + o110 S(2)) da) and (35(0) + 0T S(%),0)
and where @ is some point in the interval (0,¢). Now an upper bound can be
established for g(0,¢) uniformly in ¢t € [0,T], using the exponential estimate

(314) for IS (7) -

19(0,)] < ce™™% (|Sa(t) — So(0)] || Fazll + t 1K [ Fayll)

+ 1Kl / Cce*tda|Fy || +e I

< ce™t (¢S] Fwall + NN IER )

I (=2 (1-e7¢) ) IR +¢ |50
< e (et ) (|5 el + kU 171)

+eSIIEIFN (1 e7¢) +¢ |5 (346)
< e [L (55 et + nEcE) + N IR + 55
= 0(e), (347)

and hence (341).
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The norms used in this estimate are the following:

Kl = max{|K (t-a,55(@ +oMoS(3))[:0<t<T,0<e<t, 0<o <1}
WK, = max{Ky(t—a,EE(aHUHOS(%))I:osth,osast,ogo—g}
t
”Fy“ = max{Fy (3_0.+0’H05,/K(t—a,%-i-O'HQS)da) :OStST,OSo'Sl}
0
4 N\
16F == (S5 +0TLoS, [y K (¢ - 0,55 + oTloS) da)
|Fzzl] = maxq + (1 —8) Fez (S*° +0I155,0) | : f
0<t<T,0<0<1,0<6<1
( _ . - )
6F ;2 (504.-0-1105, JEK (t-a,5 +0T0S) da)
IFzll = maxJ +(1—8) Fez (S*°+0I165,0) | : f
0<t<T,0<0<1,0<6<1
\ Ve
”?{,“ = max{,?,'}(t):OStSTl} (348)

In deriving (347) we used the following:
A 1
ma.x{e"‘?g |0<t<Tande> 0} =max{e™*z |z >0} = —- (349)

This immediately follows from the fact that % (e=~*z) = (1 — kz) e~ "~ has the
root z = 1/k, and changes sign from positive to negative at this root. Hence
the function e~"**z has a local maximum at z = 1/k. Since the function e™**z
vanishes at zero as well as for z — 00, this maximum is the global maximum in

the interval 0 < z < oc., and its value is e~"= (1/K) = 1/ (ke). |

Lemma 2

e [0]il = O () - (350)
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Proof: By Lemma 1, there is a positive constant ¢ such that
[9(0,t)] S ce (351)
for all 0 < ¢t < T. By (298),
— t —
Fr (So(t),/ K (t — a,So(a)) da) <m<O0 (352)
0

for 0 € ¢ < T and some constant m. Because of the exponential estimate for

the boundary function term ITo.S (1) there is a 79 > 0 such that for 0 <t < T,

A@®) =F, (§o(t) + oS (7) ,/Ot K (t —a,50(a) + IS (g)) da) < % <0
(353)
It follows that
[Z0]() = /O‘texp (—g/’t A(a)da’) (—Q(OT’S)-) ds,
< /: exp (—é%(t—s)) %::ds
= cfn—e (1-e %Y
< anEE (354)
(350) has been shown. |

Lemma 3 Given positive constants ¢, and o, there is a posilive constant c2
such that for all 0 < & < &¢ and all u;, us € C!([0,T]) with ||u;|| < cie and

lluall < aie, it follows that

J2ax lg(ur, £) = g(uz, )] < o€ max |ui(t) —u2(E)]- (355)
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Proof: Forall 0< ¢t < T,
g (ur,t) — g (u2,t) (336)
= F (Xo(t) +u(t), /o " Kt — a, Xo(a) + ul(a)da)
_F (Xo(t) +ua(e), / " K(t - a, Xola) + u«_»(a)da)
_F, ( Yo (t), / K(a, Xo(t —a) ) wi(®)

+F, (Xo(t) / K(a, Xo(t —a) ) ua(t)

K (t —a, Xo(a) + uz2(a)) da
0

)

_F, (Xoft), / K(a,ko(t-a)) / K (t - a, Xo(a) + ui(a)) da
+F, (Xo(t), / K(a, Xo(t—a))

= (u1(t) — u2(2))

x Fy (Xo(t) + B1u () + 8L ua(t), /O “K(t ~a, Xo(a) + 82u1(a) + hua(a)) da)
+/0t (K (¢ = a, Xo(a) + u1(@)) ~ K (t ~ a, Xo(a) + uz(a))] da
<F, (Xo (8) + Brus (£) + BLua(t), /0 "K (8 — 0, Xo(a) + 6ra (a) + Oyua(a)) da)
= (w1 (t) —u2(t)) |

.
< F; (Xg(t), /0 K(t—a,Xo(a))da)
—/Oc (K (¢ — a, Xo(a) +u1(a)) — K (t - a, Xo(a) +ua(a))] da

x F, (Xo(t),/otK(a, Xo(t - a))
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= (u(t) —u2(t)) (Orur(t) + Oua(t)) Fzz (mit), 91(t))

+ (w(t) — ua(t)) fot (K (¢ - a, Xo(a) + Bauy (a) + Brua(@)) — K (t — a, Xo(a))]

X Fzy (11(£): 91(8))

+/0t (K (t — a, Xo(a) +u1(a)) — K (¢ — a, Xo(a) + uz(a))] da

x (Brur(t) + 81ua(t)) Fyz (1(2), 92(£))

+/0¢ [K (t — a, Xo(a) +ui(a)) — K (t — a, Xo(a) + u2(a))] da

x /: (K (¢ — a, Xo(a) + faus(a) + O4u2(a)) — K (t — a, Xo(a))] da

x Fyy (72(¢),02())
for some 6, € (0,1), 8, := 1 -6y, 6> € (0,1), 65 := 1 — 6, and suitable
intermediate points v (), 91(¢), ¥(t), 92(t). Now using the estimates

[Brur () +01u2(t)] < 61 [ur ()] + 61 fua(t)]
< bicie +6icie

= (&, (357)

we obtain:

lfo‘ (K (t — a, Xo(a) + 6suy(a) + B4us(a)) — K (t — a, Xo(a))] da

< JHIK (t - a, Xo(a) + 6aus(a) + hus(a)) — K (t — a, Xo(a))| da

= t|K(t -3 Xo(@) + bauy(a) + O4u2(@)) — K (t — @, Xo(@))|

= t](62u1(3) +04u2(@)) K, (¢ — &, 65)]

< Tere [|Kll, (358)
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|5 [ (¢ - 2, Xo(a) + u1(a)) — K (¢ — a, Xo(a) + ua(a))] da

t|K (¢t —a, Xo(a@) + u1(@)) — K (¢ — T, Xo(@) + u2(2))]

= t{(ur(@) — u2(a)) Ky (t - a,44)|

T || Kyll llu1 — uall (359)

IA

with suitable intermediate points @, @, 83, 4. Finally, we have:

lg(ur,t) — g(uz, )] < lur — usl| i€ |[Faell
+llur — vl Tere [[ Kyl | Fzyll
+T | Kyl [fur — w2l cre [ Fyel
+ (THEl lfur — w2l creliFyzll) (Tere I Kyl) 1 Fyyll

