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CHAPTER 1 

INTRODUCTION AND PRELIMINARIES

This paper i s  d iv id ed  in to  th re e  p a r t s .  In  th e  f i r s t ,  necessary  

and s u f f ic ie n t  co n d itio n s a re  given f o r  an elem ent in  an in te g r a l  domain 

to  adm it a  unique f a c to r iz a t io n  in to  a p roduct o f  ir re d u c ib le  elem ents. 

Rings in  which every non-zero  n o n -u n it element adm its such a  f a c to r iz a ­

t io n  a re  c a l le d  unique f a c to r iz a t io n  domains (U .F .D .). In  th i s  f i r s t  

ch ap te r , we co n s id er th e  fo llow ing  s p e c ia l  c la s se s  o f r in g s : th e

c la s s  o f in te g r a l  domains w ith  id e n t i ty ;  J d ,  th e  c la s s  o f r in g s  in  <0 

which have th e  ascending chain  c o n d itio n  (A.C.C. ) on p r in c ip a l  id e a ls ;  

7 ? , th e  c la s s  o f N oetherian rin g s  in  «fîT; jP ,  th e  c la s s  o f  p r in c ip a l  

id e a l  domains ( P .I .D .) .  I t  w i l l  be shown th a t  th e  r in g s  i n  ^ a r e  unique

fa c to r iz a t io n  domains. Rings in  ŸTand ^  have th e  p ro p erty  th a t  every 

non-zero n o n -u n it elem ent adm its a f a c to r iz a t io n  in to  ir r e d u c ib le s ,  b u t 

t h i s  f a c to r iz a t io n  i s  n o t n e c e s s a r ily  unique. F in a l ly , examples w il l  

be given to  show th a t  J P ^

The second se c tio n  o f  th e  paper g en e ra liz e s  th e  n o tio n  o f  unique 

f a c to r iz a t io n  domain to  a  polynom ial r in g  over a  unique f a c to r iz a t io n  

domain. We a lso  g en e ra liz e  th e  E u ler ^ f u n c t io n  to  in te g r a l  domains, 

observ ing  th a t  jZt(n) counts th e  number o f  u n i t s  in  • The f i n a l

co n s id e ra tio n  o f th e  ch a p te r  i s  f i n i t e  f i e l d s .  We c h a ra c te r iz e  th e  

s t ru c tu re  o f  th ese  f i e l d s ,  in  th a t  we show e x a c tly  how many elem ents 

th ey  must possess and a ls o  th a t  any two o f  them having th e  same number 

o f  elem ents a re  isom orphic. .

The t h i r d  se c tio n  i s  a  d iscu ss io n  o f  th e  Chinese Remainder
.
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Theorem and congruences. The Chinese Remainder Theorem i s  seen to  be 

a  c o ro lla ry  o f  th e  m ajor theorem o f  th e  s e c tio n . A lso, two s p e c ia l  

c la s se s  o f  r in g s ,  Bezout domains and P ru fe r  domains, a re  t r e a te d  in  

some d e t a i l .

Throughout the  p ap e r, R i s  assumed to  be an in te g r a l  domain.

An in te g ra l  domain i s  a  commutative r in g  w ith  id e n t i ty  w ith  no zero 

d iv is o rs . An id e a l  I  o f  R i s  p r in c ip a l  i f  th e re  i s  a  €  R such th a t  

I  =  { ra : r  €  r }  ,  denoted by I s ^ a ^ .  Note th a t  s in c e  1 6  R, ^ a )  i s  th e  

sm a lle s t id e a l  o f  R co n ta in in g  a . R i s  a  p r in c ip a l  id e a l  domain i f  

every  id e a l  o f  R I s  p r in c ip a l .  An id e a l  I  of R i s  f i n i t e l y  generated  

i f  th e re  a re  a^ , sl2* •••*  %  6  R such th a t  I s f ^ è r ^ a ^ î  r^  €  r } ,  denoted 

by I  *  &2» I t  i s  c le a r  th a t  a  p r in c ip a l  id e a l  o f  R i s

f i n i t e l y  gen era ted , though we s h a l l  see l a t e r  th a t  th e  converse i s  f a l s e .

I f  A and B a re  s e t s ,  /^ :A —̂ B , and i f  C S A , then  th e

image o f  0 under i s  | |* ( c ) :  c €  c}. A lso, i f  D £  B, then

th e  in v e rse  image o f  D, i s  {a S  A: ^ ( a )  £  ü j .

For. R S ^ ,  I  an id e a l  o f R, and a 6 :1 , we denote I  + a  lay â .

A lso, i f  R has a  f i n i t e  number o f  e lem ents, then we denote th e  number

o f  elem ents o f  R by |R |. F in a l ly ,  we denote th e  id e n t i ty  o f  R by  1^ ,̂ 

o r ,  i f  no confusion w i l l  r e s u l t ,  s in g ly  by 1 .
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CHAPTER I I  

FACTORIZATION IN INTEGRAL DOMAINS

The main co n s id e ra tio n  o f  t h i s  ch ap te r i s  th e  f a c to r iz a t io n  o f 

elem ents in  an in te g ra l  domain in to  p roducts o f  i r re d u c ib le  elem ents.

D e fin itio n  1 .1 ;

1) I f  a ,  b € R , a  *»0 ,  then  a  d iv id e s  b (a fb ) i f  ( a ) .

2) a  é  R i s  a  u n i t  o f R i f  th e re  i s  b é  R such th a t  ab at 1. 

(e q u iv a le n tly , < a ) s ^ l ) ) .  We l e t  2^R) denote th e  u n i t s  o f R.

3) a ,  b €  R a re  a s so c ia te s  ( a ^ b )  i f  th e re  i s  u  €  Î/(R) such 

th a t  a s u b  (e q u iv a le n tly , < a> « ^ b ^ ),

U) I f  a ,  b 4  R, then  a  i s  a  p roper f a c to r  of b i f  a |b  and a ^ b  

(eq u iv a len tly ,

5) a 6  R i s  i r re d u c ib le  i f  a  ^  7/(R) and i f  a  s  b e , b , c é  R, then  

e i th e r  b  €  ^/(R) o r  o €*2/(R).

6 ) a  €  R i s  prim e i f  a  $&0, a  ^%/(R) and i f  a (b c , b ,  o 6  R, th en  

e i th e r  a |b  o r  a l e .

Some r e s u l t s  o f  th e  p rev ious d e f in i t io n  a re  g iven  in  th e  follow ­

in g . '

Lemma 1 .2 :

1) I f  ajb  and b f c ,  then a l e .

2) a |b  i f f  b  s a c  f o r  some c 6  R.

3) a  €  K(R) i f f  a~^ é  R. I t  fo llo w s th a t  %f(R) i s  a  group under 

m u lt ip l ic a t io n .

I4.) A /is  an equivalence r e la t io n .

3
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5} a ^ b  i f f  a lb  and b la .

6) a  € R i s  i r re d u c ib le  i f f  a  ^ t((R ) and b |a  im p lie s  b  £ V ( B )  

o r  b ^ a .

7) I f  a  6 R i s  prim e, then  a  afbj^ f o r  some i .

8) i f  a  i s  prim e, then  a  i s  i r r e d u c ib le .

P roof ; The p ro o fs  o f  p ro p e r tie s  ( l )  through (6) fo llo w  d i r e c t ly  

from D e fin itio n  1 .1 . The p roof o f  p ro p e rty  (8) a ls o  fo llow s from th e  

d e f in i t io n  by using  in d u c tio n .

To show (8 ) ,  we suppose a  a  b e , where b , c €  R- Then bo th  b |a  

and e ta .  Now ^ b q ^ £ ^ a^ , so a |b c  and hence e i th e r  a lb  o r  a j c .  Thus 

e i th e r  a^^b o r  a ^ c ,  and hence e i th e r  b €  K(R) o r  c  € "(^(R). A lso, s in ce  

a  i s  prim e, no te t h a t  a  ^12f(R).

In  g e n e ra l, th e  converse o f Lemma 1 ,2  (8) i s  n o t t r u e ,  as  we 

see in  th e  follow ing example.

Example 1^3: Consider Z fiJ-5 J  « (a  b 4 a ,  b  6  z} . Define

N(a + b 4 - 5 )  s# (a + b *T-5)(a -  b 4  -5 )  w a^H- 5b^. Then i f  r ,  a  é  

N (rs) ssN (r)N (s) . Now 3 é  Z I f  3 = (a  + bufZgiCc 4  d j ^ ) ,  then

9 aN (3 ) = (a 2 +  $b^)(c^  +  $d^), so a ^ 4  gb^ 6  { l ,  3 , 9} .  I f  a^ +

a  1 , then  b w 0 and a  a  t l ,  so a  +  b = 1 1 . I f  a^ 4* $b^ a  9 , then

c^ + 5d^ » 1 and hence c +  d 4-5 = 1 1 , Note th a t  a^ 4 5b^ * 3 has no

so lu tio n  in  Z, Thus 3 i s  an i r r e d u c ib le  elem ent o f  Z f J ^ J .  F u rth e r, 

3 j(2 "4  4 —5) (2 -  4 —5) a  9 , Now i f  2 4  J —5 ss 3 (a  4  b  <4-5*)» then  3a » 2̂ 

and 3b = 1 , a  system having no so lu t io n  in  Z. L ikew ise, 2 -  4 -5  

m 3 (c  4 d 4 ^ )  le ad s  to  no s o lu t io n . Thus 3f2 4  and 3^2 -  4"5# so 

3 i s  n o t p rim e.

We now tu rn  our alftentLon to  f a c to r iz a t io n  in  R.
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D efin itio n  l .L :

1 ) a  é  R admits a  f a c to r iz a t io n  in to  i r re d u c ib le  elem ents i f  

th e re  a re  i r re d u c ib le  elem ents ag , . . . »  € R such th a t

a  a  .

2) Such a  f a c to r iz a t io n  i s  unique i f  whenever a  «

a lso  a f a c to r iz a t io n  o f  a  in to  i r r e d u c ib le s ,  th en  m a n  and 

f o r  some rearrangem ent o f  T)%b2 ...bg^, f o r

each i .

3) A rin g  R s a t i s i ^ n g  ( l )  and (2) f o r  non-zero n o n -u n it elem ents 

i s  c a lle d  a  unique f a c to r iz a t io n  domain (U .F.D .) .

D e fin itio n  1 .5 : A sequence o f  id e a ls  an in c re a s in g

sequence i f  1% .+ ^  fo r  k 2: 0 .

D e fin itio n  1 .6 ; R s a t i s f i e s  th e  ascending chain  co n d itio n  

(A .C.C.) i f ,  g iven  an in c re a s in g  sequence o f  id e a ls  lljfljj^ o f R, th e re  i s  

M 6  2 ,  M & 0 such, th a t  f o r  k 2: M.

The fo llow ing theorem  gives a  s u f f ic ie n t  co n d itio n  f o r  an elem ent 

a  €  R to  adm it a  f a c to r iz a t io n  in to  a  p roduct o f  i r r e d u c ib le s ,

Theorem 1 .7 ; I f  R ^jR ,  th en  any non-zero n o n -u n it elem ent o f R 

adm its a f a c to r iz a t io n  in to  i r r e d u c ib le s .

P roof; Suppose th a t  a  é  R, a #  0 , a ^  t / (R ) ,  and th a t  a  i s  n o t 

esqjressable as a  p roduct o f  i r r e d u c ib le s .  Then a  i s  n o t i r r e d u c ib le ,  so 

a  as a^b^, where bo th  a^ and b^ a re  p roper f a c to r s  o f  a  and n o t b o th  a-  ̂

and b^ a re  ex p ressab le  as a  p roduct o f  i r r e d u c ib le s .  Choose c-j_ to  be 

one o f and b ^ , where i s  n o t esqjressable as a  p roduct o f  ir re d u c ­

i b l e s .  Then c^ i s  n o t i r r e d u c ib le ,  so c^ *  a^b^, where bo th  a^ and b^ 

a r e  p ro p er f a c to r s  o f  c^  and n o t bo th  o f ag and bg a re  eaç re ssab le  as  a
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p ro d u c t o f  i r r e d u c ib le s .  Choose c^ to  be one of ag and bg , where Cg

i s  n o t e% pressable as a  p roduct of i r r e d u c ib le s .  Now suppose th a t  0^ =  a ,

o^, Cg, '  ĉ g _ ^  have each been defined  so th a t  Cj i s  a  p roper f a c to r

o f  c- 1 and so t h a t  c . _ i s  n o t eap re ssa b le  as a  p roduct o f  i r re d u c -  3 -  J- 3 - 1
ib l e s ,  j  s  1 , 2, • • • ,  k -  1 , Then c^ _ ^  i s  n o t i r r e d u c ib le ,  so 

8  ftjjbjj., where b o th  aj^ and bj^ a re  p roper f a c to r s  o f  _ % and. n o t bo th  

a^ and b̂  ̂ a re  ex p ressab le  as a  product o f i r r e d u c ib le s .  Choose Cĵ  to  be 

one o f a^ and b^ , where Cĵ  i s  n o t exp ressab le  as  a  p roduct o f  ir re d u c ­

ib le s .  Thus by in d u c tio n  we have a sequence Cq, Cg,• • • ,  Cĵ ., 

where each c^ i s  a  p ro p er f a c to r  o f  Cj j  « 1 ,  2,  * . F u rth e r,

c j  9* 0 f o r  j  8  0 , 1 , 2 , '  . Thus $  •••  • • • ,  a

c o n tra d ic tio n .

We now p o in t o u t a  s u f f i c ie n t  co n d itio n  fo r  elem ents o f A to  

have a  unique f a c to r iz a t io n  in to  a p roduct o f i r re d u c ib le s .

Lemma 1 .8 : I f  eveiy  ir re d u c ib le  elem ent o f A i s  prim e, and i f

a  €  A, a ^ tO , a  féï/(3.) adm its a  f a c to r iz a t io n  in to  i r r e d u c ib le s ,  th en  

th e  f a c to r iz a t io n  i s  unique.

