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CilobWeuy 1
Tas FoOBooee s Wil YUssuas U e DnUdLold

1. s LBl d

“here has been felt « need of « cowrse in advunced
Caleulus which could fill & dual role. . 1iih very few
sxceptions, the siudents who &re found in the ..dvanced
Cwloulus clugses ure the sume stitudenis wno ure enrcllsed in
the clugsses of Jheoretical Thysics. .. ccurse in -dvanced
Culcuius which reitwuinsg its riror from the stundpoint of
tie muthempticiun snd «t the sano time shows the piracticul
applicsticns or thoss priuciples to the probvlens of

ineoreticsul and Jodera rngyoices is justified.
11 3 t;:-:ui—; & b A-L'O’;; 3%

fhe purpose of this study 18 twofold: (1) tc show
the needs of thosoe mithemuticul priuciples wuhich wre found
in the prouvisams of Theoretical Physics, {(2) to indicate
the poregulsites wnd outline brisefly & course of .dvanced
Caleulus, 4he courss in .dvinced Culoulus 1is intended te
bridge the gup between the study of slementary oczlcoulus wnd
the seriows pursultl of the mosre advunced ztudy of
muthenutics. It iz of ejual luwortance to give the student

a brief introductlon to the mothods o0f &nuilysis us well us
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to help the student to wpply those nmuthemutical toplcs in
the gtudy of physics.

lIIi ’l'.-fi‘- 18&5_;.1 i.J.&UB—LM:i-.LJ

the followin; pugesa countiin typical problems which
huve besn chosen from the fields of soderu uud Theoroticual
Physics to show the muthemuticul principles necsssury fox
the study of thoge gourses in I'nysiea. ‘he seloction has
not been exhsustive but limited to provleas which involve
those muthemutical principles which ure usuclly treated in
a courss of ..dvanced Culgulus. Problems which demaind the
use of differentivl ejustions havo bes: omitted from this
selegted rroup.

The solutions are given und the coaments following
the solution indic.te the wmuthenwticail principles necesaary

t0 solve the prodblsa.
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PRV From the development of Plinck's luw sxpressed
in terns of the wovoe length of rudiution instead of the
frejuoncy, &nd the developmnent of wien's displacemont luw,
there cccurs the following exporenti.l aluationl which
rejuires & nwoerical solution in the evilusticn ¢f the

c %

Ilunck annd Boltzmonn gonaiunis.

~X X X =

(/ jv)e =/ where ﬁ&mT
By Kewton'as method
X=X - __f.(!,)

Fx)

x _ O —-X r_
b d
x_ xe _ € _ x _X

X = 0 4g ono solution but is not wouted
r

x= ¢ Sfix)y=o

X = & f(X)::O

from u tuble of exporentials choose X, =475
S — 4 98 —
(____3.,.--)/446 /

A= 498 —
(ﬁL::ﬁ:Z? /¥4 6
-

XK= 4 %687

1 Celie JOppesser, .iodern bhysica. { Uunpublished
auauseript 1%41), p. lol.
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EXailPLi  The ejuation® u - tan u = O gives the muximi of
intensity of diffraoction throush & single s8lit, vlotting

tan u aguaingt uw it is s8een that the solutions are: 0 and

at vulues of u a little less thun 'd
( é“z‘i‘/) ” whore X 2/ :
Let u = 4,5 radiszns which |
is in the neishbtorhood of Z7 ,'

u, — tin [~ )

H = U, —
! { — vee?yu,
o
U = 4 5 | 4T —658L
/ — 22.67
= &£ S5 . /P EZ
—— = 45—
-2/ .67
L = Y 4 PT 7 aa — /. 43 0F W 2acdiars
the solution iu the neighborhood of £Z
et u = 7.7 radiuns
- 6. 4% FO /o RIST
we 7.7 . L7-C.xxI0 7.7 — =57
! = (5537 g
AT F3T7

U = 717 A O0F5

7, 755 7

T
ii

L Leligh rwge, Iantroduction to thecretical [hysics.
(Hew York: Le.Van Lcatrand cvompuny, lhcG. o8Coug ¢diticn 1950)
pe b90,
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mt uz = 707‘& I'&diz..ns

U = 774 — 7. 74 — 8.7 32 7, 74 — -, 772

/—/.//.?,m*) —76.2%

-6t w, = T.7£7 rudixns

Then
hw = 7.’717___ 7.727—'7-5’32/
’ 2
/= (,/2.66:)
= 7.727 _ —. o5/
—_ &/

= 7.727 — ocor7
W = 7 7257 radisns

“©w = 2,55 77 radiazns
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BX..fPLe  The e ustion® u - sin u = 4.2 ccours in the
golution of the problem of eglipsin: binuries,

S50lve u -~ s8inu = + 425 for & numarigsl solutiocn Ly
Iiewton's .ethod.

£ {u) = u=~ginu -~ ,4228

£f'{u) = 1L - cos u

Choosing an approximate value irvom « tukle of radivn moupure,

let u = l.4 raudiins

Then
Uu = a' — a, - :‘f.’! “, —-.‘,"22
!/ — cos &,
w = Ly _ g — ., 2854I —.#ZZX

/! — . /697y

. §JF 005
w = 7/ 407 /L“d‘.a'"s

44

u = &s0° 23’ 13

3 lrhysles staff Ualversity oif rittsbw o, =tounic
Phys(@gs. (liew York: John .iley wnd .jouns, Ine 1935) Licte 13
Pe 290
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The preceding exumples are of the typo thut show
the need for fuoility in cbiaining o numericnl scluticn of
a trunsconrndental ejuation. The approxisition reuched by
successive applicutionsg of llewtonts othod 1s preforied in
the Departiont of Yhysics to ilornerts lethod. The method
discovered by Lewton involves the Iindiur of the dsrxivative
of & funetion und then usubgtlituting in the formuwla tho last
approximute value which wug founde Horuer's .iethod
rejuires the tranglution of the uxzis Ly guccessive divisious
until tue desired result is zecicieds lorner's [othod
upplies to the solution of alpgobruic ejustions but iz not
readily applicatle to txigonometric, exponential, wund
logrithmic ejuutions. Iiewton's .jethod upplies to these

ejuations cand ejuslly well Lo the algebraie ejuntions.
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R FLe® s body falls 360 fact frow rest in b saconds.
Find the liniting veloclty, assuxing the resistaunce {o be
propoxrtional to the velooity.

u = initiasl velogity 2 =0

8 = 560 w — -5 (liaiting velocity)
d

t =6

X £
R

2
Js0 = £ Q:j—(/—e—rf)

% A
- X
Jeok —TKg g€ +3 =° .