< coelfluy —u2f| (360)
where all norms are maximum norms as in the proof of Lemma 2, and
2 = dey max (1 Feall, TIEM (1 Feyll T2 NP IF I IFRN) . (36D)

The correctness of statement (335) follows by taking the maximum over 0 < ¢ <

T on the left-hand side of (360). a

Lemma 4 Given positive constants c; and &g, there ezists a positive constant
c3 such that for all 0 < € < g9 and all uy, uz2 € C! ([0,T]) with ||ui|] < c1€ and

llusll < cig, the following inequality holds:

B2 | [ua] (£) — ¥ [ua] (8)] < e3¢ oBAS luy(8) — ua2(8)] - (362)
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Proof: By Lemma 3, there is a positive constant c» such that for every
0 < € < go and every u;, us € C! ([0, T]) with |lurf] < cie and [fuz]} < ci&, we
have

sup [g(ur,t) — g(uz, t)| < c2& sup |ui(t) —ua(t)]. (363)
0<t<T 0<t<T

Then for all ¢t € [0, T}, we have the estimates

[ [u1] (¢) — ¥ [ua] (2)]

</ e (-] ‘ A(o)do )
x@/os K (t = a, Xo(a) +u1(a)) — K (t — a, Xo(a) +uz(a)){ dads
+/0¢ exp <_§/: A(U)da) lg(u1, ) ;g(ug,s)lds

= /otexp (—ﬁ(t—s)m,l)

== A IK (¢ — 6, Xo(a) + u1(2)) — K (¢ — @, Xo(a) + ua(a))| dads
0

t
+/ exp (—% (t —s) m,;) o |lur — u2lids (364)
o €
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Changing the order of integration, we obtain:

[Tui(t) — Tua(t)] <

14 t—a 1
/ exp (~-(t—s)mA)
a=0 Js=0 €

2 |k (¢ - 0, Xo(@) + u1(@)) ~ K (¢ — 0, Xo(a) + ua(a))| dsda

+ ::0 exp (—é (t—s) -mA) ca lluy — ua|| ds

/t |K (t — 5, Xo(s) +ui(s)) —~ K (t — s, Xo(s) +u2(s))|

=0
t=s 1 B(a)
(/a=0 exp (_E (t—a) m_.;) —e—-da) ds
reslhur — wall | exp (=2 (6= o)m. ) do
/t |K (t ~ s, Xo(s) +ui(s)) — K (t —s, Xo(s) +u2(s))|
=0

( /b ; exp (—g&nA) B (ts‘ ) db) ds

+erlfuy = uall 7 (1 - e (- 721))

(365)

</ ;0 &G s (5) — ()]
L8 o (- 7284) o (240t
+e |luy — uz|| T:A (1 — exp (—%it))
< BOHIEL /" oy 6) = ua(o) [oxp (- T2bs) —exp (—22¢)] s
+2 e ffuy — uell
ma
-’ t
< ”—A:—lT—BHIJuI —ug”/; [exp (-?s) — exp (-—-";—At)] ds
+22 € |luy — ual|
ma
Since
/ot (exp (—%s) —exp (—%‘-t)) ds = (1 - e‘zz‘”) 176,1_ —e T
< -, (366)
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- it follows that

1l - el < (PRl S e w67

So the inequality (362) is satisfied with

_ IE,|IBI + 2 . (368)
m3 ma

Theorem 6 Initial value problem (331), (332) for the remainder term u (t) has

a solution that is unique and fulfills the estimnate
u(t)=0(). (369)
Proof: By virtue of Lemma 4, there are positive constants €, ¢, and c3
such that for all € with 0 < & < &;, we have a)
1 -
e [olll < seue, (370)
b)
N [u;] — € luz]]] < caeljlur —uzlf- (371)

for all u;, up € C*([0,T]) with |lu;]| < ¢1e and [[uz|| < c1&. Then for all € €

(o,min (le)) , and all uy, us € C* ([0,T]) with |juy || < 1€ and [Jus]| < ci€,

we have

1 -
1 [u1] — ¥ [uell < 3 ller — uall - (372)
Furthermore, by the triangle equality it follows that

el < 1% - 0]+ o]

1, 1
5 ||'U - O” + ECLEJ

IA

ce (373)

IN
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for all v € C* ([0, T]) with {Jvfl < cie.

This means that ¥ is a contraction operator and maps the set of all v €
C' ([0, T]) with {Jv]| < ci< into itself. Therefore by Banach’s fixed point theorem,
there is a unique fixed point u € C! ([0, T]) with |[u]| < ci1€ such that ¥ [u] = u.
This fixed point is the unique solution of the nonlinear integral equation (340).

Thus we have shown that u = O (g) . ]
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Part IV
Periodic solutions

13 Seedling equation in the infinite time domain

Let us consider a particular seedling equation, not as an initial value problem
as in parts I and II of the thesis, but in the infinite time domain:
ds ¢

e——:-s(t)+max(0,1—A

7 (t —a)e 5 (a) da) for ~c0o <t <o0.

~—0oQ
(374)
The goal in this part of the thesis is to find periodic solutions of (374) and

of the quasi-equilibrium problem associated with it:
t
(t —a)e~¢~%s5 (a) da) for —c0<t<oo. (375)

—QQ

s(t) =max(0,1——/\/
Existence and si;abiiity of such periodic solutions will be shown to depend on

the parameter A. First let us see if there are any constant solutions (steady
states) and examine their stability.
14 Quasi-equilibrium problem: stability analy-

sis of the steady state

Theorem 7 Integral equation (375) has ezactly one steady state, given by

N S (376)
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The steady state is stable for all A > 0.

Proof: If 5* > 0 is a steady state of (375), its satisfies

¢
s = 1-— A/ (t—a)e s da (377)
—00
t
= 1-—2As" / (¢t —a)e t"%)da
-0
Q0
= 1- As'/ ue “du
0
= 1-—As",
that is
1
= — 378
S T1T¥a (378)

Stability analysis of the steady state is performed by substituting a periodic

perturbation
s(t) = s"+ Ze“t, (379)

into (375) and solving the resulting equation for the complex frequency w. The
steady state is stable if and only if the real part of w turns out to be negative.

The amplitude {Z] of the perturbation may be chosen smaller than a suitable

upper bound:

0<12| < Zo. (380)

In our case, let us choose

0<Zp<s” (381)

to ensure that the perturbed solution (379) is positive for ¢ = 0. Substitution
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of (379) into (375) yields:

t
s*+Zet = 1-— A/ (s* + Ze**) (t —a) et da

—00

¢ ¢
= 1- /\/ s*(t —a)e ¢"¥da — )\/ Zev (t - a)e (t=%dq
—o0

—0C

t
= 5" - A/ Ze¥s (t —a) e~ da.
—-oa
Subtract s* and divide by Z on both sides to get

t
et = —-)\/ e“? (t — a) e~ (t~da. (382)

-

Let us differentiate (382) with respect to time:

t
wevt = —/\/ e’ (1—t+a)e t"%da
—oco

¢

t
= -A/ e“e~(t"%)dg + A/ e“* (t —a) e (*"%da
—00

—00

¢
= -A/ ewae—(t—algg _ gwt

—oo
Differentiating again yields:
t
wZeut - _/\eut + A/ ewae—(t—-a)da _ weut
]
— —/\CUt + (_weut —_ eut) _weut

= (=A—2w-1)e“.