P roo f; Suppose th a t  a  = ^1^2 ' '  '^m “ ^1^2*” % ' where IJie p^

and q^ a re  ir re d u c ib le  elem ents o f  A, 1 i  £  m, 1 £  j  < n . Since %/
^qiq2 ***<^S^P;i^and hence th e re  i s i ^ Z ,  1 < i  < n such 

th a t  p^j q^ . We suppose i  = 1 . Then q^ «  u^pg^, where û  ̂€  ^ (A ) . Note 

th a t  i f  u4c*U(R) and q  i s  i r r e d u c ib le ,  then  uq i s  i r r e d u c ib le .

We now proceed by in d u c tio n  on m. I f  m a  1 , then  by th e  above 

argument, 1 «  ^1^ 2 ' " ^ n *  I f  n  >  1 , then q^ 6  ^ (R )*  which i s  co n tra ry  to  

q^ being  ir re d u c ib le .  Thus n  * 1 and p ^ ^ q ^ . Now assume t h a t  th e  th eo ­

rem i s  t r u e  f o r  p roducts w ith  le s s  than  m f a c to r s .  Then, by th e  above
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argum ent, P2 *"Pm  «  ^  th e  in d u c tio n  h y p o th e s is , m -  1

= a  -  1 , and f o r  a  s u ita b le  arrangem ent o f  f a c to r s ,  p^<^q^ f o r  ± >’ 2 and 

Pg'^% 292'^^2' Therefore m »  n  and f o r  a l l  i  2t1*

Theorem 1 ,7  and lemma 1 ,8  t e l l  us th a t  R i s  a  U.F.D. i f  E 

and i f  every ir re d u c ib le  e lem à it o f  R i s  prim e. We now show th e  con­

v e rse  to  th e se  r e s u l t s .

Theorem 1 .9 : I f  R i s  a  U .F .D ,, then R 6 ^? and every ir re d u c ib le

elem ent o f  R i s  prim e.

P ro o f; Let be an in c reas in g  sequence o f p r in c ip a l  id e a ls .

I f  Uq ê *W(R), then  < a j> ::< l)  and hence <a^^ = ^ l^ * < a ^ ^  f o r  a l l  i .  Now 

suppose th a t  a^ /  0 , Sq ^'MCR), and th a t  R, Then

f o r  each i ,  a^ÿ'W CR). Now a • * b ^ ^ , where th e  bj^^  a re  a l l  

i r r e d u c ib le .  F u rth e r, th e re  a re  i r re d u c ib le s  c j ^ \  c ^ ^ \  6  R

such th a t  b j^  "  ^^b |^  “ ^ ^ . . . b ^  “

as a^ _ SF 'unique f a c to r iz a t io n ,  m  ̂ -  1  ® P i hence

*< i  s i ,  2, • • • .  But th e re  a re  only a  f i n i t e  number o f

p o s i t iv e  in te g e rs  between m  ̂and 0 ,  so th e re  i s  a p o s i t iv e  in te g e r  M

such th a t  f o r  i  2! M, a  c o n tra d ic tio n .

Now suppose th a t  p é  R, p i s  i r r e d u c ib le ,  and th a t  p ja b , where

a , b €  R. Then th e re  i s  c €  R such th a t  ab = p c . Since p ^  ^ ( R ) ,  we 

have th a t  n o t bo th  o f a  and b a re  u n i t s .  Suppose t h a t  a  ^ 2 /(R ) . I f  

b € t t i R ) ,  th en  a  •  pcb*^, so p |a .  I f  bfÉ*Z7(R), th en  a  

b s  b .b g '* * b  , where th e  a . and b . a re  i r r e d u c ib le ,  1  6  i  ^  m,JL gf II X J

1 6  j  ^  n . Now (ai&2' '  '  (h]b2" " *^n) ® p c , so e i th e r  p^Sj^ f o r  some i

o r  p#~/bj f o r  some j .  W ithout lo ss  o f  g e n e ra l i ty , suppose th a t  p /v € ^ .

Then p|a^ and hence p ja .
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We now summarize th e  l a s t  th re e  r e s u l t s .

Theorem 1 .1 0 : R i s  a  U.F.D. i f f  R and e re iy  ir re d u c ib le

elem ent o f  R i s  prim e.

In  o rd er t h a t  we m ight f in d  o th e r  co nd itions eq u iv a le n t to  R. 

being a  U.F.D.^ we now in tro d u ce  th e  n o tions o f  g r e a te s t  common d iv is o r  

(g*c.d . ) and l e a s t  common m u ltip le  ( l .c .m . ) .

D e fin itio n  1 .1 1 :

1) I f  a ,  b €  R, then  d € R i s  th e  g r e a te s t  common d iv is o r  o f

a  and b (df~*(a^ b ) )  i f  d |a  and d lb  and whenever c la  and c |b^  

th en  o ld .

2) I f  a ,  b €  R, then  m 6  R i s  th e  l e a s t  common m u ltip le  o f  a  and 

b (m 'w[a, b] ) i f  afm and bjm and whenever a tn  and bln^ th en  

mln.

Remark 1 .1 2 ; We n o te  t h a t  th e  d e f in i t io n  can be g en e ra lized  to  

th e  g r e a te s t  common d iv is o r  and l e a s t  common m u ltip le  o f  a  non-empty 

su b se t T o f R.

The u su a l g e n e ra liz a tio n  from th e  in te g e r s  o f  the  n o tio n s  o f  

g .c .d .  and l .c .m . to  an in te g r a l  domain R i s  g iven  in  term s o f th e  id e a l  

s tru c tu re  o f  R. I f  I  and J  a re  id e a ls  o f R, then  g . c .d . ( I ,  J )  a I  +  J  

and l . c .m . ( I ,  J )  s  I  H J .  Lemma l . lU  g ives con d itio n s under which th e se  

d e f in i t io n s  co incide w ith  D e fin itio n  1 .1 1 , Observe th a t  d /v (a , b) i f f  

<d^ i s  th e  sm a lle s t p r in c ip a l  id e a l  con ta in ing  ^b^. A lso,

m /^ [a , b ] i f f  <m^ a  /I <b^ .

The no tion  o f  elements being  " r e la t iv e ly  prime" d i f f e r s  in  th e s e  

two g e n e ra liz a tio n s . For ex aa^ le , using  D e f in itio n  1 .11  in  z£ x l, th e  

elem ents 2 , and x  have g . c .d . l ,  w h ile  ^  + ^1^ ,  as  i s  shown i n
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Example 1 ,3 0 ,

Remark 1 .1 3 ; I f  a ,  b  é  R and i f  d*%^(a, b ) ,  c /^ (a ,  b ) ,  then 

d/H/c. I f  (a , b)/»#u€ *W(R), then (a , b ) - ^ l .

Lemma l . l i j ; I f  a ,  b €  R, then

1) < a^+ < b> *^d^ im plies d ^ ( a ,  b ) and

2 ) d*w(a, b) in ç )lies  <a>-f <b>«<d> i f f  ^a, b^ i s  p r in c ip a l .

P roo f; 1) I f  <,a)^+<bi^® then a  = l» a  +  O 'b 6 4 d % so  d )a .

Likew ise, d lb . I f  d a  and c lb , th en  and < b> g^cX  Hence

<s>-+<bV £<c>, so <d>£<c> and c |d .

2) I f  d fw(a, b )  and i f  ^  ,  then c le a r ly  ^aX + i s

p r in c ip a l .  On th e  o th e r  hand, i f  ^ a , b^ i s  p r in c ip a l ,  th en  th e re  i s  

t  6  R snch th a t  <b^ * < t> , But then  (1) im p lies t / ^ ( a ,  b ) ,  so t ^ d .

Lemma 1 .1 $ ; I f  a ,  b  é  R, then  m/v£a, b] i f f  ^ n ^ a ^ a > n < b ^ .

P ro o f; I f  then  c le a r ly  afm and blm. I f  th e re

i s  X 6  R such th a t  a lx  and b lx , then  x  £<a^ and x é ^ ,  so x€<n\> and

hence m |x.

Conversely, i f  m/w£a, bj , then aim and blm, so m€<a>n<b> and 

hence < i t ^ £ < a > 0 ^ .  I f  x<^<a>00^^, th en  a |x  and b lx ,  so m|x and hence 

x€<m>. Thus <a> < b > C ^> .

Lemma l . l 6 ; I f  R i s  a  U .F .D ., then eveiy  p a i r  o f  elem ents o f  R 

n o t bo th  ze ro  have a  g r e a te s t  common d iv is o r  in  R, and th i s  elem ent i s  

u n ique , up to  a s s o c ia te s .

P ro o f; Let a ,  b €  R, •Jdiere n o t bo th  o f  a  and b  i s  zero . I f

b  s O ,  th en  a  la  and a |b .  F u rth e r, i f  c la  and c |b ,  then  s in c e  c |a  we

have (a , b)#wa.

Siqppose a  0 and b ^  0 . I f  a  é'Z/CR), then  a |b  and hence as
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above, ( a ,  Thus suppose t h a t  n e i th e r  a  nor b a re  u n i ts .  Then

a  = p ^ ^ g Z . . .pj^n, b a  where th e  p^ a re  d i s t i n c t  ir re d u c ­

ib le s  in  R and 0 iS 0 ^  e^ f o r  1 <  i  n . Let s  rtiin(e^, f^^), and 

l e t  d a  P ^ lp |2 « . .p ^ ,  iS and g^ ^  im plies d |a  and d lb . I f  x ia  

and x lb , and i f  x  a  vp^lpg2. .  'p j^ p ]^ ^ 1 ^ '  '  "Ps^^ where v  é î /^ R ) , then  

then  •••  • » s  u^ St e^ , f o r  1 s^ i  n , as  R i s

a  U.F.D. But then  u ^ â  gj^, so x /d .  By Remark 1 .1 ) ,  ( a ,  b ) i s  unique.

Remark 1 .1 7 t More g e n e ra lly , i f  R i s  a  U.F.D. and i f  S i s  a 

f i n i t e  non-empty su b se t o f  R, th en  an easy  p ro o f by in d u c tio n  shows th a t  

th e  g .c .d .  o f  S e x i s t s .

Lemma 1 .1 6 ; I f  every  p a i r  of elements o f  R n o t b o th  zero  has a  

g re a te s t  common d iv is o r ,  and i f  a ,  b ,  c <  R a re  non-zero , then

1) (a , (b , c ))^ '^ ((a , b ) ,  c ) ^ g .c .d .^ a ,  b , c J ,

2 ) c (a , b )  m#(ca, cb ),

3) i f  (a ,\b )A » l, (a , c ) / v l ,  then  ( a ,  b c )» v l, and

U) i f  a  é  R i s  i r r e d u c ib le ,  then  a  i s  prim e.

P ro o ft 1) Suppose d ^ ^ g .c .d . | a ,  b , c j ,  dj^#v(b, c ) ,  d2 #w(a, b ) .  

Since d jb  and d ie ,  we have d jd ^ . I f  f  la  and f j d ^  th en  f j b  and f | c ,  so 

f id .  Thus d /v (a , (b , c ) ) .  S im ila r ly , we o b ta in  d ro ( (a ,  b ) ,  c ) .

2) S ince c (a , b ) jc a  and c ( a ,  b ) jo b , we have c (a , b ) |( c a ,  cb ). 

Thus th e re  i s  r  6  R such t h a t  (ca , cb) /v  r c ( a ,  b ) .  Now r c ( a ,  b ) |c a  and 

r c ( a ,  b ) lc b , so s in c e  c 0 we have r ( a ,  b ) la  and r ( a ,  b ) jb .  Thus 

r ( a ,  b ) l ( a ,  b ) ,  and hence r i c t t i R ) »

3) Since (a , b ) a / 1 ,  no te  th a t  (a , c ) ^ ( a ,  ( a ,  b ) c ) .  Thus, from 

p ro p e r t ie s  ( 1 ) and (2 ) ,  we have l#w (a, c ) /v ( a ,  (a , b ) c ) /v ( a ,  (a c , b e ) )  

r^Ua., a c ) ,  b c )/w (a , b o ) .
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12.
D  Let p é  P ir r e d u c ib le ,  and suppose p ja b , where a ,  b €  R. 

ïhen  e i th e r  (p , a ) /v p  o r  (p , a ) / \ / l  and e i th e r  (p , b)/%/p o r  (p , b ) / ^ l .

I f  (p , a)rwfl and (p , b )< v l, th en  (p , a b ) /s / l .  However, p ja b , so (p , ab) 

and hence p*%fl, a  c o n tra d ic tio n .

Remark 1 .1 9 : Suppose f i n i t e l y  genera ted  id e a ls  o f  R a re  p r in c i ­

p a l ,  I f  a le ,  b ic ,  and (a , b ) ^ l ,  then  a b le .

Summarizing th e  r e s u l t s  of Lemma I . I 6  and Lemma 1,18 ( it) , we 

now have th e  fo llow ing  n ecessary  and s u f f ic ie n t  cond itions f o r  R to  be 

a  U.F.D.

Theorem 1 .2 0 ; R i s  a  U.F.D, i f f  R € j d  and every p a i r  o f  elem ents 

o f  R n o t bo th  zero has a  g re a te s t  common d iv is o r  in  R.

We now co n sid er an example o f  a  r in g  in  which an elem ent adm its 

a  f a c to r iz a t io n  in to  ir re d u c ib le s  which i s  n o t unique.

Example 1 .2 1 ; Consider once more Z | a  + b a , b €  z j .