2 4
ixpanding &% , 4 (oA, (SR, (CSK), CSE),
substituting / [Z4 L2 L=

- J 9
Feoh S5 % | ~5K + 254 _/.Z"—%_. 625 #£") 1= 0
o F—7( +£25£7) 17
GRS JZ25H 340__
“zw# 7 — 7 ( Zf)
AT~ 8% . 0507 = o £ = . 7706 o2 0LP¥

X FL.Z
W = 2 = = #é3F SfL)vec
% 06574 /

Here is an exuample of ¢rriving «t the nuncric.l solution of
sn exponential e uction by expunding the expression involving
the exponential into . pover series und substituting the

geries in the ejuution,

4 ..eigxh pFogo, i1ntroduction to0 Theoretical thrgicse
Lew York: D.Van Nostrung.Compuny, Ince wecond edition 1U3i.
Pe 70 prob. Libs
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9
BXa P L In the atudy of gravity waves in tho hydrodynamics
of perfect fluids the hyperbolic functicns ire the solutions

of the differentisl ejuution:
a/zﬁ - O
Lr* “
The definitions of the hyperbolic funetions rightly belong

in the field of calculus. There should be no need for the
dofining of those funocotliona in 8 Thyslcu text such as occurs
in "Introduction to ‘heoretical rhysics"™ by Page (pp £45-6
poregreph 73), eince an sdejquute definition ia given in the
wdvunced Csleulus texts. The circulur functiona are defined
by use of the expcnentiasl series. The hyperbolic functions
may be defined by the exponentiul series in sn znologous

nannery sucih w8 followa,

. r? X Y §
since et = ¢ + X ¢+ 1z *'Zz + 3
-X 7

and € = - X — ), S
) _k/ iy ke

Then €-—€ _ x7 x¥ — e ———-
z = fYrF =t

which defines sinh x

X - 7 J‘

Sinh x = £€-€ _ X X e ——-
180 e.r+e-zl' _ /7‘ Xz{’ X‘i‘* X‘ .
=z = Z T T et

which defines cosh x
¥ -X

Cosh x = "*e_/,cl:.p.___‘yyﬂﬁ- ’Y‘.,--
Z - f24 L4 lLe.
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10

Lok X 1at =+ treatment of the gradiont in thrse vorisbles
gugroested by Haaa.5
»1ll points st which the Iuuction hig the sane vilue

8 &t the point I foru s suwiuge (cullsd o« field lovel in

vectors)e
~ Through P & perpendicular i3 druwn out-
"\f: (F+df) wurdly, culled J and the incresse oi the
® tunction ulong this normul is czlled
the grudient of tha sialsr {ileld 4t Pe

=t P construct & coordinate systen
(f,?,J’) such that the § eand 7 axes 1lis in
the tangeont plane drawn at P to the surface and ihe direction
of the positive J euxis ig that in which the function
increases in value. The following relotions hold zou

comnponents of the grzdient:

P - g £ - P i T - Ei
{1) grudfi' = 0, g;zad?f = 0, i,.zs..d].i’ T

Begildes the surfuce(field level) . neighborins ono
ia ruwm such a8 ( £ + 4f J)e Iet &Y be the intercept on the
J =uxis betwecn the two suriuces. Let any strwisht line te
drova tarocugn P owud dx the interxrcept on tuis &axis wde by
the two swisces. ihen
{2) c08 o = %3{
sicee the J =axis is perpeundiculer to both swluces, o rifFat
triungle ds forwmed. {(The wre ditiers Irua tiie chord by

O wrinue Haws, Introduction 7o vhecreticul rhysics.
Low York: DeVan Liostrund Compuiiy, 1926 Volel pp 35=3ue
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11
infinitesimals of higher ordser.)
mhe linewr rite of increuse of the function in the

direction of x is

(3) g_f_-_-_- ?{{: cos X scnce f/%*; = 7M4//

ITow trunsforming to an «rbitraxry systoa of coordinctes
the compononta of the gradisnt of thef,Zf systen, since the
f-und?'-eongcnents wre zearo by ejuution {(1):; und lettinf:a.lﬂ
Y be the sngles betweon the J ~axis wnd the x-,y-, wd g-

txes reagpectively.

) < of AL
(4) gred, £ = grudy cos« Ix = 7 cosex
L - 4 af - _f/_—i'
grad, £ = grad I cos, 3 ot Ty = "3’7 ccs /7
grad, £ - grud Y cosr 2Ff - df cesp
é 23 Ay
By substituting we get
. 9
grad, & = 9-;,£
If

{(5) {-;"Iad’f =3

* 7he components of the gradient of u seular ure 1ita
partizl doerivautives with respoct to the coordinutes.”

Continuing by syuering and wdding, (4) wnd (L) tcecoe:

frudy = a%rf: ‘/(g}f}t+(§$_)z+(§_3£)z

(3inces Cosa + CouF+ Coa*r= 1 )
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EslPL®  show that V-V (F)=9°

"

L.
Let r .:._‘/xz*yzq,_zz. = xz*_yz*_zz)z

Fe (XPrygteg)
v(+) = 7, (%)

ox*
- J'(x ry +;) (x)(lx)—-()c +y *j)
2
< S (epes) 1) - (e
= 3 r iyt pd
By sunlogy:

/L _
M - 3}”:;1_._ }"‘3
o ﬁb

31’( —I"—) S r\—; - . r"?
g™ B
Vv(z)= 3 r_r(X"?-dy"rj’) — g r

J -3
}/‘3

- -
= Frop*_ 7 - o

6 Leizh rape, Introdustion to Theoreticul Ehyaicst'
Lew York: DeVan Liostrwnd Conmpuuy, lac, second edition 1920,
pe 29 prob léb.
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The foregoing is «un exiiuple whilch shows thet the
student of rhysica should be fumiliur witn the princisles
of pertiul differentistion, ihe problss uwlso dem.nds that
the student underustuud the operator V(del) and the use o
the dot rrodauct in vector suaelysig.

the use of the operater V in both the scualur wund
vector products, applied to vector funetiocis leuds to the
defiuvitiona of the divergence and the curl of a vector
funotion, respectively. The dot prcduct which givea the
divergence o0f a vector function mukes use bf Green's theorem,
This thecreom is sowmstines culiled the divergence forala und
when developed in rhysics, paxrtioulsrly, In vestor notation,
is caliled Guusa' theoren., The vector product of the
operuior VYV wud < veetor function 18 oulled the cwrl of
vootor function wund mukes use of otoke's tneorem.

It is negesszry that the gtudent widerstund these
taeorang since they have luportunt upplicutions in the study
of vhysiocgs wlzo, it 1s essentiasal from the staadpoint of
nathenstios t.ut the studeut be «ble to develop fw.d upply

the above theorems in o purely muthomatlical munner.
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LI PL Jqaite frae uontly for siaplicity's suke it 1o
nacessary to transform to a dlifferent system of coordinutes,
This changd of varicbles gives xise to theo use of the
Jacoblun or functionul determinurt. 0o 1llustrote in «

siple csse, the Jacobi&n will e used in treunci rning from

rectingul.r to spherical coordinwies,

/l*

et i(x,y,z) be sny point w..oue
projection on tho xy=pluuo is .(=,7)e.

ihe spherical coordinutes of P wure

/o,¢.9; ,rode up, ¢ the angle betwaen

0. &nd the pogitive x-uxis and & is

the angde boetwean QF wnd the

poglitive z-axic,
X =0,008 $ =0F cos8(% = @)= 0 8ix. 8 cos §
y:0;3m¢—70amesm¢
£ = c0s 8
~nd the aloment of volume (.oods: sdvanced Cwlculus poepe 1L9)
v =axayaz = | J(A5E) | do Ao do
gin @ cos @ gin 0 sin @ cou ©

J(/{—%—’é =| -psin 8 sl f,osin 8 cos § O

pcos © cos f Pcosd sin § - P asin 9
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j(" ‘f}-) = ~0'8in°9 coc’d - o"sin 8 cos’®e sin'g + 0
-0*005*@ 8in & coa’P - 0 -0 s’ 6 sintg
- o sin 8| sin*0@ oos*P + cos’e sin®p