We thus obtain a quadratic equation for w :

(w+1)%==A. (383)
The solutions are
w=—1+iVA. (384)
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The real part of w is —1, therefore the steady state s* = 1/ (A + 1) is stable for

all A > 0. a

Note that the complex frequency (384) does not correspond to a meaningful
solution of (375) in the infinite time domain, because the integral on the right
side diverges. Theorem 18 in the Appendix contains a proof of asymptotic

stability for the quasi-equilibrium problem in the positive time domain,

sty = 1- /\/t s(a) (t —a)e “%da — et /oo w(a—t)da  (383)
0 ¢

= I—A/ts(a) (t —a) e‘(‘—“)da—z\e“/ooga(u) (t + u) du,
0 0

when the initial age density function ¢ (a) is in a suitable neighborhood of the
steady state age density s*e~¢®.

15 Nonexistence of positive periodic solutions

besides the constant solution

For positive solutions s (), (375) simplifies to

t
s(t)y=1- A/ (t~a)e *"%s(a)da for — o0 <t < co. (386)
)
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Let us assume the existence of a positive periodic solution s (t) with a certain

period T > 0. Then we have

0 o —(k=UT
/ (t-a)e *Ys(a)da = Z / (t —a) e~ (t=% s (a) da (387)
-0 k=1 _ir

]
M3

T
/ (t —u+kT)e ¢4 s (u — kT) du
[¢]

P

L

oo
s(u) Y (t—u+kT)e =gy

T
0/ k=1
T (=] (o]
= /s (u) e~ (%) ((t —u) Z e *T + TZ ke‘kT) du
T (tmu) e-T =T
—_ —-(t—u _
= /s(u)e ((t u) 1-—e‘T+T(1_e-T)2 du
0
r T
_ e” —(t—u)
= l—g_-;/s(u)e (¢t —u)du
0
Te T f
+T——_772-/s(u) e~ =¥ dy
(1-e J
T
-T -T
= € -t Te -t /s u) e“du
) (1 —e T T ey ) 0 "
e T r
—1—:7-'8—:/5 (u) ue“du
0
Substitution into (386) yields:
T
~T -T
s(t) = 1—2A (-i—_e:-eTf_—te“ + i—:T—z-e“) /s (u) e¥du (388)
-’ )
=T . T ¢ tea)
+z\1——-e—_fe' /s (u) ue*du — /\/ (t—a)e s(a)da
- 0
o

= 1-A(At+ B)e tL (T) + Ae™ [ (T) — Me™ I, (t) + Ae "t I (1),
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where we used the notations

e=T
4 = P (389)
(1-eT)
¢
L) = s (u) e"du, (391)
/
¢
L(t) = s (u) ue“du. (392)
/

By differentiating (388) twice with respect to ¢, we get
s'(t) = —-A(~At+A—B)e™[, (T)— Ade™t L, (T) (393)

“A(L—t) et (t) — Ae"tL (2),

I

s (t) “A(At =24+ B)e™tI (T) + AAe™t I, (T) (394)

“As(8) = A(t—2)e tD (t) + Ae~thL (2) .
Adding (393), (394) yields

s () + 8" (t) = Ade™tI; (T) — As (t) + Ae ™Iy (8), (395)

which can be solved for I (£) :

I (t) =€t (s () + i(—t)—ii(t-)) - AL(T). (396)

Substitution of (391) into (396) yields

¢
/s (u) e¥du = et (s t) + M) —AL(T). (397)
0
By taking the derivative with respect to ¢, we get
t t 1 ’ 2 1 1 1
e's(t)y=¢e"[s(t) + 1+X s(t)-&-Ts (t)—{-:\-s @&, (398)
130
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or, equivalently, -

s"+28" +(A+1)s" =0. (399)
Integrating once in ¢, we get
s"+2'+ (A +1)s=c¢c (400)

for some constant of integration c. (400) is the differential equation of a damped
harmonic oscillator, and has no periodic solutions except constant ones.

This result can be stated as

Theorem 8 The only positive periodic solution of (375) is the constant solution
s(t) = o=
16 Non-existence of periodic solutions for the

quasi-equilibrium problem

Let us find a solution s (¢) of (375) with period T° > 0 that satisfies the conditions

s = 0, (401)

s(t) > OforO<t<T, (402)

s(t) = 0forTy <t<T, (403)
131
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for certain 0 < Ty < T. Then, similar to (387), but employing the fact that s (¢)

vanishes on the intervals [—&kT, —kT + Ty] for £ = 1,2,3, ..., we have

0 o —(E=DT
/ (t—a)e %5 (a)da = Z / (t —a)e~ Vs (a)da (404)
—c0 k=1 _%r
o —kT+Ty
= Z / (t —a)e %5 (a) da
k=1 —%T
xR

Ty
= / (t—u+kT)e oD s (y — kT)du = ...

k=17
Ty
-T T ~-T
e -t € -t / u
= [ ——tet+ ———e s (u) e®du

(1 —e T T =Ty ) /o

e T 7
—-I——_Te" /s (u) uedu for — oo < t < .

—e

0

In complete analogy to (388), and using the same notations (389) - (392), we

obtain the equation

T
-T -T
= € —t Te ~t u
s(t) = I—A(l_e_Tte +*(-1—_~;?r‘)—2€ )Js(u)e du (405)
e*T T ¢
+A et / s (u) ue“du — /\/ (t —a)e~ (=5 (a)da
1—e T 0
0

1-A(At+ B)e™tI (Ty) + Ae™ I (T1) — Me "I, (t) + Ae ™ L2 (t)

in the interval 0 < ¢ < T}, which leads to the differential equation
s"+2s"+(A+1)s"=0. (406)

(406) is identical to equation (399). The difference is that instead of looking
for a periodic positive solution in the infinite domain —oc < ¢ < o0, we are

now considering a solution in the bounded interval 0 < ¢ < T, with boundary
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conditions
s(0) = 0, (407)

s(Ty) = 0. (408)

Theorem 9 Problem (406) - (408) has infinitely many solutions.

a) If
sin VAT, =0, (409)
the solutions are
So (t) =aetsinVAt for 0 <t < T, (410)

where —oo < a < oo can be arbitrarily chosen.

b) If
sin VIAT; #0, (411)
the solutions are
54 (1) = (1 —e~tcos VAL + fe~tsin \/Xt) , (412)

where —00 < a < 0o can be arbitrarily chosen, and

Ty _
B — e cos \/XT)_ ) (413)
—sin \/XTl

Proof: Integrating (406) leads to the second order differential equation
s"+28 +(A+1)s=cy, (414)
with constant of integration —oo < ¢; < oc. Its general solution is fcund to be

s(t) = +et (cz cos VAt + c3 sin \/:\-t) (415)

CyL
A+1
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with arbitrary constants —oco < ¢z, ¢z < oo. The claims of the theorem are easily

verified by inserting boundary conditions (407), (408) into (415).