In  Z 9 «  3 t3  *a (2 + J ^ ) ( 2  -  J T ^ ) , R eca ll th a t  3 i s  an  ir re d u c ­

ib le  elem ent o f Z I f  2 -*• e  (a *+ b J ^ ) ( c  *t d J ^ ) ,  then

9 * N(2 +  m (a^ +  ^ ^ ) ( c ^  +  5 d f ) ,  so a^ +  5b^ € { l ,  3 , ?} . I f  

a^  + 5b^ «  1 ,  then a +  b JT-9 « î l>  and i f  a^ 4  $b^ = 9 , th en  c + d J  -9  

a  i l .  F u rth e r, a^ +  9b^ « 3 has no so lu tio n  i n  Z. Thus 2 + J - 5  i s  an 

ir r e d u c ib le  element o f  Z and in  e x a c tly  th e  same manner, so i s

2 -  Ji-S, Now by Example 1 ,3 , 3i4 2 +  aJ-^ and 3<#*2 -  so we have

e x h ib ite d  two d i f f e r e n t  f a c to r iz a t io n s  o f  9 in to  a  p roduct o f  ir re d u c ­

ib le  elem ents o f  Z |  JT ^J •

We now show th a t  th e re  a re  a ,  b 6  Z a  |6 0 , b  ^  0 such

th a t  ( a ,  b ) does n o t e x is t .  In  so doing, we w i l l  e x h ib i t  cases i n  idiich 

Lemma l , l 8 (2) and (3) does n o t ho ld .
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Ety "üie argument used above, i t  i s  easy to  show th a t  9 ^  Z [ S ^ J  

f a c to r s  as 9 ss 3*3 « (—3 ) ( —3 ) * (2  +  ) ( 2  — tJ—S) s  ( —2 — ^*3 ) ( —2 +

Thus th e  p o s s ib le  values o f  (9 , 3(2 +  a re  1 ,  3 , and 2 -f How­

e v e r, 3 j2  + and 2 +  #^3 )3 , as we have a lread y  seen , so (9 ,  3 ( 2  J ^ ) )

does n o t e x i s t .

Now s in ce  2 + i s  i r r e d u c ib le ,  (3 , 2 +  However,

(3"3 , 3(2 + f 3 ) )  does n o t e x i s t .  A lso, (3 , 2 ^ 4 ^ ) * ^ !  and (3 , 2 -  4 ^ )  

#v l̂, b u t (3 , (2  +  J I 5 ) ( 2  -  J ^ ) ) / - ^ 3 .

We now tu rn  our a t te n t io n  to  some s p e c ia l  c la s s e s  of r in g s ,  f i r s t  

considering  > P ,  th e  c la s s  o f  p r in c ip a l 'id e a l  domains. R eca ll th a t  

R €>P i f  eveiy  id e a l  o f  R i s  p r in c ip a l .

Lemma 1 .2 2 ; I f  R t j P ,  a  ë  R, th en  th e  fo llow ing  sta tem ents a re  

eq u iv a le n t,

1 ) a  i s  i r r e d u c ib le .

2 ) <a^ i ^ a  non-zero maximal id e a l

3 ) i s  a  f i e l d .  

k) H /< a> € £ '.

5 ) ^a) i s  a  p ro p er prime id e a l .

6 ) a  i s  prim e.

Proof I ( l )  im p lies  (2 ) ;  I f  a  i s  i r r e d u c ib le ,  then  a  /  0 and 

hence ^  We suppose th a t  th e re  i s  b 6  R such th a t  <a^S<b]^ S  R,

Then b (a , so e i th e r  b 61((R) o r  a«^b by Lemma 1 ,2  (6 ) .  Hence e i th e r  

<b’> ï ï^ l^  as R o r  <a^F ^ b ^ , F u rth e r, a ^ 'U ( R ) ,  so ft R.

(2 ) im plies ( 3 ) : Note th a t  ®/<a^ i s  commutative and has an

id e n t i ty  1 »  + 1 , a s  R has th e se  p ro p e r t ie s .  I f  b  4 b 0̂ ,

then  b  ^  <a^ and hence <a> ♦<b^ as <a^ i s  maximal. Thus th e re  a re
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r ,  s é  R such th a t  1 = r a  + sb , so s*ïï a X.

(3) im p lies  (k ) : I f  ^/<a> Î8  a f ie ld ^ - th e a  in  p a r t ic u la r

H /< a > € ^ .

(U) im p lies ( 5 ) : Let us suppose th a t  c ,  d €  R, cd €  <a>, ïhen

we have t h a t  cd *s^*d a  0 , and s in ce  ^/<a><c0 ,  e i th e r  c *s 0 o r  ï  js 0 .

But then e i th e r  c £  <a) o r  d  £  <a^. Furtherm ore, gf R, s in ce

X £  R/<a>.

(5) im plies ( 6 ) ; We suppose th a t  c ,  d £  R and th a t  a  lcd. Then 

cd £  <a^, and s in ce  ^a) i s  prim e, e i th e r  c £  <a> o r d £  % us

e i th e r  a ie  o r  a jd . Moreover, a  ^Z((R),  as  ^  R.

(6) im p lies  (1 ) ; This r e s u l t  fo llow s from Lemma 1 .2  (8 ) ,

I f  R £ ^ ,  then  from Lemma l . l i*  we no te  t h a t  every p a i r  o f  elem ents 

o f  R, n o t bo th  o f which a re  ze ro , has a  g r e a te s t  common d iv is o r .  The 

fo llow ing  lemma, which shows th a t  QJ^l ,  w i l l  enab le  us to  say  th a t  

R i s  a U.F.D. \

Lemma 1 .23 ; I f  R th en  R « i J .

Proof I L et { l^ g ^ ^ e  an in c re a s in g  sequence o f  id e a ls  of R, and 
•o

l e t  I  a  Note th a t  I  as 0 £  I ^ f i  I ,  I f  a ,  b £  I ,  then  th e re

are  p , q £  Z such t h a t  a  £ 1 ^  and b £ 1 ^ .  L e ttin g  r  se maz(p, q ) , we 

have a ,  b  £  1^, so a  -  b £  I ^  g  I .  I f  r  £  R, s  £  I ,  then  th e re  i s  p £  2 

such t h a t  8 £  1^, so r s  £  1^ g  I .  Thus I  i s  an id e a l  o f  R, and hence 

th e re  i s  d £  R such t h a t  I  @ <d^. Now d £  I ^  f o r  some t ,  so I  a  <(0 

£  I ^  C  S  I  f o r  a l l  j  2  t .  T herefore I j  f o r  j  Z  t .

Theorem 1 .2 b : I f  R^JP,  then  R i s  a  U.F.D.

P roof; Theorem 1 .1 0 , Lemma 1 .2 2 , and Lemma 1 .2 3 .

L et us now co n sid er 7?  ,  th e  c la ss  o f N oetherian r in g s ,  and some
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co n d itio n s  which a re  eq u iv a len t to  N oetherian .

D e fin itio n  1 .2 5 : A r in g  R i s  N oetherian i f  th e  A.C.C. holds i n  R.

D e fin itio n  1 ,2 6 ; R s a t i s f i e s  th e  maximal co n d itio n  i f ,  f o r  any

non-eiqpty s e t  jS 'of  id e a ls  o f R, th e re  i s  I ê j A ' such th a t  i f  JfijS» and 

I  Ç J,  th en  I  ss J ,  I  i s  c a lle d  a maximal elem ent o f  

Theorem 1 .2 7 : The fo llow ing  a re  eq u iv a len t.

1) R i s  N oetherian.

2) R s a t i s f i e s  th e  maximal co n d itio n .

3) Eveiy id e a l  o f  R i s  f i n i t e l y  generated .

P roo f; (1) im p lie s  (2 ) ; Suppose jJ - is  a  non-aqpty s e t  o f id e a ls  

o f  R, and suppose th a t  no member of i s  maximal. Since i s  non-empty,

th e re  i s  Ig  € . I q i s  n o t maximal, so th e re  i s  such th a t

Io$c II»  1% i s  n o t maximal, so th e re  i s  Ig  such th a t  I^Sè I 2 .

Suppose I q, I ^ ,  • • • ,  Ijj have been d e fin ed  so t h a t  Im +  1> 1%

i s  n o t maximal, Ô ^  m k -  1 . Then i s  n o t maximal, so th e re  i s  

I ^  ^  ^ 6 ^  such th a t  Ijj. $  Ijj. ^  2., Hence we have a  sequence [ij^J^^^such 

t h a t  ,  a  c o n tra d ic tio n ,

( 2 ) im plies ( 3 ) ; Suppose I  i s  an id e a l  o f  R, and l e t  j S  he th e  

s e t  of a l l  f i n i t e l y  genera ted  id e a ls  contained  in  I .

Let I *  « ^a^^, a ^ , ' " ' ,  be a  maximal id e a l  i n  j i^ . Note th a t  I .

I f  I ^ ÿ l  I ,  then  th e re  i s  a  €  I  such th a t  a  ^  I * .  Now I"**" ♦ <a^ s

< a i, agf ' " ' ,  Sn> and I*  £  I * +  ^ a ) .  However, a 6  I*  +  <a>and

a  ^  I ^ ,  so I *  I*  + <a>, a  c o n tra d ic tio n , so I  •  I* .

(3) in p l ie s  (1 ) : Suppose i s  an in c re a s in g  sequence o f

id e a ls  o f  R, L e ttin g  I  a  U lj^, I  i s  an i d e a l  o f  R, By h y p o th esis ,
h O

th e re  are^a^^ag, • • • ,  a^  6  R such th a t  I  xt ag , '  a ^ .  Moreover,
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s in c e  ^  I  f o r  each 1 , 1 ^  i  ^  n , th e re  i s  g  Z such th a t

L et la = max (m^, tô2» ***> Then â  ̂ 6  fo r  each i ,  1 ^  i  < n , so

I  ê  I„i- Thus Ifc £  IjR £  Ik  fo r  k 2  m, and hence s  f o r  k >  m.

I f  R € jP  ,  then  no te  th a t  by Lemma 1 .2 3 , R € TT and h e n c e ? 7 .  

F u rth e r, i f  R then  R c e r ta in ly  has th e  A.C.C, on p r in c ip a l  id e a ls ,

so R €  -i?  and hence ^ ç J l ,  Theorem 1 ,2k t e l l s  u s th a t  i f  R i s  a

P .I .D . ,  th en  R i s  a  U.F.D. F in a lly , i f  R i s  a  U .F .D ., then  from 

Theorem 1.20 we have th a t  R ^ J l ,  This s i tu a t io n  i s  c le a r ly  described  

in  th e  fo llow ing  diagram .

\

Figure 1

R e la tio n sh ip  between th e  C lasses o f  Rings 
jP »  Ÿ?, P i  and and th e  C lass of 

Unique F a c to r iz a tio n  Domains

We end th i s  chap ter w ith  exanqjles which show th a t  th e  arrows in  

F igu re  1 cannot be reversed  n o r can o th e r  arrows be added. We s h a l l  

f i r s t  show th a t  In  so doing, we s h a l l  need to  prove th e

H ilb e r t  B asis Theorem, and to  t h i s  end we f i r s t  prove a  lemma.

Lemma 1 .2 8 ; Suppose (Z i s  an id e a l  o f  R%)x3, i  €  Z, i  2; 0 , and 

l e t  a  { r  €  R; r  m 0 o r  r  i s  th e  lead ing  c o e f f ic ie n t  o f  p (x ) €iüi $

deg p (x )  a  i}« Th%i an in c re a s in g  sequence o f  id e a ls  o f
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R, and i f  l a  an id e a l  o f  R[x] such th a t  C L ç £  and ' î ,^ {û )  

i  a  0 , 1 , 2 , • • • ,  then  d » j B ,

P ro o f; 0 € R, so 0 € i^ (< £ ? )  and hence V 0 ,  Suppose

r ,  s  €  i ^ ( 6 î ) .  I f  one o r  b o th  o f r  and s i s  z e ro , i t  i s  c le a r  th a t  

r  -  s  ^ 3 L ^ { d ) ,  I f  r  #  0 , 8 q( 0 , then  th e re  a re  p ( x ) ,  q(x) g  ( t  snch 

th a t  p (x ) =  a^ +  + a^ _ ^  + rx ^ , q(x) a  +  . . .  + b ^  _ ^

4- s x f .  Now p (x ) -  q(x) = (aq -  b^) +  . . .  + («y, _ % -  ^

+ ( r  -  s}x^, so r  -  s  €  ^ ) .  I f  r  €  jC m 6  R, and i f  r  = 0 ,

th en  m  €  X ^ ( 6 I ) .  I f  r  gf 0 , then  th e re  i s  p (x ) € ,  p (x ) s  a^ +  •••

®i -  1 ^  "  ^  + rx ^ , and m-p(x) « maQ + • • •  + mrxP"

€  6%, so rm £  ^  6%), Thus we have th a t  X j ^ (d )  i s  an id e a l  o f  R.

Now suppose r  é  X ^ ( 6 t ) .  I f  r  » 0 , then  r  6  ^  I f

r  0 , th en  th e re  i s  p (x )  £ 6 ?  such th a t  p (x ) s  a^ + . .  _ ^x^ “ ^

-f rxP". But X £  R|pc3, so x -p(x) * a^x + •••  â _ _ + rx^ ^  ^ 6  6Z ,

and hence r  €  X  ^ ( d ) *  Thus X ^ (d l)  £  Xj^ ^  i ( d ) t  so 

i s  an  in c re a s in g  sequence o f  id e a ls .

Now suppose ^ i s  an id e a l  o f Rfcc], d  S  j B  ,  X ^ (6 t)  a  X ^ ( 3 )  

f o r  a l l  i ,  and suppose g(x) g(x) gf 0 , deg g(x) * i .  Then g (x )

=  Sq + • • •  + sy_3£̂ , and since  a^ £  dC^(jS)> a^ ^  X ^ ( d ) .  Then th e re  i s  

f^ (x )  €  d  such t h a t  f^ (x )  = b g  + » "  + b j^_  ^x^ “ ^  4* a^x^. Note th a t  

e i th e r  g (x) -  fj^(x) s  0 o r  deg (g(x) -  fj^ (x )) £  i  -  1 . I f  g(x) -  f ^ (x )

9* 0 , then  since  f^ (x )  € j S ,  g (x ) -  fj^(x) 45 j 8  • Now i f  â  ̂ ^ ^  -  b ^

St 0 , d e f in e  ^ iC^c) a Oj o therw ise  d e fin e  f^  ^  ^ (x ) « Cq + . . .