+ 6050 cos’f + sin’e sin*¢ )

"

= -/o"ain o
Then 4V :-p"ain 8 dn0 ('i¢ as
The ubove expression may also be derived by a geconmoetrileal
method.
To apply the pregeding to « practlicexl problen;
Find the x coordinste of the cexter of graviiy of & wolid

of unifora donaity, ¢, lying the first cctunt &nd bounded

2=

by the three occordincte plunes und the srheire xX*+ y +8° =

s f-/; xdyv ~ _[,?x/l/
i a"_[2 AV B 72“3

ihis cun bo evuluuted by the lteruted integral,

X fra*~3» fYa— ¢+~
f)idV :// 3/ A ¥ Ax a[jaé_l
R 7] o o

1t is coensidsrubly esuvsler to trunsfori: to sphericul crordirates

before mtegru ing.» then,

Jorav - ff/ Esin e coop ofo Ao AP
/f [g;’l simtocos f Ao A F

T
PA
-_-__ﬁ‘] ["I,'S‘;‘ 6’C¢56+34¢9J cos AP
¥ Jo o

a"‘?f Cods ¢d¢ = M

a\‘-\

+

NS

——
-

o
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Therefore at 7
— /6 _ Ja
X = ra? - g
o

This exaanple illustrates thut it is ofteu decirsble
io trunafora to & differont system of ccordinates, scmotimes
for eas0 of solution, other times to obiidin 4 well knowun
fora wnich mscts the demunds of the problexme 7The student
should, therefore, be funllicr with the rectangulir, ths
oeylindrical, and the sphericsl gsyotems of cocrdinutes. 7The
chungse froa one system 1o wucther re uwires o ghunlc oJf
variables. This chuange of varisatles rojuires the use of ithe
functional deteraminuint or Jacobiun. Tha uss of the Jucobiun
1s yuits fre.uocntly overloocked in the tronsformastion fron
rectongular to sphericual ovordinutess It involves leas effort
to work cut ths relutlion betwean the varilsbles by a
geometricul wetaocd thon to «pply the Juecbisn in such
siaple caBo.

This prodblen oi finding ihe coordin.to of the gonter
ol gravity inveolves the use of multiple intericla wnd the
evaluuticn of such wuliiple integruls by repsated or
iteruted integrastion. Hot the leazt purt of the problen
1s choosing the best order oi integration und adjusting
the lianlts of the intepgrz=l to coryrespond to thut ordcr.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17
bla. T Le lapluce’s gguation 1a of groeot iopertances in
Thecreticul Physicse It is encountered in the study of
hydrodyn.mica oi perfect fluids, eloctrostatics ona
marnetostatics, In order to sclve Laplace's ejustion for
the case whers the function is o functioca of »,6,f, the
egjuation must b2 expressed in sphorical coordinctese.

Lapluace®s ejustion muy be obtained in spheriocsl
goordinutes be direct substitution.
For transforming o'y " s + Y _o 10

_ ox* Q4 -3
gpherical coordinuates, lot

=xr £in 6 cos &

ft
{

y=rsin g sin g
Z = I ¢o8 O
8l30 let

ﬁ:r sin o

Then
x= o cos f
y=,~ sin §
VA NE T
0 =tan'-ZL
9 = "‘WL) = X = ceos ¢x
ox o X Vxit g™
8 _ -~ L sinp . . sixnd
ax I+—f:; o* Vb
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(M35 = 35 o6x " oF ox T 3 °f <
Let 3_,\:.—:/{
oV _ X o % D
5 5 55 T3 or
oV _ o QK sc'n¢i£
(3) 5553 = Cos g =y — O¢
Ok - cos g dV |, s5in® oy _ sime IV
9,° 37 S I o edg
2% or cosP IV

Substituting the stove values in (3)

2y g IV . 2 s L 9r 2V
4 - [ ¥44 —_— -

4 Sin"® 2V - scxtg IV

om—————

~ 07 Py 98

By analogy from (4)

. ™ v Jv
(5) (_;3}_\_( sin ¢§;g‘_/__§.. senpesd| 5 55 a/aa¢]
,Ces@ OV cosnp OV
A I I
Adding (4) and (5)
X . . IV
(6) 9%V . v _ ItV " 2 +—_LI“§'_‘1

!
Ix* dg* dev /7 oP -~
et 2 = r cos o, /2 =r 8in 8, by analogy from (6)

Qv v v L IV
(7,3—;;4-0—7-;1=‘§—F,+?§7+7ﬁ‘
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19
-ading equutious (&) wund (7)

b“ &LV a V a'l- V 1 1
(&) + +-—’—_§_._. _‘.._Q__V_ A aV ..'...E).__!
o Y3 a; =3 T ar YR 0t gar o
Since z = ¥ cos @ r= z7+ o
A< 8in e 9 =ta“'"§:
(v) QL _ 2 _ rsing :
o ro r Fem e
{10) g.ke— = 14,/0"'3,3"; = o = [V cos& cos &
— }1,*/.)1- r‘ r
(11} v ov 9r + Qv 96,
o or dp de Jdp
vubetlitutin (&) g (l&)) ixn (11
(12) 9L _ OV ;. 0 4 2V coese
9,0 ar d e r
dubstitutiuy Ivr 0 in (L)
() OV, W _ 9w . dv 9™V
ox-  dy* adj" o r+ ror rscn*9 9 #°
‘ v j . oV o
o L ¢ L0586 IV
trE et Feme P T o T r dej
-\' 1. 1 t tV
(y)c) AV AV _ W , ¢t dv ! 3y+~5-‘},_
Yoy YT s tFor T s 9f° FJ0
-4 col & 2V
tror Y TFr Je T O
sultiplying by ™
(16) r2X p2rdL 4 L gly + gzv oV

5 R P

D
v
Q
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“/ oV r JY
but("*-—-;’*'z’”-g—;.' can te written —a"’—r(”—g—;)

‘v
cnd (—(}—5—__ + Cof & % ¢an be written as
Jf'n P ] aty -+ Co.s' g Jdr — ! o (J“we IV
Six @ Jor Sine Q48 Scn& Jga de

substituting in (15)

Io..,

"
o

The form of the ejuation glven in (1E) is the forn
most fre;uently found in mathematiocal texts and aprees
with the stutement of the maume ejuation found in woods?
sdvinced Calounlus, page 306, e uation 3.