In the following we derive a periodic solution of (375) with conditions (401)

- (403). This solution is of the form given in Theorem 9, and the period T as

well as the parameter A will be expressed in terms of T;. Let us first show the

nonexistence of solutions for
Case 1:
sin VAT, = 0.

By Theorem 9, part (a), the solution is of the form

s (t) = ae~tsin Vitfor0<t<T,

with some constant «. Then

¢
Li(t) = /s(u)e“du
0
¢
= a/sin\/x'udu
0
= %cos \/Xt,
¢
L) = /s(u)ue“du
0

¢
= / usin VAudu

0
cxsin VAt — VAt cos VAL
A

(416)

(417)

(418)

(419)

in the interval 0 < t < T}. Thus, the only constant term in ¢ on the right side

of equation (403) is the term 1. Since there is no constant term in ¢ on the left
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side of this equation, we have a contradiction. Therefore there are no solutions

in Case 1.
Case 2:
sin VAT, # 0. (420)

By Theorem 9, part (b), the solution is of the form

s(t) =a (1 — e tcos VAt + fe ¢ sin \/Xt) . (421)
for a certain a, and B being given in (413). Then

t
L = /s(u) e“du (422)
0

= a/t(e“—cosﬁu+ﬂsin\/Xu)du

o

= a(e‘—l— —%sinﬁt-&-%(l—cosﬁt)) ,

L(t) = [ s(u)uetdu (423)

o .

[4

= a/u(e“—cosxfxu-f-ﬁsin\/xu)du
0

= a((t-1)e' +1)

+a (-—Ltsin VAt + ; (1 — CoSs \/Xt))

VA
+a (—%t cos VAt + ?sin \/Xt) ,

in the interval 0 < ¢ < T,. Comparing the constant terms on both sides of

equation (403) yields

a=1+A(—qa), (424)
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that is
1
= ——=gs". (425)

From the infinite set of solutions (421), only one remained:

s(t) = &’X (1 — et cos VAt + Be ¢ sin \/Xt) . (426)

Theorem 10 For any solution of (375) with conditions (401) - (403), we have

e 27

— < T\ < —, 427

7 Y (427)
3 > e —1. (428)

Proof: Using elementary calculus it is easily seen that the function

et — cos VAt
f@ v (429)

is strictly increasing in the interval 0 < ¢ < % By L’Hopital’s rule, we find the
limit for ¢ — 0 to be

et — cos VAt et + VAsin VAt 1
lim £ (¢) = Ii =1 =, 430
b = = A i T sVt VA (430)

Since on account of (413) we have

B=—-f(Ty), (431)
it follows that
1
_ 432
< 7 (432)

for0< Ty < 7"; But by virtue of (426), this implies
) 1 1
= — —_— -1)) =0, 433
(0 = 175 (1+8VR) < o5 1+ (1) =0 (433)
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- in contradiction to éonditions (401), (402). Above, nonexistence of solutions
was shown for sin (\/XTI) = 0, that is in particular for 77} = 7"; Therefore,
the first zero T} of the damped oscillation (426) must ocur in the second half-
period, which implies (427). As a consequence, by equation (413) we obtain a

lower bound for 3 :

eTt —cosVAT,  evx —1 x
- > =eVvx - 1. ] 434
b=——"avin, ~ =D (134)

Stili T and T are undetermined. Comparing terms in te™* on both sides of

(405) yields

A 8\
= —A. -2 {a1-L
0 AAL (Ty) T+ X ( i) (435)
or, solved for A,
1_ 8
4 = V3 (436)

(1+A) L (Th)

1-— 8

ey
eTi -1 — %sin \/XTI + % (1 —~ cos \/XTL)
el — VAT,

\/—X - —siflovs ATy

VA(eTr — 1) —sin VAT, + “T_‘;;“ :\/7)‘? (1 ] \/:\-Tl)
VAsin VAT, + eTt ~ cos VAT,
VA (eTt — 1) sin VAT, —sin? VAT ~ (eTx — cos \/:\‘Tl) (1 — cos \/XTl)
Vsin VAT, + eTt — cos VAT,

VA(eT: —1)sin VAT, — (1 +eTt) (1 — cos \/XTL)
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On account of (389), this implies that

T = In (1 + %) (437)
VA (et — 1) sin VAT, — (1+eTr) (1 — cos \/XTL)
= i+ VAsin VAT, + el — cos VAT

elt (\/Xsin VAT, + cos \/XTI) -1
= In .
eTt + V/Xsin VAT, — cos VAT,

Finally, comparing terms in et on both sides in (405), we obtain

that is

= BI, (T}) — AL (T}) . (439)

S| =

Since 4 and B are functions of T, which is expressed in terms of A and T} in
equation (437), equation (439) is a nonlinear relationship between the parameter

A and the time span T;. It can be solved numerically. After some computer

calculations, I suggest

Conjecture 1 System (4{37), (439) for T and T\ has no solution for any A >
0. That means the quasi-equilibrium problem has no periodic solutions besides

constant ones.
Analytically a lower bound on A can be given below which there cannot

occur periodic solutions:

Theorem 11 For the eristence of an intermittent periodic solution of (375) it

is necessary that

A> AL, (440)
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where A\ is the unique solution of the nonlinear equation -

AN =exp (%’i) . (441)

(A numerical approzimation is Ay =~ 3.6442.)

Proof: The requirement T < T is, on account of (437), equivalent to

e (\/Xsin VAT, + cos \/XTL) -1
T, <1 .
L eTt + vV sin VAT, — cos VAT,

(442)

Exponentiation of both sides of this inequality yields
r e (\/:\'sin VAT, + cos \/XTL) -1
L

e‘t < 443
eTt + v Asin VAT, — cos VAT, (443)

If the denominator on the right side is positive, (443) is equivalent to
(et —1)° +2 (1 — cos \/XTL) <0, (444)

which is impossible. By contraposition, the denominator must be negative, that

is

et + VAsin VAT — cos VAT, < 0. (445)

Clearly, the left side of (445) is positive for A =0 and, since it depends contin-
uously on J, is also positive in a certain neighborhood of A = 0. Let us find the

smallest positive A that allows the function
F(\t) =e" + Asin At —cos At (446)

to be zero for a certain t € ( 5 2—,\"1) . To this end, we solve the nonlinear system

fant) = 0, (447)
?a—{'(/\)_,tl) = 0. (448)
139
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for A\; and ¢, :

ett + Arsin Aty —cos Aty = 0,

e“-i-,\'{’cos/\lt-l-z\lsin/\lltl = 0.