**’ ®i -  2 ^  * " ^ ' * ' W - l ~ ^ i -  i ) ^  ’  ^  É 6t .  Thus e i th e r  f ^  ^  ^ (x ) 

a  0 o r  deg f^  ^ (x ) * i  -  1 , Moreover, e i th e r  g(x) -  fj^(x) -  f^  +  i ( x )  

a  0 o r  deg (g(x) -  f^ (x )  -  f^  + j^(x)) £  i  -  2 . By in d u c tio n , we o b ta in
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a  sequence ^ j ( x ) j  ,  0 < j  < i ,  j ( x )  € such th a t  each

I s  e i th e r  0 o r  o f  degree i  -  j  and such th a t  g(x) -  f^ (x )

“  -  ••• "  + j W  = 0 OÏ* deg (g (x ) -  f^ (x )  -  •••  -  %  +  j(% ))

— 1 - j  — 1 , 0 ^ j : ^ i - l .  I f  g (x ) -  f^ (x )  -  » -  f 2j_ _ i(%) ^  Of

then  deg (g(x) -  f^ (x )  -  . . .  -  fgj^ _ i ( x ) )  = 0 . But then  g(x) -  f^ (x )

•  • • • "  ^21 -  = 0 , and so g(x) = f^ (x )  + f^  ^  ^(x)

+  •••  + ^  %(%), where 0 ^  k  i  1 , ïhus g (x ) €  Û ,  so €L q M »

With t h i s  r e s u l t ,  i t  i s  easy to  prove th e  H ilb e r t  B asis Theorem. 

Theorem 1 .2 9 : I f  R € 7 7 , then  R[x] € 7 7  (and by in d u c tio n ,

R|jx^, Xg, • • • ,  x ^ l €  77 ) •

Proof t L et u s  suppose th a t  {C(g }^^^is an in c re a s in g  sequence o f 

id e a ls  o f  R [x]. We consider th e  double sequence o f id e a ls

o f  R. I f  i  i s  f ix e d , then  fo r  r  6 X ^ ( d p  th e re  i s  p (x )  a a^ +  . . .

-  1 ^  "  ^ so r  6 ^  and hence

{ X j [ ( ^ j ) }  i s  in c re a s in g . I f  j  i s  f ix e d , th en  j ) }  i s  in c re a s in g

by Lemma 1 .2 8 , R i s  N oetherian , so l e t  XpCCÎ^) be a  maximal elem ent o f  

th e  double sequence Note th a t  XpCCZq) £  X p (  ^ i )  S

S X p ( d q  _ i )  ç X p ( ( l q ) £  " , so X p ((7 j)  = X p ( ( 2 q )  f o r  j  2 tq .

But X p ((Z j)  f o r  i  2  p ,  so X p C fl^ )  s X j^ (  (Zj) f o r  i  >  p ,

j Z q .  Then by th e  maximalitgr o f  X p ( ^ q ) f  X p ((2 q ) -  Xĵ ((Zj) f o r  

i  2: p ,  j  > q .

Case ( l ) t Suppose i  2: p . Then « i p C û q ) .  However,

X p ( ^ q )  f o r  j  ^ q ,  so X j,(67 j) « f o r  j  2: q .

Case (2 ) ; Suppose 0 ^  i  <  p . Then th e re  i s  n ( i )  €  Z such t h a t  

»  = C .i((7n (i)) ^o r j  2  n ( i ) ,  as R i s  N oetherian,

Now l e t  M s  max (n (6 ) , n ( l ) ,  n(p  -  1 ) ,  q ) .  Then f o r  i  €  Z,
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i  >  0 , we have f o r  j  2: M. But then  by Lenana 1 ,28 ,

= (k^ f o r  j  >M .

Example 1 .3 0 : L et us no te  th a t  s in ce  Z €  9? ,  we have Z [x] € 71

by th e  H ilb e r t  B asis  ̂Theorem. However, consider Cc, 2^, and suppose 

th a t  th e re  i s  p(x) € Z M  such th a t  4%$ 2^ = ^p (x )^ . L et us r e c a l l  t h a t  

<x, 2> = {x.m(x) +  2n(x )î m (x), n (x ) €  Z£jcl , 2 €  Oc, 2>, so th e re  i s

q(x) €  Z[x] such th a t  p (x )q (x ) »  2. Thus deg p (x ) «  deg q(x) *  0 , so

p (x ) » m, q (x ) * n , where m, n €  Z. But then  mn a  2, so m a  2 o r  m s  1 ,

I f  m * 2 , then  <x, 2> = <2>, so x  € <2>, Then th e re  i s  q (x ) £  Z[x] such

th a t  X a  2 q (x ), so 2q^ «  1 , where q^ €  Z, a  c o n tra d ic tio n . I f  m = 1 ,

th en  Cx, 2^ = 4 l> , so 1 é  < x , 2^ and hence th e re  a re  m (x), n (x ) £ Z[x] 

such th a t  1 a  x.m(x) +  2n(x). But then  2uq a  1 , where n^ £ Z, a  co n tra ­

d ic tio n . Thus <x, 2^ i s  n o t p r in c ip a l ,  and hence Zf jQ^ jP ,

¥e s h a ll  now e x h ib it a  r in g  R idiich has th e  A.C.C. on p r in c ip a l  

id e a ls  y e t  \ h i c h \ s  n o t N oetherian . I t  w i l l  fo llow  th a t  th e  A.C.C. 

ho ld ing  on p r in c ip a l id e a ls  o f  a r in g  does n o t inç>ly th a t  i t  ho lds on 

a r b i t r a iy  in c re as in g  sequences o f  th e  r in g .

Example 1 .3 1 » Suppose F i s  a  f i e l d  and consider Ffjx^, Xg, #, 

x^ , . . . J .  Let X 5 {x^, Xg, " ' ,  x^t •••} • Since F £  ,  we have

PDc] € * 8 ,  F[x1 being  th e  union o f  in te g r a l  domains. Note th a t  f [x1 

= U{f DO : y i s  a  f i n i t e  su b se t o f X , Now l e t { ^ ^ )  : i  » 1 ,  2, • • • }  

be an in c re a s in g  sequence o f  p r in c ip a l  id e a l s ,  where f ^  9* 0, For each 

p , choose Yp such t h a t  f^  £  F[Yp3 and such th a t  i s  minimal. Let 

X £  Yp. W rite f^  s  U(T)x +  V(T^), where x  T*. th e  m in im ality  o f  

Yp, U(T) #  0 , Now fp lf]^ , so th e re  i s  g^ £  f £k1 such th a t  f^  =

We w rite  = u '( 8 ) x  +  v ' ( s ' ) ,  where x  4  S*. Then f ^  * u '(S)U (T)x^
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+  ü ‘ (S)V (T ')x  + V '(S ')ü (T )x  + V '(S ')V < T ') « 0 , Since ^  0 , we have 

e i th e r  U '(S ) 0 o r  V '( s ')  #  0 . But then x  € and hence Yp S Y^.

Thus F[Yp3 £  F[Y^3 f o r  each p , and so fp  €  FDC^J f o r  each p .

But by th e  H ilb e r t Basis Theorem, F[Y^] i s  N oetherian , so th e re  i s  M €  N 

such th a t  whenever n 2  M, Thus F[xj has th e  A.O.C, on

p r in c ip a l  id e a ls ,  so F[%]€ jR .

However, note t h a t  <3Cĵ  $  Xg^$ . . .  $  • • • ,  Xj^

Ç . . . .  For i f  £ 6  x ^ , * », then f  s  f^x^ + . . .

+  O.x^ +  1  ^  ^ 1 > **•> ^  +  1^* Moreover, ^  * O.x^

+ . . .  + 0 . x ^ ’t  l .x ^  xg , . . . ,  ^  +  l X  b u t x^ ^  ^

4  Thus we have f [ x J ^ 7 ? .

In  Chapter I I ,  we s h a l l  show th a t  i f  B i s  a  U.F.D*, then  so i s  

R[x]. Using th i s  f a c t ,  we observe th a t  f £x]  i s  a  U .F .D ., so no arrow  

can be drawn from U.F.D. to  7 Î .

Before considering  ou r n ex t example, we remind th e  read er o f  some 

o f  th e  concepts o f  ex tension  f i e l d s .  I f  F and K a re  f i e ld s ,  then K i s  

an ex tension  o f  F i f  K co n ta in s  a  su b f ie ld  which i s  isomozphio to  F.

We s h a l l  w rite  F Note t h a t  K i s  th en  a  v e c to r  ^ a c e  over F , so we

denote th e  dimension o f K over F by £k s f ] .  K i s  a f i n i t e  ex ten sio n  

o f  F i f  [K ; F] < •« . An elem ent a  €  K i s  a lg eb ra ic  over F i f  th e re  a re  

elem ents b^ , b^ , . ,  b^  € F, n o t a l l  z e ro , such th a t  b^ +  b^a +  . . .

+  b^a*^ « 0 . O therw ise, a  i s  tran sc en d e n ta l over F . K i s  an a lg eb ra ic  

ex ten sio n  o f  F i f  every elem ent o f  K i s  a lg e b ra ic  over F. A b a s ic  

r e s u l t  i s  t h a t  i f  K i s  an ex tension  o f  F, th en  th e  s e t  o f  a l l  a lg e b ra ic  

elem ents o f K over F i s  a  su b f ie ld  o f  K. We s h a l l  u se  th is  r e s u l t  i n  

th e  c o n s tru c tio n  o f  our n ex t example, which i l l u s t r a t e s  a  r in g  E w ithout
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th e  A.C.C. on p r in c ip a l  id e a ls .  We assume i t  i s  known th a t  th e  n a tu ra l  

logarithm  b ase , e , i s  tran sc en d e n ta l over Q,

Lemma 1 .3 2 : e"^^ i s  tra n sc en d e n ta l over Q, where m, n  € Z,

m > 0 ,  n 0 ,

Proof Î I f  n C 2 , n ^  0 , and i f  e ^ /“  i s  a lg e b ra ic  over Q, then

s  e i s  a lg e b ra ic  over Q, Hence e ^ /^  i s  tran sc en d e n ta l over Q.

I f  e™/*' i s  a lg e b ra ic  over Q, th en  th e re  a re  Sq, •••>  € Q n o t a l l

zero such t i i a t  Sq +  ^  . . .  +  » 0 ,  a

c o n tra d ic tio n .

Lemma 1 .3 3 : I f  r ^ ,  r g ,  • • • ,  r ^  €  Q, then  { e ^ ,  e^^, e ^ }

i s  independent over Q.

P roof: Suppose th e re  a re  a^ j ag , ,  a^  € Q such th a t  a^ e ^ l .

+  age^2 + . . .  y- a ^ e ^  ■ 0 , Then a ^ e ^ ^ ^  +  agé^^/^l +  . . ,  ^ a 0,

where q i s  a common denom inator f o r  r ^ ,  rg ,  • • • ,  r ^ .  Thus 

+ ag(e^/*^)^2 + .» a^(e^^)^*^ *  0 ,  and by Lemma 1 .3 2 , s  Sg « •••

= *n = 0 '
Example 1.3Ut Consider . ^ e ^  s  ( e ) ( e ^  )(e^^  ) (er^® )

*«. « e^ * 1 0  •«'10 *♦■••• + 1 0  " e  glO/9^ F u rth e r, l e t  us con­

s id e r  q £ ïJ ,  Tdiere Y «  { e ^  : i  « 0 ,  1 ,  2 , . . . J  Ü { (e^ ° /^ )/(  ) i

n ■ ! ,  2 , We n o te  th a t  Q[Y] i s  an in te g r a l  domain w ith

1 . Now p. « ( e ^ / 9 ) / (  ^  e^O’ ^ ) é  Q[y] ,  and p . = (p^ + 

i  * 1 ,  2 , . Thus p^ ^  i lP i»  hence <p^> G + l^> ^ "  1 , 2 , • • • .

I f  th e re  i s  g é  QEt] such th a t  p̂  ̂ ^  * g.pj^, "Wien g.e^® « 1 . Now

g e ^ l e ^ 2 . . . e S  so X o C , 6^1+  + 1 0
finite • •• » k^) -finît* (k ^ , • • • ,  k^)

-  1  « 0 ,  a  c o n tra d ic tio n  by Lemma 1 .3 3 . Thus ^  i  « 1 ,

2 , • • • ,  and sq S  ^ 2^ $ ? • * • $  $  . Hence Qfr]

-X
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Next we ead iib it a  xlng R which i s  N oetherian y e t  which i s  n o t a  

U.F.D, R efe rrin g  to  F igure 1, t h i s  w i l l  t e l l  us th a t  no arrow  can be 

drawn from to  U .F .D ,, and hence none from e i th e r  J^ io r  to  U.F.D.

Example 1 .3 5 ; R ecalling  th a t  Z[x3 we d e fin e  V**; Z [x]--*Z [JZ $] 

by V'Cp Cx) )  s  p(<iP5). I t  i s  c le a r  th a t  i s  an onto homomorphism. Now 

i f  I  i s  an id e a l  o f  Z [ 4 ^ ] ,  then  ^""^[1] i s  an id e a l  o f  Z [xJ, and s in c e  

Z [x l€ 7 7 , th e re  a re  a^^, ag , ,  a^  €  z W  such th a t  ag ,

a^>. Since i s  on to , I  a  S^(ag),

so Z [4  - 5 ] € 7 t .  We have seen in  Example 1 .2 1 , however, t h a t  f a c to r iz a ­

t io n  in  Z L 4 -3 ] i s  n o t unique, so Z i s  n o t a  U.F.D.

F in a lly , we co n sid er an example o f  a  r in g  R which i s  a  U.F.D. 

b u t  n o t a  P .I .D . We know th a t  Z i s  a  U .F .D ., as Z^JP, so by our 

e a r l i e r  remaik Z [x ]is  a U.F.D. However, in  Example 1 .3 0 , we showed th a t  

Zlpcl^jP,  Thus we have th a t  th e  arrow from ^  to  U.F.D. cannot be 

rev e rse d , and hence we have considered  a l l  p o s s i b i l i t i e s .
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CHAPTER I I I  

POIZNOMIAL RINGS AND FINITE FIELDS 

This chap ter i s  p r im a rily  concerned w ith  f i n i t e  f i e ld s  and

polynom ial r in g s  over f i e ld s .

Lemma 2 .1 : An elem ent a  (  R i s  ir re d u c ib le  (o r  a  u n i t )  i n  Rfx]

i f f  i t  i s  i r re d u c ib le  (o r  a  u n i t )  in  R.