The form of the ejuction written in (16) is the
usuxl polour stutement found in rhysics' texts, and aprecs
with Fege; Iantroduction to Theoretical Physlcs, page 264
ejuation 79-6
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O SRR TP N "ihe line inteszel of & mechanlcsl force ulong

a gurve 1a tserued tho work performed slong this path:

accoxrding s it 1s positive or nogwtive in sipmm, we spesck

of the work *4dons by' or Ydone asgulnst' the forca." 7
€OiK. The force ¥{x,y) acts

at every point of the xy-plene. This

force vories from peint to point in

magnitude cnd direction. an excaple

of such conditions iz the case of

an electric fileld of forco. The

provlsm is to find the work dornes cn

a particle aoving from peint .. to
point Be The work dons on & puarticls
moving through a distunce As; is E(xf,yt,)cos&ﬂ&(approximately).
therefore =t
w = lim Zﬁ’(x;s;-)coa 8, AS;

= JE F(;Ty) cos @ as
The tangent &t P mckes an angle = F with the x-axls wnd
the direction of ¥ &t P mukes su angle = « with the =~uxis.
then @ =a -3

cos 8 = gosa cos/d + sBin e sin

7 srthur Hoss, Intrcductlion to Theoretical Fhysics.
Xew York: D.Vuan Nostrund Comp.ny, Ince 1926 Vol.l pp 36=97.
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| =fc Flzxy) ( cosxcos,? + sina sin 3 } as

But I 603 &« = x-0onponciit of r
=X

P sinak = y=component of F

=X
_ dx
and 008 23 = s
Ay
sln 3 = 7§

iherefore |
\/\/=fc( X dx +Y6{j)

he wbove is the wmost coonon form in which line

Intesxulas wre found.,
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o

FOV.SUUN -3 P Tne wrex bownded Ly o cleund cwrve cuen thot ud
line purwliel to either ox the eocordincto wies intesgscia
the curve in Gderoe than twe coiats cunm be eXricesg. w3 tle
line integral.
; 4 %) =% (~y dx + % 4&7)
(* ¢
Y0 dllustiate the wpplicostice of ihb
whbove st.teumcut, lho uve. Leiwocen

("
(1) 2% = 4y vnd (&) y* = 4x will Le

X

5 doterninad,.

han,q--— (ydx-o—xdj)—-—/(-—ydx-rxdy).,, f(— dx+xdy}

/ -_.dx+ x——-c(x /( 72 d’*T“/fj

=[J—]"_[y’]°
24 s= | =
o 7% |,

Phis application ¢f the iine integsrel rezuiyss toe uvss of

B

tho deiinile intecial wud tio chiclice of the couract 11 iiz.
,This exa.aple demunds in the choles ol limils that tie
student oboorve tie -caitive dilvection in tiivorsige 1he
cuIve, ihe pousitive dirvection ig thov iw hidch o pewvcon
welkin! wrobud 100 UL ve e tiie Lop icw o LA Yot hillide

sLotnory lilustotlica of 1Rl posticeulor wrypiic.tivi

/7
. = e— 1

is ¥ Py oddB
walceh is the wouk res wait voluwis por ¢juile tud 13 o w:l

/
10 477 tises 1he srew of the hywterosiu looje
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i dicsaik Lucs 2ie line inteprsl applied to thsrmodynanica,
Let s unit nmnss of pasg inside a cylinder of oross section a

T be subjected to = prescure p by means of a
' ¥ dx

o, o, s e ied

piatons The piston is moved uwpwurd s distance

dx. osinco tho dGisplacement 18 snall the
agsuwption Iis thuat the pressure 13 not affectsd urrroecicbly.
fhe work doue
do = F Xx distance = p. adx
4/ = p dv where 4v is the volume Iincrement,.

y

The stste of a zas can be reproseated

Q B . “ b, two variables, p wud v. 7The
P gtate can then be re-resented by
(//’} r:::;;::) a point, and, as the varia: les p

| o &id v oghouge slowly the roint =11l
14 M & F

doscrite a owrve, arriviig at .

-

The sxternal work done Ly the pas durings the ghen; e i3
Q
p dv = ¢

P
I{ the poiut repieseutiig tae Sicte of lhe gus s oridipinally

at » wnd if the volume wnd ressuie of the gueg nie put

throuyn w sugeession I cuiniree ond Dinelly return to

b Less. . Cuotoun, i interoduciiocn to Hathenmatical
thysicse Thind iuprecsslcas Loew Yorx: Longmans, Greeu
s“nd CO.‘.'L}“)&‘.IJ.J.' 1556 'le 16,070,
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thelr originel values, the point ill docewino o glouood
curve suceh &5 LDBow, returnin, 1o tio pelnt ol G0l W08 e
48 pup is thean suid to bLa put throuw h & ¢ycloe he Lotal
external wouk done by tho pow duwins ko cyels iuv oiunl
to the wsea of the ¢losed curve =ECU, bocauso the worl dong
by the gus is moving feom o 10 C 18 ADUR oy o4 tho unok dons
soaldnst ths gus dn woviar fvon ¢ to o A0 Cna.l e WHE LI oo
undex the gurve .LUCH muy Lo oxprssged in terms o0 w liaeo
integral tukon arcune ithe bowdury «f the wwe whan lhe
value of the vaaiubies and the patir of the surve are Lnoull.
(.code, puges 177-05)

Comgldor w weltl moes of workiss suiztun ¢ (vuch o3
& per.sect gos), suprooe o quuntity of heut 41 Lo suprlied
to ite .ccoording to the {irst rrinciple cf CTherncdynzicas

it does ext rnudl wo.k

it docrouwsos tho intiincic cxnee 4 o, 1hLe LULsL.LiiGCe
Thiils mey e exprsesssd moatheantically Ly

d1 = 4U + d.u
vut 4. p dv wnd since p and v Geo the ind.poadent verisulos
U=ulp,v)

tien
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en dg = L dp v Yde 4 pdr

1}
Y
.
»
R
4
~»
N
R
S

Inteograting JU olU
7= Jo [ drar (50 o 4)dr)

which is & 1iue diate rcl of the form

[ M(;é v)d/a + N(ﬂ?’)alfj

onese line inteprals vhicuw have bLsen cnpliad to work

Jn'

wnd thermodynuwnics muy cloo e found 4n rroltlsns of the
flow of fluids. The .ide upplicuticrn of the liue intsy

$t0 problens of i sice showd tho need 10 be thorocu i

fumiller with the line dclogrul wud tho svoloatlon of

tiie lutezsal wnd subutituilion ¢f cesiiive 1i:itee.
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EXaibLi® Show by Causs' and stokoe's theoreua V. xvV = o
and vxv =0

ta) The divergencs ol ths ourl is v. v x v

et Vx V=W
By Gauss' theorem: The volume iunte;ral of the divergence
of a vector function of pesition V taken over any volume T
is egual to the gurface integral of ¥V token over the closed
surfzoé surrounding the volume T ,

[rV'WdT :/r\?-do‘- =/a~vw'l7.a[a‘-
By wtoke's theorem: 7The swrface integrsl of the curl of a
vegtor function of position V tuken over any suwrfszce 1s
egqusl to the line integral of V oround the periphery of
the surface, f v x V- de = f vV: 6{;\'
wince the perip%;ry is a aloged cur:'e and since the liue
integral of the gradlent of any scalsr function around a

closed curve vanishes, the following is true,
Jo vAX =0
(b) The curl of ihe gredient=Vxov @ . let V=V

By cstoke's Lhecrem:

frvm‘/«da- =f07~a/X -'-fo ve.-da

By definition, the line integral akout a cloced curve,

| vpdi= [ d# =°

o

9 Leigh rage, Introduotion to itheoretiscal Fhysles.
New York: D.Van [ostrand Ccnpany, 1lnc. second edition 1930.
P 39 pI‘Ob. 173-0
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120 progedlny exoaplo ghows tee wide use oL Gauoa!l
(Gresn's) theoren or the ulveryence soinuila ..:d Jioke's
theoren, This is v wpprlicuticn of chenpgiugs ¢ velu ¢ inte;ru
to an ejuivalent surflfags initsrral tukoen ovar the suriscsa
enclosiog the volume wnd then cl.un-ing & curfucs juls rul
cver into a lire i.tepral which tiruvorses ine 147 of 1he
surisce in & positive directiovn. The integrul normal to
the surfaece s kK.aow ¢ Gauss' theorewm in rhysics, in
particulﬁr, wheua intercreted by vectors. In the mathemstical
field the sazme theorem is ¢ulled Greon's theorsm. The
same itheoren 1s sometimes callad thae div:e: enco ior win in
both the stuld, of Fhyulow wad ilathemetioc,.