Subtracting (450) from (449) yields

(Af + 1) cos Aty =0,
therefore
3r
t1 = —.
T
Substitution into (449) results in equation (441). u

(449)

(450)

(451)

(452)

17 Re-establishment problem: stability analysis

of the steady state

Theorem 12 The re-establishment problem in the infinite time domain,

¢
es'(t) = —s(t) +1~-2A (t-u)e s (u)du, —o0 <t < oo,

—00

has ezactly one steady state:

The steady state is stable if and only if

5 2
< 2(e+1) '
€

A
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Proof: It is easily verified that (454} coustitutes the only constant solution
of (453). Substituting the perturbed steady state

1

wt 4—'6
1+)‘+ae (456)

s(®) =

with complex frequency w into (453) yields:

. 1 ¢ 1 , .
cawe*t = — X —c:ze'“"‘+1—/\/_Oc (t —u)e(t-v) (m + ae‘“‘) du, (457)
that is
t
cwe*t = —e*t — ,\/ (¢t —u)e Wty (458)
—CcC

Let us differentiate (438) twice with respect to ¢ :
t ¢
ewlet = —we¥t — A/ e~ (t—wewsdy +A/ (t — u) e~ (t ") e ¥ dy(459)
—00 -0
¢
= —we“t - A/ e~ (t=Wewidy — (1 + ew) e,
—00
¢
ewdet = —wle¥t - e¥t + A/ e~(t=Wevsdy — (1 + ew) wet (460)
-0

= —w?e¥t — Ae¥t — cw?e¥t —we¥t — (1 + cw) et — (1 + ew) wev*

Division by the quantity et yields a cubic equation for w :

e +(1+2) W +Q+)w+A+1=0, (461)
or equivalently,
- 2 A+1
w3+<§+2)w'+(g+1)w+—:'=0- (462)
141
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The Routh-Hurwitz conditions, necessary and sufficient for all roots of this

equation to have negative real part, are

§+2 > 0, (463)

A ': LS, (464)

<l+2) <3+1) _AfL S (465)
g g I

(463) and (464) are fulfilled, because A > 0 and £ > 0. The third condition (463)

is equivalent to

2(1+e)” (466)

ﬂ)-{.

AL

Hence the stability of the steady state is equivalent to (435). |

11 shows the stable and unstable parameter regions in the € — A plane.
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Fig. 11: Stability and instability regions of steady state 1/ (1 + A) in the e — A

plane. The boundary is given by the bifurcation curve A = 2(1 +¢) /e.
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18 Positive periodic solutions of re-establishment

problem

Theorem 13 The re-establishment problem in the infinite time domain,
t
es'(t) = —s(t) +1— /\/ (t —u)e s (u)du, —oc <t < oo. (467)

-_c

has a posttive periodic solution if and only if

A= 2D (468)

Proof: Let me differentiate (467) twice with respect to time:

t
es" = —s'— /\/ (1-t+u)e %5 (u) du (469)
-0

[4
= —s' —(s—1+e¢&s') - /\/ e~ (%5 (u) du
—00

t
—(1+g)s' —s+1— /\/ e~ (=% 5 (u) du,

-0

t
es"™ —(1+¢g)s"—=s"—As+ A/ e~ (=95 (u) du (470)

-0

= —(l+¢e)s"—s' —As—es" —(1+¢g)s'—s+1

= —(1+2)s"-2+¢e)s-(A+1)s+1

This is an ordinary differential equation of third degree with constant coeffi-

cients. Its eigenvalues are the complex solutions of the cubic equation

o 2 A+1 -
z3+<—1-+2)z"+(—+1>z+ oo (471)
€ g g

Inserting the ansatz

z=ay (472)
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into (471) yields the condition

A+l

£

+1,

o

:
-+

MmN

"

(473)
which is equivalent to (468).

If this relationship between A and ¢ is given, then the periodic solutions are

harmonic oscillations with period

2
=4y/=+1 474
y z + (474)
and constant amplitude
1< 2 (475)
TTI4A
They can be written in the form
s(t) = 1 + Acos(yt + @) (476)
T 1+ YES @l ‘

where 0 < ¢ < 27 is an arbitrary phase shift. [

19 Pulsating periodic solutions of the re-establishment

problem

If the competition parameter A is increased beyond the critical value A, =
2(1+ 5)2 /2, then oscillations are observed in which the function s (t) appears

in pulses, and is zero between the pulses. (see Fig. 12 and Fig. 13).
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Fig.12: Periodic pulsating solution of &s'(t) = —-s(t) + 1 —

/\fim (t —u) e~ =% s (u) du, —o0 < t < 00, where € = .02 and A = 100.
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Fig.13: Dependence of period of pulsating oscillation on the competition param-

eter A for fixed € = .05 . The integro-differential equation is of the same type

as in Fig. 12: es’'(t) = —s(t) + 1 — )\fim (t —u)e~t=%)s (u) du, —o0 < t < cc.

147

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



. Part'V
A two species model

20 Mathematical formulation

Consider two tree populations with age densities IV} (¢,a) and N> (¢, a), which
satisfy the partial differential equation

31Vi 6.’Vi - r ——
—at—*‘g&-— f(N3) (477)

with initial age distribution

N;(0,a) =®(a) for0<a < Ty, (478)

and the " seedling function”
N;(t,0) =S;(t) for0<t < T, (479)

for i = 1 and 2, respectively. The seedling functions S) (¢) and Sa(t) obey

ordinary differential equations of the form

5% =y F (Sl(t) + 52 (8), fOT‘ (V) (¢,a) + N» (t,a)) B (a) da) , for0<t<T,

Edig =7 F (Sl(t) + 52 () 1foTl (N1 (t,a) + N2 (t,a)) B (a) da) , for0Lt<T.
(480)

with initial values

S:(0) =& (0) >0 (481)
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for i = 1,2. The assumptions made for the functions f, F, B and & are the
same as those in chapter 1. a, 3, 71,72 are positive constants of order O (£°) .

Using the notation G (N) := v _dn_ as in chapter 1, the solution of the partial

° f(n)

differential equation (477) can be represented asiand solving for N(¢,a) yields:

Ni(t,a) =G 1 (t+G(®(a—1t))) for0<t<La,
(482)

Ni(t,e) =G ' (a+G(Si(t—a))) forO0<a<ti=]1,2
where i = 1, 2. Using (482) to eliminate N (¢,a) in (480) we obtain a system of

two nonlinear integro-differential equations for the seedling function S, (¢) and

Sa (t) .

ds; ¢
i —Ai 2 y N b y 2 83
€ o /F(Sl(t)"l"s (®) /OK(a Si1(t-a),S: (t—a))da+L(t)) (483)

for0< T, I =1,2, where

K (a,s1,52) = (G '(a+G(s1)) +BG™' (a+ G (s2))) B(a)

(484)
L(t) =[N (1+B)G L (t+G(®(a—1))B(a)da
Since ® and G are differentiable, so is L (¢), and substituting
¢t
L(t)=L(0)+ / L' (@) da (485)
0

in (483), we obtain

Edji :.-‘7iF (Sl(t) + 52 (t) ,L(O) 't-fot (K(a,SL (t—-a) ’5.2 (t_a)) + L (a))da.)