P roof; Suppose f i r s t  t h a t  a £  ^/(RlpcJ). Then th e re  i s  b (x ) €  R£x:3 

such th a t  a .b (x )  * 1 , and since deg b (x ) m 0 ,  b (x ) g  R and hence a  € t / ( R ) .

On th e  o th e r  hand, i f  a  €% ((R), th en  th e re  i s  c €  R such th a t  

a .c  = 1 , and sin ce  a ,  c €  R lx ], b. £2 /(R[x ] ) ,

Now i f  a i s  i r re d u c ib le  in  R [x], and i f  a  e  pq , idiere p , q £  R, 

then  s in ce  p ,  q €  R [x], e i th e r  p g  %/(R[x]) o r  q 6 ^ ( R [ x ] ) .  Thus e i th e r  ' 

p  €Ti(R) o r  q €7 /(H ), so a  i s  i r re d u c ib le  in  R.
\  5

Conversely, i f  a  i s  i r re d u c ib le  in  R, and i f  a  « r ( x ) s ( x ) ,  where 

r ( x ) ,  s (x )  € R [x], then  sin ce  deg r (x )  a deg s (x )  a 0 , we have r ( x ) ,  

s(x ) é  R. But then  e i th e r  r (x )  €*U(R) o r  s (x ) €*Z^R), so e i th e r  

r (x )  €  *W(r£k]) o r  s (x ) 6  Z ((R[x]), and hence a  i s  i r re d u c ib le  i n  R [x].

In  th e  fo llow ing  d e f in i t io n ,  we s h a l l  assume t h a t  (a , b ) e x is ts  

whenever a ,  b  é  R a re  n o t bo th  ze ro .

D e f in itio n  2 .2 : p (x ) a  a^  -f a^x + . . .  "f €  R [x ]i3 p r im itiv e

i f  (&Q, a^, • • • ,  a ^ ) ^  %((R).

Remark 2 .3 ; I f  p(x) a  a^  + a^x + . . .  +  a ^ ^  €  R|^7> then  we can 

w rite  p (x )  m d .q (x ) , idiere d €  R and q(x) i s  p r im it iv e . Note th a t  

d  « ^ (sq , a ^ , ,  a ^ ) .  d i s  c a l le d  th e  co n ten t o f  p (x ) and i s  denoted

22
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by c (p ) .  Note fu r th e r  th a t  p (x ) i s  p r im itiv e  i f f  c (p )  6  ? /(R ).

Theorem 2 .L : R i s  a  U.F.D. i f f  R[x] i s  a  U.F.D.

Proof ; We f i r s t  suppose t h a t  R[xJ i s  a  U.F.D. and th a t  a  ë  R i s  

a  non-zero n o n -u n it. Then a  €  R[x] and a^ 'Ü (R £ jc ]), so th e re  a re  p ^ (x ) , 

p 2 (x ) , • • • ,  p^(x) €  R fx l, p^(x) i r r e d u c ib le  f o r  1 jS i  < n ,  such th a t  

a  m P2 (x)pg (x ) . .  'P^^(x). But deg Pj^(x) *s 0 , so pj^(x) i s  i r r e d u c ib le  in  R 

f o r  1 i  n . Now each f a c to r iz a t io n  o f a  in  R i s  a lso  a  f a c to r iz a t io n  

in  R£x], a  U .F.D ., so th e  f a c to r iz a t io n  i s  unique.

Conversely, suppose R i s  a  U.F.D. and l e t  p (x ) 6  R fx ], p (x ) 

^*U (R[x]) ,  We in d u c t on deg p (x ) .  I f  deg p (x ) e  0 , th en  p (x ) f a c to r s  

un iquely  as a  p roduct o f i r re d u c ib le s  in  R, as R i s  a  U .F .D ., and so 

lik ew ise  i n  R [x]. Now l e t  us suppose th a t  every  n o n -u n it polynom ial o f  

R[xJ o f  degree le s s  th an  n can be fac to red  un iquely  as a  product o f  

ir re d u c ib le s  in  RJxJ . Let deg p (x )  s  n , and w rite  p (x ) a  c (p )q (x ) , 

where q (x ) i s  p r a k i t iv e .  c (p ) €  R, so  e i th e r  c(p) £  7 /(R fx]) o r  c(p ) 

can be fa c to re d  un iquely  as a  p ro d u c t o f  ir re d u c ib le s  i n  r£ x ]. I f  q (x) 

i s  i r r e d u c ib le ,  we a re  through. O therw ise, q (x ) «  r ( x ) s ( x ) ,  where r ( x ) ,  

s (x )  f£2/(R [x ]) and ^rtiere deg r (x )  <  n , deg s (x )  <  n , th e  l a t t e r  s in c e  

q(x) i s  p r im itiv e . But then  b o th  r (x )  and s (x )  can be fa c to re d  un iquely  

as  a  p ro d u c t o f  i r re d u c ib le s  i n  R[x ] ,  and hence so can q(x)*

Remark 2 .5 : Since Z i s  a  U .F.D ., we have th a t  Z [x ]is  a  U.F.D.

We now tu rn  our a t te n t io n  to  th e  g e n e ra liz a tio n  o f  th e  E u ler 

0 - fu n c tio n .

D e fin itio n  2 .6 ; For n 6  N, l e t  0 (1 )  a  1  and l e t  0 (n ) denote th e  

number o f  p o s i t iv e  in te g e r s  le s s  th a n  n and r e la t iv e ly  prim e to  n f o r  

n  >  1 . 0 (n )  i s  c a lle d  th e  E u ler 0 -fu n c tio n . We s h a l l  l e t  0(R) stan d

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2h

f o r  th e  number o f  u n i t s  in  R,

Remark 2 .7 : I f  R then  f  ê T /(R )  i f f  f  » (u^_, Ug, * ,

u ^ ) , where f o r  1  <  i  ^  m. Thus ^(R) whenever each

has f i n i t e l y  many u n i ts .

Theorem 2 .8 ; I f  eve iy  f i n i t e l y  genera ted  id e a l  o f  R i s  p r in c i ­

p a l ,  and i f  p 6  R, where p e  I s  a  f a c to r iz a t io n  o f  p

/ in to  ir r e d u c ib le s ,  th en  p

P ro o f: We d efin e  ^  by +  r )

= + r ,  + r ,  . . . ,  r ) .  I f  <p> +  r^  ̂ = ^p> + r ^ ,

then  r^  -  rg  f o r  1  ^  k ^  m, so {f(<p> + r ^ )  s  $^(^p> + r^ )  and

hence i s  w e ll-d e fin e d .

Now i^ f«p>  +  +  (4 ^  + r g ) ]  «  f[<P>  +  Cr^-t r^ ) ]

« -hTg), . + ( r ^  ^g )) a  « q ^ ^  +" 3?^, • • • ,

<qjj^®^> y  r^ )  +" (<qi® ^ +  r g ,  .  . ,  <qia^"^> + ^2  ̂ ~ i^«P> + r^^) 4- <^«p> +  r g ) .  

lik e w ise , j^[(<p> +  r^ )« p >  +  rg )] = 9*«p> t- r^ )  */’« î>  +  r g ) ,  so V" i s  

a  r in g  homomorphism.

I f  <^«p> +  r^ )  a  f  (<p> + r g ) ,  th en  r ^  -  rg  f o r

1  ^  k  < m and hence r^  -  r^  é< p >  by Remarie 1 .1 9 , s in ce  ( q ^ ^ ,  q j^ j )  *^1 

f o r  i  ^ j .  But then  <p> r^  *  ^p> + rg ,  so i s  one-to -one.

We now show th a t  ^  i s  o n to . L e t « ^^^1 

 ̂ <%  .  - 4 - r O ,  <<^®1 > + r ^ ,  <<3i ,  ♦  1> -  0 , . . . ,

and l e t  s^ a  T T q .^ j. (s^ ,q^® i) #>/l, so th e re  a re  a ,  b  G R such t h a t  
^ j#i a 3. 1

as^  a  r ^  -  bq^ We l e t  r ^  =  a s^ . Then Now suppose

«< a  -*"3^, < % ^ >  + r g , . . . ,  + 3 ^ )  <c^®k>. Note

th a t  « i Then l e t t i n g  r  « 2 r ^  ,  we have iA(r) = 5 ^ 0 ^ )  

s  2«< s  o( •lUrt 1
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Our f i r s t  use f o r  th i s  theorem  w i l l  be in  computing p^(2/<n>)^ 

where n >  1 .

Lemma 2 .9 ; L et p be a  prim e in te g e r .  Then 0(p^) = p^ -  p% -  1  

f o r  k > 1 .

P roof; I f  (n , p^) /V d y 1 , then s in c e  d (p^, we have d a p®, 

vdiere 0 m £  k . But then  p”^ln, so p in .  Conversely, i f  p in , th e n  

(n , p^) nffl. Thus 0 ^  n ■< p^ and (n , p^) /i t 'l  i f f  n  s  qp, where q a  0 ,

1 ,  p^ "  ^  -  1 , and th e re  a re  p^ “ ^  such re p re se n ta tio n s  f o r  n .

Theorem 2 .1 0 : ^(Z/<n>) = 0 (n ) f o r  n >  1,

P roof; I f  p 6 1U(2/<ri> ) » then  th e re  i s  q 6  2 / ^ ^  such th a t  

pq 5  1 (mod n ) ,  so n^pq -  1 . Thus th e re  i s  r  6  Z such th a t  pq -  n r  = 1 . 

I f  (p , n ) fw d , then  th e re  a re  a , b £ Z such th a t  p = d a , n ■» db, and 

hence daq -  dbr a  d (aq  -  b r)  a  1 , so d a  1 ,

On th e  o th e r  hand, i f  (p , n) ^  1 , then  th e re  a re  a ,  b<s Z such 

th a t  ap 4* bn « l , \ s o  ap m 1 (mod n) and hence p € 'U (2/^n>)* Note th a t  

on ly  values o f  p f o r  which 0 < p <  n need to  be considered . Thus 

F (2/<n>) = ^ (u ) .

C oroU aiy 2 .11 ; I f  n  = jT p ^ g ^ , tdiere pj  ̂ i s  prime f o r  1 ^  k £  m.

then  ^ ( 2/<n>) “  ^  “ ^(Pjc "

p ro o f : Z/<n> so ^(V <n>)

Theorem 2 .8  a lso  g ives us th e  well-known f a c t  th a t  0(n)  i s  a  

m u lt ip l ic a t iv e  fu n c tio n .

CorollaTy 2 ,12 : I f  a ,  b €  N, (a , b ) sv»l, th en  0(ab) = f*(a)0(b).

P ro o f; Suppose a  « T T p i,^  and b « T T  p,,®k a re  f a c to r iz a t io n s  o f  

a  and b  in to  p roducts o f  powers o f p rim es . We n o te  th a t  p^ p^ f o r
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i  d , where l ^ i £ n ,  Now 0(àb) =

=  » 2 / < p ,^ »  = z ^ ( v < p ^ " ^ > ) - J ; F ( v < p ^ ® k > ) 5 b < v < p ^ * k > )

“ F(V<a>)0^(V<b>) = 0 (a )0 (b ) .

We now suppose th a t  h: R —»S i s  a  r in g  homomorphism, where R, 

S€.JEf, Then i f  x  €%<(R) and h i s  n o t th e  zero  map, i t  fo llow s th a t  

h (x ) € ^ ( S ) ,  as  h ( l )  i s  th e  id e n t i ty  f o r  S, The converse, however, i s  

f a l s e ,  as  we s h a l l  see in  th e  fo llow ing  example.

Example 2 .1 3 ; Let R «  Z, 8  =  and l e t  TT t Z — be

th e  n a tu ra l  map. Then I* € ^ (Z /< 5 >), b u t I4. ^ 2 /(Z ) .

On th e  o th e r  hand, th e  fo llow ing a re  cases i n  which th e  converse

i s  t r u e .

Example 2 .l i t ; Consider a where TT and Tf a re

th e  n a tu ra l  maps, p i s  a  prime in te g e r ,  and A » ^<p”> f  p^. Since W i s  

n o t th e  zero  map^we c le a r ly  have 1T(x) €  2 i( (^ /a ) x é 2 / ( R ) .  I f

TT (5c) é  then  u s in g  th e  on toness of TT , th e re  i s  y  6  R such th a t

TT (x) TT(y) «  TT ( Ï ) ,  Thus A iqp *  TT(l) ■ A +  Î ,  so xy -  1 €  A. But 

th e n  th e re  i s  a  6  Z such th a t  <p*̂ > + (xy -  1) a  <p”^ +  aPi and hence 

th e re  i s  b é  Z such th a t  xy -  1 -  ap »  bp’̂ . Thus p tx , so (x , p* )̂ <^1, 

Now th e re  a re  r ,  s é  Z such th a t  rx  +  sp^ m 1 , so 5c. r  »  Î  and x  € 7 /(E ) . 

Thus we have shown th a t  x  6:"%/(R) i f f  TT(5c) €*U(î*/a)*

Example 2 .1 $ : For R we l e t  A be th e  id e a l  o f  n i lp o te n t

elem ents o f  R, TT; R —► ^ /a  be th e  n a tu ra l  map. Since TT i s  not th e  zero  

map, X € ^ ( R )  im p lies TT(x) € 'K (V a)»  ^  TT(x) éT^tCVA)» th en  th e re  i s  

TT(y) 6  V a  stich th a t  TTCx) TT(y) « 7 T (l) . Thus xy -  1 é  A, so  th e re  i s  

a  6  A such th a t  xy -  1 « a . A lso, th e re  i s  n 6  Z such th a t  a^ ■ 0 , so
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(ay -  1 ) "  s  0. But R<e JET, so xy -  1 * 0 and hence x  €  7 /(E ). T herefore 

x € t f ( a )  i f f  T T (x)é 'Ü (a/A )-

Example 2 .1 6 ; We co n s id e r once ag a in  Z ^ Z /< p n ^  -  

■where A *s i r  and TT a re  -the n a tu ra l  maps, and p i s  a  prim e

in te g e r .  Note t h a t  «TTOTT i s  a  homomorphism o f  Z onto R/a, where o 

i s  th e  com position o f TT and TT . I f  a  € k e r  then  A » W( TT(a))

=» TT (â ) «  A -f a ,  so â  € A. Thus th e re  i s  b é  Z such th a t  a  -  bp € <P*̂ >*

But then  p |a ,  so a  € <p>.