Thig example alse : zuiras ths w o of vactor notation

ang the meuning of the teraw, (rudisnt, ocuxl wung divir{oi.08.
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Cilat Wiwn 11

EhVZ UL Gl Sl Al

-

dhere a0 cdutsin newllinu il coneoio LW wus initicns
winleh weo prersuicils Lo toe siud, od  uwoaoocca ooleulus 4
~t thoe wumae tiue sove LII11l In the .xadlics ¢x tho . is
Nugwg8eorye i@ dtusent shiculd owve 0ot cniy = woiwinr
caowleuyrs 01 thews JuuaLaontula Luwl 40 coC rudtica i tao
Deury 10l o« bue rdlad in oxder 10 vwiiod o sRetGuniul ctuwy
of Lhis c¢oursa. 4.0 oSsosticic walell cu e Lotodian, weu luoiu
in the iollowiny poraxeulcitaes:

Colieps l:icbhia

Duiponowsiu g

wiilytic dooumetlsy

Difiesentiuvi Cculeulus

Interxval Cauloulus

Theory of piuaetions (iiot noovtounseily o proreo uisitlo

Lat ver, vosizuheos)

The courue in ..dvimeod vdleulun proiised 10 govaw
that field ws courletely wu posuldlla durica, tie lew s e 01
study,s Toere will bo wo uttemnt Lo awde L 4o ¢iuwss L coeeasnd
Study in waal,sis puch wg will Le e cuwatored In the

of Funetions ¢i & neuldl Vaslablo, wlibow i zoud kmoideo: s

[y
<
ot

trecyy 48 necosvury 13 Goa.uvel wouo I 10 Lo wewn e 0L 0

BOls1.¢6e rom the studpoint ol tuu woooouaticiaun Lo cCUuo
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)
will Le wu introducticn to ithe molhods o onot (L. he
Saope OLf ithe couise will be cuch tuot it will bLe inclucive
of thous matnematicul priaciples Vit@l’to the study of
rtheoreticul wund lodarn rhysicse whe troeatmoent of thess tﬁpiua
will give ths skill in the apclications oif the principles
43 well &3 tho theorye wlthou h cf major iumportance in tne
study of thygics and of ejual importauco in the study of
advuncesed caloulus, the topic of differential ejuations is
not mentionsd in the ocutline of tha proposed course. 7The
onission wus intentional since it is sugrscted thaot a
sgpurute course in differentisal equutions be offered to
suprlement the ocutliusu courses The study of difrarenticl
e usticus could be mads prior to ithe ctudy ¢i &dvancesd
culculus ¢r the study could ko nude ccunourrently with the
Ticst ,uarter oi ths calculus courss.

Tne verious texis cociuglldured us po3sib .6 busic taxts
for tae courss were varlsa in the troatwent tnd completclizsa
of tne toples usuwlly iound in ndvunced culouluu. Cns
suthor trewted tiie couruve wd wun introdugiory couwrse in
smulysis ond gave very 1ittle consicderation to the neods of
toose sgtudents wino wi, bkt desire to muke pructical appilcslicng
of those principles in the fiela of ithyeics. ne texi
offerecd a selection of those toplcs winich wre wost Lfre ,uontly
used in itaysics and eugineeriug, wnd puve w nunber of Gxn.uplLes

Ifrom thoass fiolds. rrom tiie stunoepoint odf utility, tie
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w1
s8election zund trecimont ©f those torie.. wew goods hut sinco
this cowise mugt oest tvwoe royuirenents therse wun o noticutlo

lack of rigorous prescmtatiocn wind oL 1hie numbor of tonic

i

salectode

the text suggested s busic for thils cowse, "sdvuanca
Caleulus" by Fesded00d3, ofiers juite « complets sselection
of toplice. UYney are proesonted in o rijgorous wund formal
manner for the mere s8imple cases tut the nore difficult
are agsumad 1o be trus. 7T0 gquote the muthor:

"48 an exuample of the method used, & proof of the
existence of the delinite integal in one vuriable has
been given: for tne multiple inteprusl ine proof hau
been onmitted and simply tne result otutcede 1Ine
gtudsent who has mastered the simpler ocuse is in a
position to reud the more difficultl cuzo in eusily
accessiblo texts.”

The following popes contain zn outline of s prorosed
courase which fellows clossly the supgoosted bLusic tezt by
#00d8. The ghupter headings wre those given Ly /ocds, the
numbers indicate the order in which they ure {to ba siudicd.
Severaul chupters and toplies which ogcur in tho woodas' text
have been omitied in this outline, since there is no inmmodlute
need of thom for the studeut of chysics. There have Leen
gome topics inserted which do pot cocux in the text tui
which wre deomsd negousuily for 148 CUULSOe

Following the list of topics ia euch cnupler wie
comments on the traeatment given by woods und £80md sug csled

elaborstions or omissiocnge.
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Funetious

goatinuity

he derivutive

vompesite furictiona

w0lle's tusorsn

Lasorsiy ¢ lag Jlowa

Jayler's series wita « wonoionder
lnueteriinate ilouins

Iniinitesiusls

Fundamental theorcus on lufinitesinals
Geouetric tuoeorons on jfufinitesinzls
the firsgt differenticl

dishor dificrentials

Chunge of Varisble

IIumericul soluticn of ejuutions
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"“ne purpose of tils chunter is to xevicw the
fundasoental deiinitions wud thoorews, wid gee to it thut the
definlitions wure nmore ripgorous. The student ahould dbocome
more familicr with the opsilon=-dselts method In all definitions
and stutements of theorems and in the proofs of some of the
thacYrems.

the definition of fuuetion is to be complete, cleur
end congcise slthousgh no montlon of ¢lasses or elements, such
a8 will be found in tne samoe deliniticn in the study of
Fusctiong of a keal Vuxizble, need bte Introduced here.

The so=galled "more Cumberscnme" definition of
continuity:

" f(x) is continuous for x = o wien if ¢ is uny
usaipned positive juuntity, no matter how smell, it is
possible to determine znother positive ju.ntity 4 so thet
the differencs in tie sbsolute vulue botween f{a + h) and
f(s) shull be less thun € for sll values of h numericully
leas thun & ; that is

’ﬁ(a+k).-ﬁa| < € when lh, <J-”
is much to be preierxrred for the students ln thiz course.
The 1llustraticuns of funciions which zie discontiuucus at
& point are clear Lut ssre not clagsified 48 to types O Kinds
of discontinuity, opeciul emphasis should be placed upon the
types of discontinuity and thelir rocognition. 7The fowr

fundcmentsl theorems on continulty are well stated tul havs
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A
Lo rigorous proofs,., The procofs mnyg Le deforred untiil the
study of more wdvancod woelks.