=%F (510) +5:(8), fy R(a.51(t-0) 52 (¢ — @) da) ,i=1,2,
(486)

where
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F (z,y) =F(z,L(0) +y)
(487)

K (a,51,52) =K (a,51,50) + L' ()
Writing F instead of F and K instead of K, we obtain the integro-differential

initial value problem for the seedling function S (¢) in the form

dS;
dt

<

=%F ($i1(0) + 52 (). f; K (@,5: (t — a) , S2 (¢ — @) da),
(488)

Si(0) =¢(0),i=1,2.

When S; (¢) and S2(¢) are found, the solutions for N; (¢, a) and Vs (t, a) are given

as

Ni(t,a) =Gt (t+G(®a—1t)) for0<t<a,
(489)

N;(t,a) =G ' (a+G(Si(t —a))) for0<a<ti=12.

21 Asymptotic approximation

To solve the initial value problem (488) using the boundary function method
for singularly perturbed problems, the solution S (¢) is presented as a sum of

the regular part S (¢) and the boundary layer part IIS (¢/€) :

Si(t) = —S-,' (t) + [1S; (T) , (490)

where 7 = t/= is a stretched time variable. In addition, we require that the

boundary function decays to zero as 7 —+ oo. In the following we use the notation
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R() =35.(t)+5:() o)
OR(r) = IS, (1) + IIS- (1)

Substituting (491) into equation (488) and representing its right-hand side in a

form similar to (490), yields:

edd—s;" + dgfi =v[F(R®). [, K (t-a,5:(a)) da) +TF ()],  (492)

where

nF(r) = F(R(er) + OR(7) e [} K (e (r - 0),Si(c0) + 11S: (0)) do)

— F(R(er),e [y K (e(r —~0),Si(e0)) do)
(493)

The initial condition becomes

S:(0) +1IIS; (0) = ¢ (0) . (494)

In this equation and for the remainder of this paper, the notation of a function
with upper index 0 denotes the value of the function at 0, e.g. ®° means @ (0),

o = . - .
3;, means S:, (0) etc. Substituting asymptotic expansions

S:(t) =57 (t) +&5; (1) + ..., (495)

for the regular part and
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I0S; (¢) =HpS; () +ell}S;(7) + ... (496)

for the boundary layer part into integro-differential equation (492) we obtain:

1 [ dSe: , dll,S; . _dILS: ‘o7
( dt  dr dr +) (497)

£ + £
i
t
= F (—ﬁo +eR; + ,/ K (t—a,50;i +&S1i + ...) da)
0

+ F(Ro(0) +€Ry (0) + 7Ry (0) + IR (1) + eIl R(T) + .y

m

/ i K (0,S0: (0) + Mo S; (@) dx + -..)

0

- F (‘ﬁo (0) + Ry (0) + 7Ry (0) + .., & / K (0, So: (0)) do + )
0

= F+¢eR, (t) Fz + e/t (S11 (a) Ky (¢t ~ a,50: () + S12 (a) Ky (¢ — a, Soi (a)) da
Q

o

+ ...
+ F(Bo(0) +MoR(7),0) +< (Fy (0) + 7By (0) + LR (7)) F; (Bo (0) + LloR () ,0)
+ € (/rK (0,3: (0) + MoS: (o) da) F, (Ro (0) + IR (7) ,0)
0
- F(Ro(0),0) —¢ (B1 (0) + 7R (0)) Fx (Ro (0),0)

_ e (/:K(O,—S—o;- ) da) F, (Ro(0),0) + ...

where we used the notations

F =F (Fo ©), J{ K (¢ — a,5: (@) da)
E =R (R® ./ K(t-a5:i(a) da) (498)

F, =F, (Ro ® ,fot K (t —a,Si(a)) da)
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By equating terms of the zeroth order in ¢ depending on ¢, we obtain from (497)

a nonlinear integral equation relating Sg; (t) and Sp2 () :

0 = F(§01(t)+§og(t), JEK (t—a, S0 (a))da). (499)

Setting t = 0, we obtain an equation for the initial values Sq;(0) and Sp2(0) :
0 = F(5(0)+5.(0),0)- (500)

By equating terms of the zeroth order in = depending on 7, we obtain from (497)

a system of two nonlinear differential equations for IIp S (7) and HpS2 (7) :

dMoS: L F (551(0) + So2(0) + MoSy () + a2 () ,0) — % F (S01(0) + F02(0), 0)

dr
= 7F (So1(0) + S02(0) + Sy (1) + US> (1) ,0) fori=1,2.
(501)
Dividing drfii_sl by dr;z_sz we obtain a differential equation for IpS; as a

function of IIySs :

d(MoS2) 72

The solution of this differential equation provides a relation between IS, and

HQSQ :

oS, (1) = :;—‘nosg (r) +ec. (503)

The constant of integration c is zero, because both II4S; and I13.S2 approach 0

as 7 — 0o. Then for 7 =0,
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oS, (0) = :;—111052 (0). (504)
2

Taking into account (494), we get that [1y.S; () must satisfy the initial condition

ToS; (0) = & (0) — S (0) fori=1,2. (505)

Equating terms of the order £ depending on ¢ in (497), we arrive at a system of

Volterra integral equations of the second kind:

1dSe: = = ~ — - - ~
po dto = (Su (t) + S12(8)) F: +fot (Si1 (@) + S12(a)) Ky (t — a, So: (a)) daF,
(506)
for i = 1,2, which can be written as:
_ _ ¢ _ _ F dSy;
S () + S (8) = _/ (11 (@) +512 (@) K, (¢ ~ 0, 5o: (@) daz: + 7“&
0 x iz
(507)
Subtracting the equations for ¢ = 1, 2 yields a solvability condition:
dSo; dSo2
dt_ — _dt (508)
nF: T2 L'z
which implies:
dSor _ 1 (509)
dSe2 T2
with the solution
° M= ,
So1 (t) = ;;-502 () +c (510)
154
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The constant of integration c is determined by the initial values of Sp; (t) and

Soz (¢):
¢ = S0, (0) — %302 (). (511)

Thus the system consisting of the linear equation
So1 (¢) — So1 (0) = :;;i (So2 (t) — S0z (0)) (512)

and the nonlinear integral equation (499) allows to solve for the zero order

approximations Sg; (¢) and Soa (t) of the regular part.
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22 Conclusions

In this thesis simple models have been introduced that allow us to predict dy-
namic changes in the age structure of the forest after disturbances (fire, dis-
ease/insect epidemics, harvesting, etc.). The analysis of age structure dynamics
can be used when making environmental policy decisions, harvesting/planting
policy decisions, and for better understanding of overall process of forest regen-
eration. Let it be emphasized that this is only one of many possible approaches
to formulation of age structure models. More comparison with real data is
needed to decide which characteristic, the basal area or the tree volume, can
be used to better define the carrying capacity of a site. The applications of the
above models are limited to the cases when the characteristic parameters for an
undisturbed forest of a given site index (where all the age groups are somehow
presented) are known. However, most of the infomation available has been col-
lected for even aged stand forests (i.e., forests with trees of the same age) since
such forests are of most interest for the forest industry, and since they are more
common.