Conversely, i f  a  3 <p>, then  â  a  <p^> ♦ a  €  A, so Tf(a) '» A and 

hence a  6  k e r  {4 .

Therefore we have V<p> V a> so ^ ( V a )  » 0(p) *  P -  1.

For f i n i t e  r in g s  R, th e  n ex t r e s u l t  w i l l  g ive us the  r e la t io n ­

sh ip  between ^(R) and th e  number o f  u n i ts  i n  a  f a c to r  r in g  o f R.

Theorem 2.17; I f  R i s  f i n i t e  and A an id e a l  o f R such th a t  

TT(x) ^T/CR/a) i f f  x € t / ( R ) ,  where TTt R—♦R/a i s  th e  n a tu ra l  homomor­

phism , then  ^(R) = IaIP^(R/a ) .

P ro o f; For each TT(x) 6 ^ ( R / a) ,  th e re  a re  |Al elem ents y é  R

such th a t  TT(x) m TT(y). Hence th e re  a re  | aI d i s t i n c t  elem ents o f Î((R)

which map onto  a  given elem ent 7t(x) €%((R/A)* as  TTj’'W(R)J * 1 £(R/a )*

Thus ^ (R ) = Ia |^ ( R /a ) .

Remark 2 .1 8 : In  Example 2 .1 6 , th i s  r e s u l t  may a lso  be ob tained

by th e  fo llow ing  argument. R ecall th a t  ^(R /a ) * p -  1. A lso , R « V<p*^>»

so ^(R; a  0 (p^) s  \  Now A = ^<p” > + p )  "  !<?“>•♦■ P , <p” > + 2p,

. ,  <p”> -f (p^ * ^ l ) p ,  <p"> + p^ “ ^ .p } , so IaI I» P*̂  “ \  Since

p“  -  p“  -  ^  =  p"  -  ^ (p  -  1 ) ,  ?(R ) -  1a1^(B/a) .

We now suppose th a t  F i s  a  f i n i t e  f i e l d  w ith  |F | m m and we com-
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pu te  ) ,  -where p (x ) €  F M . IF  p(%) = 0 , th en  ^ W /^ p (x )>

— F[x]and hence ^ (^ t^V < p (x )> ) = la -  1 . F u rth e r, i f  p (x ) £ ‘KCFfx}),

Then a: {o}, so F (^J^V < p(x)> ) = 0 . Thus in  th e  fo llow ing

we s h a l l  suppose th a t  p (x ) 0 and p(x) ^  î^(F[x]|).

Lemma 2 .1 9 : I f  p(x) g  F [x ], then  7Z(F£x]/^p(x)> ) = { g (x )

€  ^l^V <p(x}> : (g (x ) , p (x ))  />^l}.

Proofs L et S = (g (x )  €  F M /^ p (x )^ :  (g (x ) , p ( x ) ) 'v » l} .  I f  

g£3cj é  S , then  th e re  a re  m (x), n (x ) 6 F[x] such th a t  g(x)m(x) + p (x )n (x ) 

s  1 , s in c e  F [ x j € ^ .  Thus gXx)m(xJ = 1 , so iT x J € ‘U (F [x3 /^p(x )> ).

Conversely, i f  g(x)' € 'Z /(^I^V ^p(x)^)>  then  th e re  i s  h(x) 

é  ^ ^ V < p (x )>  such th a t  g (x )h \x j = 1 ,  so g (x )h(x) - l é  <p(x)> . But 

then  th e re  i s  q(x) 6 F [x]such th a t  g (x )h (x ) +  p (x )q (x ) a  1 , so

( s (x ) f  p (x ) ) and hence g(x) € S.

D e fin itio n  2 .2 0 : For p (x ) 6  F p c j, p (x ) ^  0 , and p (x ) ^  %f(F[x^),

d e fin e  0 (p(x) ) = ^ C ^ M /< p  (x )>).

Theorem 2 .21 : I f  p (x ) é  Fgx], p (x ) ^  0 , and p ( x ) ^ K ( F [ x ] ) ,

then  0 (p (x ))  i s  th e  number o f  elem ents g(x) é  F[x%such th a t  (g (x ) , p (x ))

/V 1 and 0 <  deg g(x) <  deg p (x ) .

P ro o f; I f  g(x) é  F [x ]/^ p (x )^ , th en  we may assume th a t  0 <  deg g(x)

<  deg p (x ) . The r e s u l t  i s  now immediate by Lemma 2 .19 .

Lemma 2.22: I f  p (x ) é  F [x ] i s  i r re d u c ib le  and deg p (x ) a  n ,

th e n  0 (p (x ))  a  nP -  1 .

P ro o f: There a re  m’̂  choices f o r  g(x) é  F£x] such th a t  0 é  deg g(x)

<  deg p (x ) o r  g (x) »  0 , and i f  (g (x ) , p (x ))  < ^ 1 , th o i  g(x) et 0 .

Lemma 2 .23 ; I f  q (x ) é  F£x]is i r r e d u c ib le ,  p (x ) a  q (x )^  f o r  

k é  N, and i f  deg p (x ) a ''n ,^ th e n .,0 (p (x ))  •  “ I ) A ,
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P ro o f; I f  (g (x ) , q (x )^) rv^h(x;, where deg h(x) > 0 ,  th en  sin ce  

^ i x } € j P  and hence i s  a  Ü .F.D ., h (x ) ^ q (x )® , 1 6  s  gî k . But then  

q(3c)lg(x), 50 th e re  i s  r (x )  €  F[x] such th a t  g(x) ss q (x ) r (x ) . On th e  

o th e r  hand, i f  g(x) s  q (x ) r (x ) ,  th en  (g (x ) , q (x )^ ) ^ 1 ,

Now l e t  us co n sid er (g (x) ^F[xJ:  0 <  deg g(x) n o r  g(x) s  0 , 

(g (x ) , q (x )^ ) m#l}. There a re  choices f o r  g (x) s a t is fy in g  

0 i  deg g(x) ^  deg p (x ) o r  g(x) a  0 . For g (x ) *s q (x ) r (x ) ,  i t  fo llow s 

th a t  e i th e r  r (x )  a  0 o r  deg r (x )  a  deg g(x) -  deg q(x) SÎ (n -  1) -  n /k  

8» (kn -  k -  n ) /k .  Thus th e re  a re  -  k  -  n ) /k j  + 1 ^

choices f o r  r ( x ) ,  and hence f o r  g (x ) , such th a t  (g (x ) , q ( x ) ^ ) '*#1. But 

then  0 (p (x ) )  amP -  "  1 ) A ,

C oro lla ry  2.2U: I f  p (x ) 6  F [x ], p (x ) ^  0 , p ( x ) |f  ?^ (f£ x J), then

-  . ( " k  -  «here p (x )

•  T T q-C x)^ i s  th e  f a c to r iz a t io n  o f p (x ) in to  a  p roduct o f  powers o fK«l ^
ir r e d u c ib le s .  \

P ro o f: S ince by Theorem 2 .8 ,

we have by Remark 2 .7  th a t  ^ (F W /< p (x )> )  = ^  f x ] / ^  (x)^^>). Thus

Hal

Remark 2 .2 $ : I f  p (x ) ,  q(x) €  F fx ] , p (x ) gt 0 ,  p (x ) ^  î / ( F f x J ) ,

q (x) ^  0 , and q(x) and i f  (p (x ) , q ( x ) ) ^  1 , then  by Theorem

2 .8  i t  i s  c le a r  t h a t  0 (p (x )q (x j)  a  0 (p (x ) )0 (q (x )) .

We now summarize th e  r e s u l t s  abou t ) .

Theorem 2 .2 6 ; Suppose F i s  a  f i n i t e  f i e l d  w ith  |F l a  m, and 

Sïç>pose p (x )  é  F [x ].

1) I f  p (x ) tf 0 , then  ^ ( ^ tJ /< p (x )>  ) «  m -  1 .
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2) I f  deg p (x ) B 0 , then  F(^^^V <p(x)> ) = 0 .

3) I f  deg p (x ) > 0 ,  then  ^ (^ W /< p (x )> )  =*

-  “ l)<ieg where p (x ) a ^ q j^ (x )^ ^  i s  th e  f a c to r ­

iz a t io n  o f  p(x) in to  a  p roduct o f  powers o f i r r e d u c ib le s .

We conclude th i s  ch ap te r  by c h a ra c te r iz in g  th e  f i n i t e  f i e ld s .

In  so doing, we in tro d u ce  th e  no tion  o f  prime f i e l d .  Throughout "Wie 

d isc u ss io n , th e  symbol P i s  used to  denote the  prime f i e l d  o f  P. Though 

we assume th a t  th e  read e r has a b a s ic  understanding  o f  th e  elem ents o f 

G alo is th eo ry , we r e c a l l  a t  t h i s  time some o f th e  id e a s  we w iU  be u sin g .

I f  F i s  a  f i e l d  and f (x )  €  F ix ] , then  a f i n i t e  ex ten sio n  £ o f  F i s  a

s p l i t t i n g  f i e l d  f o r  f (x )  over F i f  f  (x) has a l l  i t s  ro o ts  i n  E b u t  i n  no 

p ro p er su b f ie ld  o f  E, We s t a t e ,  w ithou t p ro o f, th e  uniqueness theorem 

f o r  s p l i t t i n g  f i e ld s ,
/ T ,  _

Theorem 2.27: I f  F and F a re  f i e ld s  such th a t  F 6  F ,  th en  T  -------

extends to  an isomorphism F[xJ ^ F * l x ] .  I f  f (x )  ^  F£x], and i f  E i s  th e  

s p l i t t i n g  f i e ld  o f  f ( x )  over F, £ '  i s  th e  s p l i t t i n g  f i e l d  of T * ( f ( x ) )  

over f ' ,  then  E cf E*.

D e fin itio n  2 ,28 : A prime f i e l d  i s  a  f i e l d  having no p ro p er

su b f ie ld s .

I t  i s  c le a r  from th e  d e f in i t io n  th a t  a  prime f i e l d  i s  minimal. 

Given a  f i e l d  F , one can ask i f  F p o ssesses  a  minimal su b f ie ld .

Theorem 2 ,2 9 : Every f i e l d  F co n ta in s  a  unique prime f i e l d  P ,

namely P s  n{0: G i s  a  su b f ie ld  o f  f } ,

An e s s e n t ia l  concept in  ou r d iscu ss io n  o f  f i e ld s  i s  th a t  o f  

c h a r a c te r i s t ic .

D e fin itio n  2 .30: I f  F i s _ a _ ^ e ld ,  th e n  F i s  o f  c h a r a c te r i s t ic
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zero  i f  n  € Z, n . l p  « 0 im pH es n  ** 0 . I f  f o r  some n  4 N, n . l p  « 0 , 

th en  F i s  o f  f i n i t e  c h a r a c te r i s t ic . In  th i s  ca se , th e  c h a r a c te r i s t ic  

o f  F i s  th e  l e a s t  p o s it iv e  in te g e r  such th a t  n . l p  e 0 . We denote th e  

c h a r a c te r i s t ic  o f  F by 7C(F),

Remark 2 .31 : I f  7C(F) «  n , then  n -a  = 0 f o r  eveiy  a  é  F.

F u rth e r , 'X(F) i s  e i th e r  0 o r  a prime number p .

Lemma 2 .3 2 : %{F) « p i f f  P «  Z/<p>.

P ro o f; Suppose 9((F ) a  p . G « { n .lp :  n €  z} £  P, and c le a r ]y  

G i s  a  r in g  w ith  1 . We d e fin e  i^ :Z -» G  by (6(n) = n . l p ,  i s  an onto 

l in g  homomoiphism, and n . l p  a 0 i f f  n  6 < p ^ , so k e r i*'«<p> and hence 

G Now <p> i s  a  maximal id e a l  o f Z, so G i s  a  f i e ld  and hence

On th e  o th e r  hand, suppose P ss Z/<p>, 1 €  P, and < r(p .l)

m p . l  a  0 a O*(0), SO p » l a  0 . I f  q . l  ■ 0 f o r  q 6 Z, then  0 * (q .l)  

a q o " ( l)  a  q(<p>^-»' 1) a <p> +  q c Ô, so q €  <p> and hence %(F) a p . 

Theorem 2 .3 3 : I f  7C(F) » p and [f : p] « n , th en  |F | a p* .̂

P ro o f: Since P a  2 /^ p ) , [F : Z/^p^] « n and so I f | s  p*'.

Remark 2.3U: %(F) a  0 i f f  P «  Q.

P ro o f; I f  P Cf Q, n 6 Z, and i f  n . l p  a 0 , th en  n #^(lp) a n . lg  

ar 0 , so n  s O  and 'X (F) a 0 ,

Conversely, i f  7C(F) a  0 , then  G = { n .lp :  n €  z j  S  P. L et us 

d e fin e  o r ; Z —*»G by cr (n) a n . lp .  g* i s  a  r in g  homomoiphism and 

k e r  <r a<0>, so G a: ^/<0> — Z. Now P co n ta in s  th e  m u lt ip l ic a t iv e  in v e rse  

o f  every  non-zero  elem ent o f  G, so P co n ta in s  a  su b f ie ld  G  ̂ such th a t

Ĝ  a  Q. But Ĝ  S  P g  F, so G' a  P and hence P ai Q,

We now tu rn  o u r a t te n t io n  to  th e  m u lt ip l ic a t iv e  s tru c tu re  o f  F.
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The r e s u l t  we need concerns f i n i t e  m u lt ip l ic a t iv e  subgroups o f  F , and to  

t h i s  end we prove some p re lim in a ry  rem arks.

Lemma 2 .35? I f  G i s  a f i n i t e  ab e lian  group, p a  prime number,

and i f  p lo (G ), then  G has an elem ent o f  o rd er p .

P roof: The p ro o f i s  by in d u c tio n  on th e  o rd e r  o f G, I f  o(G) a  1 ,

th e  r e s i i l t  i s  vacuously t r u e .  L et us suppose th e  r e s u l t  i s  t r u e  f o r  a l l  

f i n i t e  a b e lia n  groups o f  o rd er le s s  than  o(G). L et x  € G, x  #  1 . I f

th e re  i s  m €  Z such t h a t  o(x) m pm, then o(%P) a  p and we a re  th rough.