Ttha derivative is deiined wnd un ezcmple whiech gshows
that 4 funetion could La countinuous &nd otill not ﬁéugess &
derivaiive, is glvon. 1In the discussion of the daxrivolivs
tiere ocours o vory sigulilewat statemant, "wien o nsy
functiocn wppesrs in enclysis it is necesg.ryy to inguive
first waetner 1t 18 continuwous uand, socoudly, whaelnor it hus

& dorivutivem,

o
W]

e doefinition of composite {unction is iu
satisfuetory sualytle form wnd thse formeticwn of the
differencs _uotionts is good.

ihe statements of nolle's shwsoren, the Theorem cf
the llsan, and Taylorts Theorsm have bosu steted in o
nonner suitabls for this course. ‘Yhore is not zn explicit
8tutemsnt in the conditivng ilist the davrivative mis Le
finite or infinite wulthoush that meaning is lapliaed in
suying that the fuuctiocu hus o devivative 1o the closed
intesrvel (8,b)e To0 niweh €.iphusis casinot Le rluced on the
stud,; oif lhege theoramo. Tnoy (o8 Judanontal und wnoct
importint in the proof ou theorene widcn wae Found luter in
this cowrse wid io the wtudy of tho Funcllicnu of & real
vVerluble. It 18 of purticules lmporteonco thut tho relutlion
between the itneorem of the lisia «ud the uLxtonded Theorem of

the Leun o Tuylor's geries with o renuinder e shiowie

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



re

o
150 it is impertiunt that the studoit reuclize the rolution
bewusan Laylor's wed lwelousin's seriss: that 13, Hauclawrin's
seixies 18 & purticuler cuose of tuylcr's socive develcgped
sbout the point sewro. Tuylox's iormuls hos (reat thecretical
value, and may 8lso be used in ccleculatione

The iluportance of ikolle's Tnescrem 4s =ruin ghoun in
the proving of L'Hospltal's rule Ior evaluuting the
indatorminate forwms. This evaluation of indeterminste forms
is of nmuoh importunce in the study of Infinitesimuls.

The concept of infinitesimals and thelr oraser is fundommentul
in the study of culculus and the importance cannot te
stressad toe much in thig introductory chaptere.

The discussion of tna first cziid hirhery &differentials
giould be elukoreted upou. The deiinitions are pood tut
should Lo ew:l lied weoro rully witia euiunolégae

vha i1liustvations of o ghripe of vasluiile meke uce
of ine meithods «id Joymulus developed in the gtudy of the
dlfferentials,

The topie Lumerical sclutlons o Liusticus need Lot
jinclude the slgebralc solution ol 4 cuble ejunticu nor
Hornar's method. The importancve of the wolutlou of
trunscendental c¢iuuticus by Howton's mcethod should Lo
stregged und 1llustreted wich uwpplicalicns. Thisg metnod
of iewton epplles aiually well to tie al;cbicle, lopritiusio,

exponentlal, and trigonometilc eiuaticnu.
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Definitions

Testa for convergencs

sepion of coaverponoee

Unifora conveigence

funcetion dsiined by & power serlics
Integral cnd derivative ¢f o powor sorxries
Taylor's seriag

Opsrctiong with two power ceriles

the sxponentisl and trigonometrls functious
Hyporbolic funcgticns

Dominent LDwunctlona

Conéitionaclly convergent series
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The derinitiocu of a powor series wud of convergeonce
&re #0004 wand well 1llustrated. vhe rigorous treatment muy
well be deluyed untll the atudy of neul Varishles.

The teste for convergence, the rotio and compsrison,
sre importunt. oince Fower meries are used extenuively,
thelr chusracteristics must be known, thut is, 4f they sre
convergsnt or diversent and something of the re;ivn in
which the series is convergont. From the stundpeint of
the moathemwticion o elear concontion of unilorm convergonce
iz 1laportsnta

The definition of &« function by & power garies wund

he proof o. its continuity in the repicn of convergence
is gviven Iu 4 sutigfuctory mauner by J00d88.

The integr.l -id cerivative of a powor weries cud
the three theorens wiich wre - ivexn sie valucible in botih
thsoreticsl und procticul work. Lae sume moey be 8.1d of the
operueticns with two power saricd.

vne gtudy of the exponentiwl, trironomstric and
hypertvolic functions is a wpeclal exam;le o1 the arpligniicu
of Teylor's tusorem or to bo explicit, laclaurin®s soeriod.
These functicns und their expancion into & powor deries nus
en extensive applicution to tie rroblems of lhysicg,.

The treatwment of tiie doulnaat funotions zud

conditionully convergent series 1a uite cla. .r.
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he

exarcises given ot

10 oid i tiiig chiacter

cffer u great wmouwut oi pr.ctice in the wpplication of

the forejcing prinmeiples,
of ¢xerciscy ooour

such g

X
e dx

SCMG VOIS

and

Toward the end of the list

siiniddet exrrossioneg,

Senax
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Colot'Zws 111 LTI SV SRR VRS LTt

Fancticns of two or .o0re varictles
Yurtiasl derivatives

Oroesr o1 differentistion

Diffoerentiution of composite funciions
Luler*s theorem on homojenecus functious
Directional dsrivuativs

The Tirst differential

Higher difforentinls

taylor's series for f£(x,y)
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nis entire chaptoxr oo porti ll dalzleeecliation iu
of the utmest isportized jn ihoe siud, of Loth mothencatics
und Inyeics wioace o loawp e portieca ol ine functions wio of
more thau one vuricble.® The study of whe divesticnuel
derivutive or grudient™ wlhen token in thoe divecticn of the
normal is of purtioculury iaportuice in Lppliocd meiuemuticoe
& clewr coucept ¢f the mcunlig of tue pradiont is negeggary
in the stuay ©%F lhysice wnd vector w.ol/sis uwiiich is tuken
up luter in this ocurscs

The ilmportanga of Yaylor's geriles ls tguin noted
in its usge with functiocns of two variztles ad puxticl

derivutives,.

#
Ex )

Gee cxuaples pp. $,11,13,10,80,400
5686 sXunple pe Y
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Cne ¢ uutilon, two waurizbles

Oune ejusticn, more then too varintles
™o e uations, iour vuairiablos

Three ojuations, uix vericiles

The pousral casna

vacobinng
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The treutment of Laplicii functiocns 15 satlizicetory
ior studonts of this course und «t the some tiie lays
gelid feoundation {or the dofiniticn of the functional
determinont or Jacobiamn. The thoorems on ths funsticnel
determinsnt cre well ctlutled w.d provsds e uss of the
Jacobinn should Lo c¢lsarly wndersiocod Ly the studizntz.
This uwe chould ts well 1llustrated Tty such sisple cupcs
a3 the chonpe of varickles in ghangicy to diflsyent
gystoms ¢f coordinutes. Thse aprlicatisn of tho Jucolizn

in otoke's theorem gheunld Lo emrhaouizeds
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This subjecl oi Cecmety, 33 Larortaat to Lhe Jticoent
¢l «pplied mathemaeticos Lecouse i its wide wp licolion in
thoe {ield of .hysics. Jhe doidxiticis develorod here Lie
applied ilumediatoly in the devoelormont ol ww Juce inierrals
and oi Stoke's (heorem. S0 e cuthors have neglected tihe
ngeds cf tihe student of «p-licd mathematics 1Ly tne omlssion
of essentiul topics of thig chiptor. (me suthor males no
mention or such fundamental uu curvilinecy coordinatos.