Other possible model formulations and related problems are going to be ad-
dressed in the nearest future and asymptotics will be one of important methods
of analysis. Note that the boundary function method approach was used in this
thesis. More details on this asymptotic algorithm can be found in [10] and in
[2]. Other asymptotic methods can also be used for analyzing this and related

problems (see [6], [3], (8], and references therein).
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23 Appendix

Lemma 5 For any positive constant k,

RN

ze "* < e~ % forallz > 0. (513)

Proof: The graph of the natural logarithm y = In T is located strictly below

the graph of the linear function y = z for all positive . Therefore
K ~ -
In (5:1:) < 57 for all z > 0. (514)

By exponentiating both sides of (314) we get

g:z: < e3?, (515)

which is equivalent to (513). ]

Theorem 14 If the initial age distribution p (o) has an ezponential estimate

of the form

0 < p(a) <ce™"™, (516)

then the volume of the old forest

0 —
va @) = [ 220D g, (517)
9 (1+%\/<p(a—-v9))
and the number of trees in the old forest
o0
>(a—0 _
pua @) = [ 2= aa (518)
e (l+§\/(p(a—6))

both converge to zero as 6 — oo.
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Proof: For any fixed a > 0, the integrands in (517) and (518) are mono-

tonically increasing functions of u = /¢ (a — 8) since

d u? d u :
—_ = - — 519
du ((1_,_%“)2) du (1+§u) (519)
2 u 4 = >0

1+%u (2 +6u)”

for all u > 0. Therefore we obtain an upper estimate for v,;4 if we insert for the

initial age distribution ¢ (&) its exponential estimate, and make a substitution

u =« — @ in the integral:

o] ae—-x(a—@)
vag () < / ~——do (520)
o (1+ fe—rle-0)/2)"

[ (u+B)e

B /o (1+ Ze—ru/2)?
o —-Ku o0 —Ku
/ ue ~du + / Be sdu
0 (1L+ Ze~u/2)" 0 (1+ §e—~u/2)”

Now, using Lemma 5 and another substitution w = e~*%/2, we obtain the

du

following estimate for the first integral:

2 ,—xu/2
=€

& ue~ru oc
JA P20 < / (14 Sormurn)®
0 (1 + -2-e"‘“/~) o (1+ fe—ru )
2 sl
k) Jo (1+ %w)
272 9

= (1) ——— 3 0as f - .

du (521)

k) 2+6-

With the same substitution, we have for the second integral in (520) and for
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Dotd (0) that

- 1
/-oo fe—=u du = 2 /' _e_w_?dw (522)
o (1+ Ze—ru/2)” £Jo (1+ 4w)

_ 34<1n(1+—§-)_ 1)

K ] 2+48

— Qasf— x.

Therefore vyq (6) = 0 and porg (8) = 0 as § — oo. a

Lemma 6 For all real numbers z,y, the following inequality holds:
max (0, z) — max (0,y) < max(0,z —y) (523)

Proof:

Ifz>0and y >0, then
max (0,z) —max(0,y) =z —y <max(0,z —y) .

Ifz<0and y <0, then

max (0,z) —max(0,y) =0—-0=0<max(0,z —y).
Ifz>0and y 50, then

max (0,z) —max(0,y) =z-0=z<z—y <max(0,z —y).

Ifz <0 and y >0, then

max (0,z) —max(0,y) = -y < 0 <max(0,z — y) -

In all four cases, the claim (523) was verified. [ ]
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Corollary 1 For all real numbers x,y, the following inequality holds:
|max (0, z) — max (0,3)| < |z —y]- (528)
Proof: By Lemma 6,
max (0,z) — max (0,y) < max(0,z —y) < |z —y| (529)
and hence - by interchanging z and y -
max (0,y) —max(0,z) < |ly —z| = |z —y|. (530)
From (529) and (530) the claim in (528) follows. [

Lemma 7 If a sequence of real numbers (yo,y1, Y2, Y3, ---) Satisfies

vo = 0, (331)
vl < C, (532)
lv2l < 2C, (533)
n-1
lynt1l < lwal +BD) |w|+C forn=2,3,.. (534)
k=1
with positive constants B and C, then the following estimate holds:
lynl < nC (1+ \/1—3)" . forn=0,1,2,... (535)

Proof by induction: From the assumptions it is evident that the inequality
in (535) holds for n = 0,1,2. Suppose that (533) holds for n = 0,1,2,..., N,

where IV is greater than or equal to 2. By substitution of these inequalities into
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recursion (534),-we obtain an estimate for yn+1:
N-1

lyv+1l < lynl+B z lyel +C (536)
k=1

N—1
N k
< NC(1+\/§) +BY_ kC (1+\/§) +C
k=1
To complete the induction step it is sufficient to show that

e < (1+VB) +8 Y 4 (1+VB) +€ < 0+ 00 (1+vB) T

k=1
(337)
Let us divide this inequality by C, and use the notation
r=1+VB>1 (538)
to obtain an equivalent inequality.
N—1
NzV+(z-1)2 Y kF+1< (V+ 1)V (539)
k=1
To prove (539), we start with the true inequality
N-1
o<V +2 ) oF, (540)
k=0
which is equivalent to
(N -1)z - Z:z: <N+ +Z$ (541)
k=0
On account of the identities
N-1 N-1
@-1)3 ket = (N-1zV - (542)
= k=1
N+l _ AN _ N-1
(N+1)z Nz = (V+Dz¥+ Sk, (543)
z~1 k=0
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(541) can be written as

N-L +1 _ -
(z—l)Zkzk§(1V+1)xz_l_leN 1 (544)
k=1

By multiplication with z — 1 and rearrangement of terms, (539) follows, and the

induction proof is completed. |

Lemma 8 If a sequence of real numbers (yo,y1,Y2.¥3,-.-) satisfies

n
lynt1l < B |yl +C forn=1,2,.. (546)
k=0

with positive constants B, C, then the following estimate holds:
lynl < C (B + n* forn=0,12,.. (547)

Proof by induction:
For n = 0 the claim (547) is true because of assumption (545). Assume now

that it is also true for every j = 0, 1,2, ...,n. Then, by recursion (546), it follows

for n + 1 that

lyne1l € BY lwl+C (548)

k=0

BY cB+1)*+C

k=0

= C (Bf:(13+1)k+1>

k=0

IN

_ 1-(B+1)"

= C(B+1)". =
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Theorem 15 Let p(z) be a real-valued function, satisfying a Lipschitz condi-

tion of order 1 with Lipschitz constant C > 0 on the interval [a,b], that is
lp(y) —p@@N <Cly—z| forallz,y€la,b]. (549)

Then

@ |[Fpt)dt—152 (@) +2 ) <S®-a

b - n-l — 2
O [Fr@a-tze (2pn 4 prrize))| <glst
forn =2,3,4,...