Now suppose o(x) s  t ,  where (p , t )  *^1, Then x  i s  a  normal subgroup

o f G o f o rd e r  t ,  so ^/<x> i s  an a b e lia n  group o f  o rd er o (G ) /t  < o (G ).

F u rth e r, s in ce  (p , t )  / ^ 1  and p |o (G ) , we have p |o ( G ) / t ,  so th e re  i s

y  6  G/<x> such th a t  o(y) » p . Now co n sid er TT;G-»G/^y^ , where TT i s

th e  n a tu ra l  map. Then s  y®^^<x> b  <x>, so p |o ( y ) .  Thus th e re  i s

k 6  Z such "What o (y ) b  pk , and hence o(y^) a p .

Remarie 2 .36: Suppose G i s  an a b e lia n  group, x , y  € G a re  o f

f i n i t e  o rd e r , and suppose <x> H <y> «  ( l ) .  Then o(xy) as l .c .m . {.o(x), 

o (y )}  (may be extended by in d u c tio n ) .

P ro o f: L et t  « l .c .m .  { o (x ), o (y )J . Then o ( x ) | t  and o ( y ) / t ,  so

(xy)^ 3  x V ^  B 1*1 B 1 . I f  (xy)® 3 1 , t h ^  X® « y ”® €  <x> 0  <y>, so 

X® 3 y® a 1 and hence o ( x ) |s ,  o ( y ) ls .  But then  t | s ,  so o(3y) a t .

Theorem 2 .3 7 : L et F be a  f i e l d ,  G a  f i n i t e  m u lt ip l ic a t iv e  sub­

group o f  F, Then G i s  c y c l ic .

P ro o f: We suppose th a t  o(G) b n * p^® ^g® 2,. where p^ i s

prim e f o r  1 S i  £  k . Note th a t  f o r  each i ,  1 ^  i  k , G has an elem ent

o f  o rd e r p . .  Choose, f o r  each i ,  an elem ent 4  G such t h a t  o (a . )

a  p^ i ,  where i s  maximal. Note t h a t  xp i -  1  has a t  most p^ i
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ro o ts  in  Fj in  f a c t ,  i s  th e  so lu tio n  s e t  f o r  th e  polynom ial.

I f  t^  ^  s^ , then  Pj^|o(G/(aj^> ) =  o (G )/o « a ^ > ) , so th e re  i s

b € ^/<a^> such th a t  o(ïï) s  p^ , where F  =<a^> + b ,  b 6  G. Now b 4- »

as o therw ise  b = T. But b^^ é  s in ce  (b)^^ g I ,  so o(b^^) |o « a .>  )
t .  . "  — .^ i

3  p . ^  and hence o(b^^) s  p . where r . <  t z . Thus
* r^ + 1 ^
p. I*  ̂ 1= b  ^ n 1 , and r . i s  th e  l e a s t  such elem ent, so o(b) a  p. i

t^  r i  ♦ 1 -  r .  -  1
%r th e  m axim ality o f t ^ ,  r^  1 ^  t ^ ,  so b^^ = (b^^ )^ i  ^

a  1 , and hence b é  ^a^^ ,  a  c o n tra d ic tio n . Therefore t^  s  s^ , and hence

o(a^) s 1 5 i  ^  k . Now suppose c €  <a>  H<a^>, where i  j .  Then

o ( c ) j p . a n d  o (c )lp ^® j, so o (c )  s 1 and hence c a 1 , as  pi  ------ - ---------- '  “   -

*>* 1 , Thus <a^> n  <aj) s { l )  f o r  i  ^  j .  Now l e t  d a  Then l%r

Remark 2 .36 , o (d) a TTo(a. ) » n ,  so G *  <d^,k«i 1
C o ro lla ry  2.38: I f  If I a  p*', then  F -  {p} i s  cy c lic  o f  o rd e r

p*' -  1.

P ro o f; F^- {o) i s  a  f i n i t e  m u lt ip l ic a t iv e  subgroup o f  F.

A s p e c ia l  a p p lic a tio n  o f  th e  p rev ious theorem i s  i l l u s t r a t e d  by 

considering  th e  ro o ts  o f  xP -  1 .

Theorem 2 .3 9 : Suppose F C*E, and l e t  Gg c  {a € E; a”  a 1^.

Ohen (Gg, • )  i s  a  c y c lic  group and o(Gg) a r , where r |n .

P roof; C learly  Gg ^  ^  and Gg S E. I f  a^ , a^  6  0^, th en  s in ce

a^^  ̂ -  1 * 0 a  Ug*' -  1 , agj^ a  Now (a^ag)^ -  1 a  -  1

a  -  1)(&2^ +  1) -  a^" +  a^^ «  0 , so a^a^ 6  G^. A lso, i f  a  6  Gg,

th en  (a "^ )^  -  1 a  (a*')“^  - l a  1“^ - 1 = 0 ,  so a “^  6  Gg. Thus Gg i s  a

group.

Now -  1 has a t  most n ro o ts  in  E and hence in  G^, so o(Gg)

^  n . Thus Gg i s  a  f i n i t e  m u lt ip l ic a t iv e  subgroup o f  E and hence
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(Gg, • )  i s  c y c lic . Suppose o(Gg) = r  « R eca ll th a t

f o r  each i ,  th e re  e x is ts  an elem ent tf Gg such th a t  o (a^ )« p ^ ® i. But 

a.*^ ss 1 , so p j^ ^ jn , 1 :S i  k . F u rth e r, (p. p /v  1 f o r  i  #  j ,M ^ 1 J
so r i n .

The n ex t q uestion  which a r is e s  concerns th e  m u l t ip l ic i ty  o f  th e  

ro o ts  o f  3cP -  1 é  F[x3. The answer l i e s  in  th e  c h a r a c te r i s t ic  o f  F , as 

w i l l  be seen in  th e  fo llow ing  lemma and theorem.

Lemma 2.1:0: Suppose f (x )  €  F [x ] . Then f ( x )  has m u ltip le  ro o ts

i f f  th e re  i s  a Ê E such th a t  f  (a) s  f ^ (a )  = 0 , where F C#E.

P ro o f; I f  a  i s  a  m u ltip le  r o o t  of f  (%), then  th e re  i s  g(x) 

é  E[x3 such t h a t  f (x )  »  (x -  a )^ g (x ) . Now f  *(x) s  2(x -  a )g (x )

+• (x  -  a )^ g ^ (x ) , and c le a r ly  f ( a )  s  f^ (a )  a* 0.

Conversely, i f  f ( a )  s  f ' ( a )  »  0 , then  th e re  i s  g(x) €  E [x] such

th a t  f (x )  a* (x -  a )g (x ) . Then f  \ x )  ss (x  -  a )g '(x )  g (x ), so g (a ) »  0

and hence (x -  a ) ? |f ( x ) .

Theorem 2 .h i : Suppose %(F) =  p ,  and l e t  £  be th e  s p l i t t i n g

f i e l d  o f  xP -  1 . Then pfn  i f f  th e  ro o ts  o f xP -  1 a re  d i s t in c t .

P ro o f ; I f  xP -  1 has no m u ltip le  ro o ts ,  th en  by th e  above lemma

p tn .

On th e  oIdler hand, suppose th a t  p tn  and th a t  xP -  1 has a  double

r o o t .  Then th e re  i s  a 6  E, a  ^  0 , such th a t  na^ "  ^ a  0 . îh u s  n « l « 0 ,

so p in ,  a  c o n tra d ic tio n .

From our experience i n  group th eo ry , we know th a t  th e re  need 

n o t be any r e la t io n  between th e  s t ru c tu re s  o f  two groups o f th e  same 

o rd e r . However, when considering  f i e ld s ,  t h i s  i s  n o t th e  ca se . In  f a c t ,  

we show t h a t  f i n i t e  f i e ld s  which have th e  same number o f  elem ents a re
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isom oz^hic. R lr s t ,  however, we need some p re lim in a ry  r e s u l t s .

Lemma 2.1:2: I f  |F | a  p” , then  o f  -  x  € Ffx] has ex a c tly  p*'

ro o ts  in  F , and o f -  x  -  a ) .
n

Proof: Note t h a t  o f  -  x  has a t  most p" ro o ts  in  F, But i f

a  é  F -  io } , then  aP “ ^ ss 1 , so a^ *s a  and hence o f  -  x  has eocactly

p’̂  ro o ts  in  F. Moreover, o f  -  x  = TTYoc -  a ) .

C oro lla ry  2 .it3 ; Suppose |f I  n  p^ , and l e t  P be th e  prime f i e l d

o f F, Then F i s  th e  s p l i t t i n g  f i e l d  o f  xP -  x  over P.

P ro o f: I t  i s  c le a r  th a t  o f  -  x  €  Pj[x] and th a t  o f -  x  s p l i t s
_n

over F, Fuorther, i f  o f  -  x  s p l i t s  over G, then G co n ta in s  F , so F i s
n

th e  s p l i t t i n g  f i e l d  o f o f  -  x  over P.

Iheorem 2.Wt: I f  |Fl «  iKl,  then F«< K,

P ro o f: We suppose |Fl «  p*̂  a  )Kl. Now p ^ . lp  « 0 , so p . I p  a  0 ,

as F i s  a  f i e l d .  But p i s  p rim e, so %(F) a p . Therefore "%(F) a  %(K) 

a  p . \
_n

Now F i s  th e  s p l i t t i n g  f i e l d  o f  o f  -  x  over i t s  prime f i e l d  Pp,

and K i s  th e  s p l i t t i n g  f i e l d  o f  x^ -  x  over i t s  prime f i e l d  p^. By

Lemma 2 .32 , P j ,«  Pg. Now T  extends to  an isomorphism Ppjx] C:
^  n  n

and T  (o f  -  x ) a  o f  -  x . Thus by th e  uniqueness theorem f o r  s p l i t t i n g  

f i e l d s ,  F » K .

The f in a l  r e s u l t  o f  th e  ch ap te r shows th e  ex is ten ce  o f  a  f i n i t e  

f i e l d  o f  any prime power o rd e r , FmrUier, by th e  l a s t  theorem , th i s  

f i e l d  i s  unique.

Theorem 2.L5: I f  p i s  prim e, n 6  N, then  th e re  i s  a  unique

(up to  isomorphism) f i e l d  w ith  p^ elem ents.

P roo f: Consider o f  -  x  ^  Since ?C(Z/<p>) •  P i
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(x? -  x.y  = p^](P "  ^  -  1 a -1 ,  and hence by Lemma 2,U0 th e  ro o ts  o f
JO.

X? -  X a re  d i s t in c t .
n

Now l e t  K be th e  s p l i t t i n g  f i e l d  o f -  x , and l e t  F t& {a ^  K;
n n

^ aP s a } .  Note th a t  F has p^ elem ents. I f  a ,  b 6 F, then  (a  -  b)P

= a^. -  bP , sin ce %(K) a p . But a? «  a and bP s  b , so a -  b 6 F.
' , _n _n _n

A lso, (ab)P  a  aP bP s  ab , so ab € F. ï l n a l l y ,  i f  a  €  F, a. ^ 0,  then

(a”^)P = (aP )*"^«r a”^ , so a“^ €  F. Thus F i s  a  f i e l d ,  and |Fi a  p^.

We conclude t h i s  chap ter w ith  scaae examples o f  f i n i t e  f i e ld s .

Example 2 . 14.6 ; I f  n ^  N i s  prim e, th en  i s  a  f i e l d  w ith

n elem ents.

Example 2.U7; Consider F s  Zp, th e  f i e l d  o f  in te g e rs  modulo p , 

where p i s  prim e, p 2. N otice th a t  (p -  n )^  s  (mod p ) f o r  1 < n

jg p .  Thus th e re  i s  a  C such th a t  x^ ^  a  (mod p ) f o r  each x  €  Z^.

But th en  x^ -  a  €  Z pW  i s  i r re d u c ib le  over Zp, so i s

a  f i e l d  w ith  p^ elem ents.
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CHAPTER IV

THE CHINESE REMAINDER THEOREM 

AND CONGRUENCES

I n i t i a l ly ^  R i s  assumed to  be a commutative r in g  w ith 1. Con­

s id e r  th e  system (A^, id e a l  o f  R and a^ 6  R f o r

1 ^  k ^  n . This system  i s  s a id  to  be so lv ab le  i f  th e re  i s  t  ^  R such

th a t  t  E  ajç (mod Aj^), th a t  i s ,  t  -  €  Aĵ ., f o r  1 ^  k ^  n , and t  i s

c a l le d  a  s o lu tio n  to  th e  system .

Note th a t  i f  t  i s  a  s o lu t io n  to  » th en  t  €  Â^

f o r  1 ^  k £  n and hence a. -  a . €  A. + A. f o r  I S i ^ ^ n ,  1 j  ^  n .
^ J ^ J

Systems {A^, a^^j^ which meet t h i s  l a t t e r  requirem ent f o r  so lu tio n  a re  

c a lle d  Chinese Remainder (CR) sequences, Rings in  vdiich every CR sequence 

i s  so lv ab le  a re  c ^ l e d  so lvab le  a r ith m e tic  r in g s . In  th e  fo llow ing , con­

d i t io n s  a re  given f o r  r in g s  R to  be a r i th m e tic a l ,  and f u r th e r  co n d itio n s

a re  given fo r  r in g s  R€J0^ to  be a r i th m e tic a l .  A rithm etic  domains a re  

b e t t e r  known as P ru fe r  domains. The f i r s t  r e s u l t  i s  e s p e c ia lly  im p o rtan t, 

in  t h a t  i t  y ie ld s  th e  standard  Chinese Remainder Theorem as an easy  

c o ro lla ry .