The definitions of this chapter in ..dvanced Calculus
by sicods wre developed, when rossitle, in the tsrmo of
calculus. The riporous qdeliaitiont of clement of wic,
direction cowsines, 1lines, suvrfuaces, nermals und planes '8
of vital impoytuuce ln the study 01 Thyuices us well s in
the field of muthoen.tics., 6 stud) ¢l curvilinezur coordinstes
ghiould Le nude  uite thorou;h in order {10 Luild & necesgury
buckpground for the sppilenticn of tho 1wy HOLC gomacn
gyetemis, the coylindrical and the poiar or spyhosicsl

cooxrdinates.
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Definition

Lxistongce proof

Fropertieg of definite intepxruls

mvaluation of & delinite integral

Change of variables

Differentiation of u deiinite inte vl

Integration under the lutepral sign

Infinite linit

Differentiation and interretion of saxn intepral
with zn infinite limit

Irnlinite intesrxals

Certain dofisdite inte rals

Livltiple iutegruls

Tha Goars &nd Beta funcetions
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The concart of the definite interral is developond
in & satigfactory manno. for the siudents of beth mathemutics
and rhysics, socompunled ty a rigorous existenco proof.

The idea of the definite intepral is one of the utmost
faportance to the students of anplied wmid theoreticcl
patnedwtics. The student of uppliied muthemutics ig interested
in the evsluutionr of thae defiiditec integrsl, «nd the student

in sauwlygis is iuterested in the propertices of the de:inite
integrules Xhe discussion of a funstion with points of
discontinuity need not Le elalorited upoa sinco the euseniial
pointe are adeju.tely und concilscly coversds o iurther
discussion would necessitate « treatment oL poiut seto,

which is not wdvisseble wt tnis ti e,

The propexriiles oi de:ianito iutesrals we well
stated.

There i3 & rijorous developnont of the evaluation
of the detinite interyal which leuds to tie statement of
the Jundumental theorsm of interral calculpg:

£{x) dx = F(b) - F(a) .

The s?uuy of Simpson's rule mz,; 12 aontioned or
entirely omitted, since 1t is felt that it has vory little
theoreticel valuey wud tie indre uent pructicul applicaticn
does not justiily its trewutment in this courso.

nhe 8isocussioin ol diiferentiution nd intesiwtion
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wndexr the intesral sicn Jor integruls wita finito eor infinite
limits Is rigorcus wnd lexcs itoell to unerous exum-lec.
fhe preceding remu.ks wre slsov appliculls 1o the daefinite
integral in which f(x) becomoo inlinite ut oné or moxyoe
points, in particular at the upper linmit = = b

Certain definite lntegruls which are piven os
examples 10 show the spplicuticon of certain gpecizl devieos
ara juitse 1mportuant in the fisld of upplied mathemoticsa
~Dong these exzuaples is found the folliowings important

intei’i'al: oo s
f e " dx

0

Tiere 1s & clewr wud conclse discussiocon of nultiple
inte, ruls in cidich the inmportiuce of the Jocobizn is chown
in chnmazinug from rectingulsr to curvilinsary cocrdinuates,

st tinis point of ths course it misht be wice to
irntroduce the study of tae Gummu funeilcxn aud possibtly the
derinitiocon of the Beta functione. =lthourh of liitle
immediate uce te the student ol ihysles, the Cunims functicn
is 4 spociul function deilned by the derinite intograld,
1t ia sugyestoen that puragrapyhs Fog. 67 @d b of Jioccds!
~dvanced Caloulus be utilized fcr the trestuent of this
tople, or puyapruph Ho. 79 of digher Muthemutics ifor
Engineers wnd Physiceists by sokolnikolf be uted as flternate

nutoerisls

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Cil¥riun Viie L1lo, oUa 00,

FIOY BEUS SUVEUIE SRR CTTOu

Live inte ruls

Fline oreqa a8 o liue interrcl

Green's theorem in the plune

Dependeoncd upon the puih ef integiation
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he lipe intsfrel I8 @5 uwsoiul i theoretical wnd
pructicul probloms &s tae decinite intopral discusssd in the
preceding chaploer. Jeoods de.inss tho 11 ¢ intepral rigocrously
und glves the vorious fovms in wuinden the line intesrsl is
found, purticulurly the fcllowiag:
a b, tbl
x,y) daz and J/’ (v dx + . 4y )
a, b, a, b,
Tho examples oi work &nd of fluid flowing ovor u pline,
v = (X ¢z + Y ay) end v = h/(-vpc:::, + u/aa"-,;

v

voloclity coupcnent rarclliel
{0 Oa
W = velocity componeat psruliel
to OY
are lmmediatel, wpplicuible iIn i1ae study of lhgsica.

L discusacicn of & ploue wiss wa w liue lutepral
wiih oexusples o1 application lesaves little to Le desired.
wuch an example woulu include the (nllowiisr: Find the arsea
Lounded by «u olilpse wmd e choxd eommesiinlr tho eids of

tho major aud mincy &x:y Ly wewas o0 tie line inteprsl

- = %j/‘(x Qy = ¥ Gx}e
Q

Green's theorean in itihe pline is cleurly developad.
The interpotation of the theore. is leit (o 1i6 situdciile
It is8 oggontisl thut tie student 7ot the iueda thut Croen's
thecren in a2 plone estaoblishes thoe rolation botween & liue

integrul arouid u oclosed curve wud o« é.ouble intepwral taken
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over the regioun bounded Ly the closed cuive.

the éefinition of w slaply conneeted io,ion wad tho
discussion ol the line inte,vul in cuch o se_icn bsiag
independent of the puth of integwuiion wio clourly stutea
and well i1llustrsted.

vhe line inteyrul is used here to est:ublish the
neces8gury tad suwiilcisesut conditicn of the exuct difierentisl
indepondently from the method used in 1he discussicn of
partial differenticticile

The arsa ol & cuwrvod surfuce -né the purfsce intosveal
are lwportsnt ioxr o bvackpround in ioe study oi the follicowiig
imporitant theorems. kis study ol gurises zud the surfuce
integral nukes considorcebls use of the concopty found under
the topic 0i curvilinsur coordinutes,

Greeu's ihecorem in spz=co is clelrly wund thoroushly
developod =nd 1z extenued into other forms which flnd «
ready; wpplicotion to the probvlens of Thysidose ..gwin it

irht Le well to eamphscize ihe meunin. of 1he theorom. By
mewnd ¢f this theorem w sur.uce L terwal tadien ovir w
closed suriace is selatod to o tiiple interwral tukon cver
the region of spuce eunvlesed Ly tue suritcos. tho Gclrsciion
of tho mormal is i.portwunt, it Leing talen ol esch poiat
of the suriuce in ithe outwuru direciicun. Uhle particulsr
theorem is known &3 (reon's theossa in thwe study of mithoumalics

but in ihe study of Phyaics 1t is known su Gousg'thecron co
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the divorgonee foxmulem. uwils theoronm i3 Immoedictely wrplied

to tize flow of o L£IRI4 vkl wClOBd w SULLIwGd ang louds

directl,; to the e uution or cowntinuity" in hydromechanics.
stoxe's theorea iz ricorcusly develecpod with the

«ld of deiinitions developed iu the study c¢i curvilicsar

coordinates. whe ruct that wtokets thoorem plives the relsation

o
o0

between 2 lino integral in spuce wwd the surfucges intopral
over tine surfags encloved Ly 1nae olosaed roin of the liae
inte;ral cunnot be stressed too prsatly.

Both Green's uad stoke's thecorens huve important
epplicutions in ithe followiag chaptor on Vector Ilctuticon,

The dovelcopment of the expressicns of divergcucs and curl

respactively,.
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.. knowladge of vecstor notallon wud prosicisae, in
tne applicaticn ol 1he Zrinciples c.o veulor saslyuis is
inperative for w succousiul slucy ol thooreticul Thgeica.