Proof of (a):

6 b—a
[rea-"5 w0 +p(b))' (551)

5 b
;) 0O-p@id+; [ GO -p)e

IN

b b
5/ p@-p@ld+; [ e -p@)a
%LbC(t—a)dt+%/abC(b-t)dt

c 2
= —2—(b—a) .

IN

Proofof (b): Apply (a) to the integrals on the subintervals (e + kb—ﬁ’i, a+(k+1) —b—z‘\:,i’-)

for k=0,1,2,...,N — 1. Then sum over k. |

Theorem 16 Let p(z) be a real-valued function, continuously differentiable on
the interval [a, b] , and let the derivative p’ (z) satisfy Lipschitz condition of order

1 with Lipschitz constant C > 0, that is

Ip"(y) —p' (@) < Cly—z| forallz,yé€[ab]. (552)
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- Then

(a) p(y)—p(x) _p'(x)l <C(y—1z) fora<z<y<b,

y—z

b) |[p®dt—t52 (@) +p )| < E G-,

b _ n—l _ b—a)®
@ [r@a-tge (g LSy oy pize )| < st

forn=2,3,4,..,

Proof of (a): For any 0 < z < y < T, we know by the mean value theorem

that there exists some & € (z,y) such that

p(y) —p(=) _ -
v —z P ® (554)

By (552), we have the estimate
P& —p()N<CE-2). (555)
Substitution of (554) into (535) yields the result:
W 2E) )| = @ - @I <ClE-2) <Clu-2).  (50)
Proof of (b): Let t € (a,b]. Application of part (a) withz =aandy =t

yields:

Ip(—ti :Z(a) —-p' ()| <C(t—a). (557)

Multiply (557) by ¢ — a and use the triangle inequality to get that

p(t) =p(@)+(t—a)p () + 6L (t—a)*. (558)
for some 8, € [—1, 1], which depends on ¢. In particular, for ¢ = b,

p(8) =p(a) + (b —a)p' (a) + 6C (b — a)”. (559)
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Solving (559) for p’ (@) and substituting into (558), we obtain:

p(t) = (1— ;—3)p(a)+g—_—:—p(b)+C(9g(t—a)2—Gb(b—a)(t-—a)).

(560)
Integrating with respect to t from a to b, we get
b b—a b 2
fa p(#)dt = 222 (p(a) +p(5) +c/a (6t ~a)® ~ 8 (6~ a) (£~ a)) .
(561)

Thus

b b-a
[r0n-"F0@ +p(b>)! (362)

=C

/b (bc(t—a)* 6, (b~ a) (¢ —a)) at

<cC (/b(t——a)gdt-f-(b—a)/b(t—a)dt)

=3C (b-a).

Proof of (c): Apply (b) to the integrals on the subintervals (a + k%5%,a + (k + 1) 232)

fork=0,1,2,..., N — 1. Then sum over k. a

Theorem 17 Let f € C?([a,d]) with f'(z) <0 in [a,b], and f(z*) =0 for a
certain z* € [a,b]. Then the solution of the ordinary differential equation

az
dt

z(0)

= f(z), t>0, (563)

zg € [a,b],
ezists for all t > 0, is unique, and satisfies an ezponential estimate
lz(t) —z°| <l|zo —z"|e ™ fort >0 (564)
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for some positive constant k that is independent of t.

Proof:

Let us assume without loss of generality that
a<z"<zg<b (565)

Then the solution z (¢) of initial value problem (563) exists for all ¢ > 0, is

unique and is decreasing with
z" < z(t) < zo (566)

for all ¢ > 0. Since f(z) is continuously differentiable on the closed interval
[a,b], f’ (z) assumes its maximum value —k < 0 in this interval.

By Taylor expansion of f(z) about z = z*, (563) implies that

2 = F@) + @) ~2) (@) = @)~ 2") (&) £ (0 —7) (—x),

(567)
where & € (z",z°) is a suitable intermediate point. Dividing inequality (567)

by z (¢) —z* > 0, we get
dz
—& <k 568
(@) -z = (568)

Taking the definite integral from 0 to ¢ on both sides of (568) yields

In :—v—(t)—-:f— < e "t (569)
o — T
that is
z(t)—z° < (zg—z")e " (570)
Because of (566), this is equivalent to the claim (564). [ ]
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Theorem 18 Tke solution of quasi-equilibrium problem

s(t) = 1- /\/t s(a) (t—a)e~tYda — Ne™* /Qogo(a —t)ada (571)
0

t

t o]
= p— —_ —(t—c) — —t
1—-2A /0 s(a)(t—a)e da — Ae /c; @ (u) (t+u)du

converges to the steady state

1
= —— 572
ST I A (572)
with erponential estimate
[s(t)—s"|<ce”t fort>0 (573)

for some constant ¢ > 0, if the initial age density functions ¢ (a) are non-

negative, continuous on the interval [0,00), and satisfy the ezponential estimate

le (a) —s"e™®| < 6e™® fora >0, (574)
where
1
§ = ——. (575)
3+ \)?
Proof:

With the transformation

¥(a) =p(a) —s%e™" (576)

(571) becomes

¢ o
s(t) = I—A/ s(a)(t —a) e"(t'“)da——,\e“/ P (u) (t+u)du—As" (L +t)e "
) )

(577)
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Differentiating (577) twice with respect to ¢ yields
¢
s'(t) = =\ / s(a)(1—t+a)et"%da
o t
—Xe~t / ¥ (u)(1 -t —u)du+ As“te”
0
t
= —/\/ s(a)e ¢"da+1—s(2)
0 (o o]
—)\e"/ ¥ (u)du — As"e”",
0
t
s"(t) = =Xs(t)+ A/ s(a)e~t=da — 5 (¢)
o0
+Xe™t / ¥ (u)du + As"e™t
0
= —As(t)—s'(t) +1—s()—s"(t)-
We obtained the ordinary differential equation
s"+25+(1+A)s=1
with initial conditions
o o}
s(0) = s° —A/ 1 (u) udu,
0

s'(0) = S'-s(0)+z\/0°°¢(u)(u—1)du.

The solution is

s(t) =s"+et ((s (0) —s*) cos (\/Xt) + s'(0) +\;/_£.O) =S sin (\/Xt)
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(578)

(579)

(580)

(581)

)-

(582)



Since
Is(@) —s"| < A /w@b(u)uduSz\ /ooJe‘“uduSAJ, (583)
0 oo 1]
'O < [s(0) — s+ A / ¥ (u) (u—1) du (584)
0
1 e
< Is(O)—s'[-}-AJ(/ e'“(l—u)du%—/; e""(u—l)du)
3]
= |s(0)-s‘|+,\5(§+§)

< x(1+2),
e

we have the estimate

o2, (s(0)+s(0)—s" 2 2 2 2 ) 585
(s(0) — s%) 1-( 7 < X5+ A 1+e+1 (585)
< (A+3)%6°
1
= . 57 < 5 = (S-)2 -
(A+3) (A+1)
(585) implies that (573) is fulfilled for the choice
c= —1—7, - (586)
(A+3)
and guarantees that the solution (582) is positive. [ B
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