Theorem 3 .1 ; L et be a sequence o f  id e a ls  o f  R. Then

every  CR sequence {Aĵ , aj^} i s  so lv ab le  i f f  fl(Aj^+ \  +  1^ * ( /I

A _ fo r  each n €  N. n +  1
P roo f; We f i r s t  suppose th a t  every  CR sequence i s  so lv a b le . I f  

n  £  H, then  c le a r ly  +  ^n 1  «  j 5 , ( \  ^  +  p .  ^

+  1^’ ^n + 1 1 ^  k i  n . Consider {Aĵ ,

37
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■wh®re b, a  d f o r  1 à  k £  n and b _ =: 0 . b , - b . a O o r b  ^  -  b .K n + i. i c j  n + i j
w d ,  30 bj  ̂-  b^ é  f o r  +  l ^ k £ n  +  l .  Thus

{Aĵ j i s  a  CR sequence, so th e re  i s  t  € R such th a t  t  -  d €  A  ̂ f o r

1 sS k £  n and t s s t  -  0 6 A^  ^  L et x « d -  t .  Then x  4  f o r
M A

1 ^  i  n . But d s x  +  t ,  so d 4  ( (1 A^) +  A  ̂ ^  2 * T herefore ll(A^

+  A^ ^  g  A^) + A^ ^ and hence e q u a li ty  fo llow s.

The p roof o f  th e  converse i s  by in d u c tio n . For a  CR sequence

{â ,  a^K  we choose t  = a^ and t  i s  a  s o lu tio n . Now suppose th a t  any CR

sequence o f k -  1 id e a ls  i s  so lv a b le , and l e t  S s  ^A^, be a  CR

sequence. By h y p o th esis , th e re  i s  t* €  R such th a t  t  -  g  A  ̂ f o r

1 rS i  ^  k -  1 , and s in ce  a^ -  €  A  ̂ +  Aĵ  f o r  1 £  i  ^  k , we have

t^  -  ̂  Aĵ  + \  \  = Aĵ  + Ajĵ  f o r  1 £  i  £  k -  1 , Thus t*  -
ite* ,  ijr»

c  n  (A  ̂ + A^) *  (,Q  A^) **• Aj ,̂ so t  -  Sjj. » X +  y , where x  4  .HAg  ̂ and 

y  €  A^. Let t a t ^ l - x w a ^ w - y .  Then t - a ^ a s t ^  -  s i ^ - x € a ^ + A ^ | ^

*B A^ fo r  1 £  i  £  k -  1 and t  -  a^a : y  £  A^. Thus t  i s  a  s o lu t io n  to

C oro lla ry  3 .2  (Standard Chinese Remainder Theorem): I f  A

3  {Aj }̂*̂   ̂ i s  a  sequence o f  id e a ls  o f  R such t h a t  Â  ̂ + Aj «  R f o r  k 4#̂ j ,  

then  f o r  any sequence {a^J £  R and f o r  arqr n , th e  system ^A^, â }̂ i s  ar*K#I
s o lv a b le  CR sequence .

P ro o f : S in c e  a^  ̂ -  a j  £  R, a^  ̂ -  a j  é  A ^ *  Aj f o r  1 £  k  £  n ,

1  £  j  £  n ,  (Aj^, a^}  i s  a  CR se q u en c e . F o r n  £  N, we now show t h a t

^n  + 1

/ ^n + 1

S in c e  1  £  A^ +  A^ ^  ^  f o r  l & k £ n ,  l 3 a ^  +  a ^ ^ ^  i»  ^ e r e  

*n +  1 ' l l \  ^  +  1 ^  ^  ,  r
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Theorem 3 -1 , i s  so lv a b le .

Example 3 .3  (Chinese Remainder Theorem fo r  th e  in te g e r s ) :  I f

Pi» Pg» •••> Pic ̂  Z w ith  (p^ , p j )  ^ 1  f o r  i  # j  and i f  x^, x^ ,

x^ €  Zj then  by C o ro lla ry  3-2  th e re  i s  n €  Z such th a t  n = XL (mod p^)

f o r  1 i  <  k .

The fo llow ing  c o ro l la r ie s  o f  Theorem 3-1 g ive elem entaiy foiuiu- 

la t io n s  o f  th e  d e f in i t io n  o f  an a r ith m e tic  r in g .  These r e s u l t s  w i l l  be 

used l a t e r  in  t h i s  ch ap te r.

C oro lla ry  3-L: R i s  a r i th m e tic a l  i f f  f o r  a l l  id e a ls  A, B, G

of R, (A +  C) n  (B + C) =s (A n  BJ + C.

Proof : Suppose R i s  a r i th m e tic a l ,  and l e t  A, B, C be id e a ls  o f

R. Since every CR sequence’i s  so lv a b le . Theorem 3-1  inç>lies th a t  

(A +  C) n  (B + C) a  (A /I B) + C.
n

Conversely, we show by in d u c tio n  th a t  f o r  a l l  n , ^n(Aj^ +  Aj) 

a* ( n  A^) •♦■A., where {a^} i s  a  sequence o f id e a ls  o f R, The r e s u l t  i s  

c le a r  f o r  n = 1 . Suppose If(A^ +  A .) =  ( If A^) +  A .. Then H (A^ + A^)
Ksl  ̂ J K»l J Ksl *  J

'  LO, A j)] n  + 1 "*■ Aj) *  B ^  A^) Aj ]  (l(A^ + l"*" A j)

« f( n A. ) n A  ̂' T ]  +  A . S ( n a. ) + a . ,  s in ce  j  i s  a i t i t r a i y ,  we have
kcrl  ̂  ̂ ^ J" J Ka#  ̂ J^  H '

i n  p a r t ic u la r  th a t  (Â  ̂ A^ + i )  ®* Ajj, + 1> ^  Theorem

3 .1 , R i s  a r i th m e tic a l .

C oro lla ry  3 -5 : R i s  a r i th m e tic a l  i f f  f o r  a l l  id e a ls  A, B, C

o f  R, (A n C) +  (B n C) s  (A B) n C.

P ro o f; Suppose R i s  a r i th m e tic a l ,  and l e t  A, B, G be id e a ls  o f  

R, For a l l  id e a ls  X, Ï ,  2 o f  R, (X + Z) H (Y +  Z) «  (X + Y) H Z. 

Choosing X «  A, Y = cT Z  "  B H C, jbhen (A H C) +  (B H C) « [A +  (B fî C)]
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n £ c  + (B n c)] = (A +  B) n  CA +  c) n Re + b) n c] « (a  w- b) n (a  -► o)

n c s  (A + B) n c .

On th e  o th e r  hand, suppose A, B, C a re  id e a ls  o f R and n o te  t h a t  

' f o r  a l l  id e a ls  X, Y, Z o f  R, (X 0  Z) + (Y 0  Z) =' (X + Y) H Z. I f  we

' l e t  X « A, Y = G, Z c  B + C, th en  (A + G) n  (B +  G) = [A H (B + C)]

j  + [g A (B + G)] s  (A n B) +  (A n  G) + [(G A B} ♦ g ]  a (a  H B) + (A H G)

/ Hh C a  (A n  B) + G, so R i s  a r i th m e tic a l  by G orollary  3.U.

Next to  be considered  a re  some sp e c ia l i n t e g r a l  domains, Bezout 

domains and P rilfe r  domains. Im portant r e la t io n s h ip s  w i l l  be no ted  

between th e se  domains and th e  concept o f  a r ith m e tic a l  domain.

D e fin itio n  3 .6 ; An in te g r a l  domain D i s  a  Bezout domain i f  

(ja,, b^ i s  p r in c ip a l  f o r  a l l  a ,  b é  D.

Remark 3 .7 : I f  a ,  b £  R, and i f  <a, »  <d> s» <0>,

then  a * a 'd ,  b «  b 'd  im p lie s  ( a ' , b ' ) / v l  and a^b «  b^a €  <a) H <.b>.

P roo f; I f  kia^ and klb* , th en  th e re  a re  r ,  s  £  R such th a t  

a* B Ik  and b ' = sk, so a  a  rkd and b a  skd. Now th e re  a re  m, n 6 R

such th a t  d B ma +  nb, so d « (mr + n s)kd . But then  kd id , so k  ^  1 .

Moreover, a 'b d  a  ab a a b 'd ,  so a*b n  a b ' . Thus c le a r ly  a 'b  a  ab'

€  <a> a  <b>.

Theorem 3 .8 ; Bezout domains a re  a r i th m e tic a l .

Proof ; Suppose R i s  a  Bezout domain, and suppose A, B, and G 

a re  id e a ls  o f R. I t  i s  c le a r  th a t  (A A B) •«' G £  (A ■+ G) A (B C). I f  

X €  (A +  G) n  (B 4" G), then  x a  a  +  c^ « b + Cg, ïdiere a 6 A, b 6 B, 

c^ , Cg £  G. Now th e re  i s  d £  R such th a t  <a, b^ » <d^. I f  d = 0 , then  

a * b a O ,  so X £  G S  (A A B) +  G and th e  proof i s  f in is h e d . We now 

suppose th a t  d 0 . Then th e re  a re  a ' ,  b^ £  R such t h a t  a s a 'd ,  b a b 'd .
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and s in c e  ( a ' ,  b '  ) th e re  a re  u , v  €  R such th a t  a^u + b 'v  = 1 .

Then x. a x-1  ■ xuaf +  xvb es (b + C2)na* (a + c^)vb^ m (bua^ + avb ' ) 

(«2^ '  c^vb' ) .  Since b a ' « ab ' €  A H B, bu a ' +  avb^ 6  A H B. A lso,

®1 » ®2 ^  80 CgUa +  c^vb £  C. T herefore x £  (A H B) *+ C, so we

have (a •*• C) n  (B + C) « (A /Î B) -*• C, and hence R i s  a r i th m e tic a l .

C oro lla ry  3 .9 : Every P .I .D . i s  a r i th m e tic a l .

P roof; Every P .I .D , i s  a  Bezout domain.

D e fin itio n  3 .1 0 ; A r in g  R £ «0 i s  a P ru fe r domain i f  f o r  « n  

a ,  b £  R n o t bo th  zero  th e re  e x i s t  u , v  £  R* such th a t  au , bu , av , 

bv £  R and au +  bv « 1 .

Theorem 3 .1 1 ; Eveiy P ru fe r  domain i s  a r i th m e tic a l .

P ro o f; Suppose R i s  a  P ru fe r  domain, and suppose A, B, and C

a re  id e a ls  of R. I t  i s  c le a r  th a t  (A A B) + C S  (A C) A (B C), so

suppose X £  (A 4" C) A (B + C). Then th e re  a re  a £ A, b £  B, c^ , Cg £  C

such th a t  x a a ^ K C ^ o b + C g ,  l f a s s b « 0 ,  th en  x  £ 0 g (A A B) 4* C, 

and th e  p roof i s  f in is h e d . Thus we suppose th a t  n o t both  o f a  and b a re  

ze ro . Then th e re  a re  u , v  £  R^ such t h a t  au , b u , av , bv £  R and au +  bv

= 1 . Thus X s x . l  = xau + xbv s  bau 4* c^au + abv 4- cybv m (abv 4- bau)

■4* (c^au 4* c^bv). Now au , bv 6  R, so Cgau 4- c^bv £  C. A lso, bv , bu € R, 

so abv, bau £  A and hence abv 4* bau £ A. F in a lly ,  av , au £ R, so abv,

bau £  B and hence abv + bau €  B. T herefore x  £  (A A B) 4* C, and so

(A +  C) A (B + G) a  (A A B) 4" G and hence R i s  a r i th m e tic a l .

In  f a c t ,  th e  converse to  Theorem 3.11  i s  a lso  t r u e .  Once t h i s  

has been shown, i t  w i l l  fo llow  t h a t  th e  concepts o f  P ru fe r  domain and 

a r i th m e tic a l  domain a re  eq u iv a le n t. This r e s u l t  i s  proved in  th e  n e x t 

theorem .
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Theorem 3 .1 2 ; A r in g  R i s  an arithmeticsuL domain i f f  E i s a  

P rü fe r  domain.

P ro o f; The su ff ic ie n c y  has been proved in  Theorem 3 .1 1 . We now 

show th e  n e c e s s ity . Suppose a , b 6  E and a 9* 0 . I f  a  + b »  0 , then  

u  e  l / a ,  V 3» 0 €  E^, and au +  bv =s l .  F u rth e r, au , bu , av , bv €  R,

Suppose now th a t  a +  b s/ 0 , Since a +  b 6 ( <a> -f- <b>) D <a + b>, 

i t  fo llo w s from C o ro lla ry  3 .5  th a t  a + b 6  (4a> 0  < a -f

(<b> D  4a b ^ ) . Thus a  b as x  f*y, where x  6  <a> il < a b >  and 

y  £  n  <a -f b ) .  Then th e re  a re  x^ , Xg, y ^ , yg £  R such th a t  x  at axj^

= (a  +  b )x 2 » y  «  by^ *• (a + b )y 2 » Now 1 »  (a  +  b ) / ( a  +  b ) »  3 ^ (a  +  b)

+  y / ( a  +  b ) = a x ^ /(a  +  b ) 4 - b y ^ ( a  +  b ) .  L e ttin g  u  « x ^ / ( a  +  b ) ,

V  «  y - j / ( a +  b ) ,  i t  i s  c le a r  t h a t  au +  bv s  1 , where u , v CR^. A lso , 

no te  t h a t  au «  ax ^ /a  a  Xg 6  R. I f  b « 0 , th en  c le a r ly  bv £  E. I f  b  ffe 0 , 

then  bv  »  by^/b «  yg 6  E. I f  y^  » 0 , th e n  i t  i s  c le a r  th a t  av £  E,

Thus we suppose y^ ^  0 . I f  b = 0 , then  a  «  x  +  y ,  and av s  y ^ (x  + y ) / ( a  4* b )

a  y ^  €  E, I f  b #  0 , then  y^ ^  0 , so avy^ a  bv(y^ -  yg) »  7 2 ^ 1  "  ^2^

and hence av a  y^  -  y^ £  E, A lso, i f  x^ »  0 , then  bu 6  E, so we suppose

x ^ ;^  0 , I f  b as 0 , then  bu 4L E, O therw ise, s ince  a  #  0 we have X g^ 0 .

But th en  bux2 a  au(xj^ -  X2) aXgCx-j^ -  Xg) ̂  so bu *  x^ -  x^ £  E. There­

fo re  E i s  P ru fe r , !
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