+338 chapter is an intsroductic:. to veetces nototion

in which eughuvis will ve pleced on the thoweowh

G

stundinug of the derinitions wnd siuple opercticns rutheyr
tizen o gurvey of the wnols fileld of vector wanwlysiz.

The definiticns wee clewr mnd couapletse, and iho
two products, thig cculoa wnd veutloxw producte, huave vecn
completely developed «ind interrreted jor two factors.

<he deiinitions oL curves Lnd Geeun in tornw ol
veeltis are concise wnd zaticicctory fex this couras.

Tne grudiont is develored wooin in this chupter
but in vestor noteticr. The dodiniditica of the grudient is
extended ito itne deling the opsruter dels Yhe exe i1-ls 0i tis
éovalorwent oL the grudlent us suspestea Ly Hows aniea
ocours in the forepuit ¢i tnis paper, e ins with o suwfsce
eud w2 noimael 1o thu :uriaee; unyg precceds 1o show that
thug go.uponents ©i the co.apoaeute ol the prodlont of &
gscalar are 1ts partial desivatives wilih voespect 1o oo
coordinutes,

“he oper<lox del is upplied to toin veelouw ud
voctor functions. 1t is wrplioc to a vecies Zunction in
two ways: Lemely the scilur croduct wud thne vielor product.

The regull oI the application w5 o sculusr or dot product
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gives ity adefinitiocn the diverpowce of 4 vecicr. Lho recult
is closely reluted to Green's theorom wud this rol.ticn
shiould be emphuwsizaed Iin the siwey ol thic pzrticuluaxr rosult.
ihe second spplication, we o vectory o4 ci0sg rrcuuct, ~ives
the exXpression kuown us the cual 01 & vagtuls Jhis vecloxr

socintod with

Yt

called the cuxrl of u vecticr 1is closo

0

VAR
otoke's theocrsm wod tco .uch emphasls cuwunot Lo rluagad

ci this fucti.
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intxroduction
cpeclul iorms of partisl diiferontiul e uuticns
the lilneur purtial differentiul e ,uution cf
the first oader
The Fourier series
he sfourier sseriles with sines .nd coaines only
Laplace's e uction in two vuriubles
~pplication to the flow of heuat
*he Lapluce ejuation in three vaorizbles

-pplicatica to patcntiul
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« partiael diflerontial eivatiocn is an eyuuticn viiich
involves particl derivuatives. Lhere wee but coupuruatively
fow cuses wnich huve wa enplicit solutione 1t is not the
purrposd here to viuwdy tho theciotica: brolpround implled by
partial differenticl o juations, but merely to notice
certuin squutions wnich see import.nt in aperlied muthenctics.
There wili ve incicated certsin metnods for ithe solution
ol thoeue particuler oquutions. Lo meution will bo muads of
the jquesilons ci lie prooi of existeucs ¢l golutiocns, the
convergseuee wiud tie velidity ol operuticus upon such ssrieg,

e solutiuvii 01 puitial difiersiitiul ejuuticns
involves wixlitiwly iunctions. 1u o prccticul wupplicution
the probled is usuully to determine & purticulur functicn
walch will saticiy the difiereatiul & uution wud «t the
gume tiwe meet tuhe rejfulremo.ts of the practical problem.

Fouriexr eserics wre introwuweo. and applied to exaples.
Spoeciul cougid.ration is olven to the Fourler sorliez with
sines wud coslnes onlye

vhe lLepluoge ejuwtion is cowsidosed din Loth tuo
Voriotles wund thooe vuriobles, 1In euch c¢uws¢ the e uction
18 triwgsormed siom sectunguluge to pelor cooxdincics,
Luploce's 2 W.titue e wiplicd to the Ilow of heut cnd

to potonticle
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Complex nuukboirs

Graphical represontation aud trigpouometric form
powera and roots

The sjuare root

wXponential dand trigonumetrice ifusctions

The hypertbvolic functious

The logiithaio fuucticus

ihe invelse hyposbolice wnd tuiponometiie funciious
rungtions o1 & co.auylex voariable in yeoenowral
vonjupute funetio.s

condoril ve:resentition

Cauchy's tasoscw

Jayior's seriea

roles «nd 18s3leues

applicution to reul integrals
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Tne stuweunt who hus hio & gowss. in the Theory of
Bijwetions &3ill find w roview i the fundument.l couce to in
tho Licrst portion oif 1hiu chugpter. had stuwsent dio hie not
n.d the awovintlape of such :revious ctudy 3111 ciud coa-lets
uedliiilicns wnd 20lss Lor wnirulaticn ¢f tne coaplex
vumbor s8lupl, stutcoe. wozplex wumbors are given propitical
and trigonouetric Lormg wad 16 PUECHYS wul LuGls i@
dicscugaseds Lwa8s9 1a o ol pde teestmont of the rel.tivu of
coumplex Hkolers wau toe exponontiul, tiijononot.ic,
hypeibtoiic uud lo vitnmic functicus. 1 tic discuswion of
functicus ci o goaplex variuble, ..o0diz , ives o ri;jocicus
tieutuent of tas topice vonjugpute funotions wue dcszined
ane it iz shown thut e.ch of o puir >f conjurate functions
is u solution of the Lurloce ejuation in two vasialleue

gonlowal repriguntuticn is too laoryr o lenlie to Le
discussed thoxou hly 1o wugh & ¢fue. ¢ ou Lnil CLde D
intogrel of uw conplex iunction is dotreduced dnd &
twbe ental theozroem st.otcue Cuuchy's theowssw tod Joyjloats
geriocs was well trcutede 6 doliladtic.s ci poled wid
redidues wi0 Swtisfueios, for 1. 1lu GoU.Ce W@ Tonucr 3 Ch
yegidues is usou in cever.l crx_omnloel to evulu.ie lute w.l.

01 sonl voricllcs,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



69

N . . e b - T
Lii""-g waedi -I:Inl. selo 0p Lo i\-l lln RV ¥ \--L.:.ln‘

Introdugticn

7Y

Yhe funcetions un u, en u, dn u

~pplicution 1o the poidulum

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



G2

In the introductioL to ellipiic iute sule there is
S veryg £006d 1oViow X tne vawiouu lyre. of dntec.nis Jhieh
«re euncountered. Followi.; the voasdcaw 1, rou pruvicusly
encgountoered there is jiatroducor o« noew tioe vxlles tho clliptic
iate; rsel and which re wires o« new fuuetiou, 1n wlliptic
fuaotion, for itg evaluution.

ike three Linds ¢f elliptic intesrile wio listed, a
and tine fungotiouw suou, en u, dnd dn u wre velined,

Tne s8lliptic intesrael 15 tnon uorlicd to 1o rreilem
cx1 the siaple punduluc.

If there Le suificient tiue .nd the cardlLilities ol
16 clags worrant it, this couwwadg i, be elabor.iol upon.
ne eluborution cousistins cf the cuditice of eostuin
topics iod Ine exiwnsiocw. of olhers clacudy montioned,

Uoucersnin s tnge latter the 0.4C.dn: torde:r wue
sug ostuods:

e Gammnd «ns Betyu Tanctious

yriplo productis ik voctor nctetion

The souricr soxieds

~11liptic dute;rals in the complox pluae

e poessitle widition. l tosdes would include the
following:

Harmonie functiona

Pegsel Tunctiold
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