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1. Introduction.

The tests of the bypatheses for “goodness of f4¢" and for
independense in contingency tables ars among the mest welleknown and
most widely used in applied statistics. Unfortunately, while the
numbsr ef “oook-book® appliecations is high, rigorcus trestments of ihs
subjects are quite searce. It is the purpose of thie thesis to presand
8 rigorous development of these twe theories and of the fundamental
results upon whieh they depend, ie the development ef mll the regquisite
theorsns would reguire elaboration ef the text=book proportion, eonly
those definitions and theorens which are nev or not well reprssanted
in the literature Bave besn givea in destsil, Cerisin other results
that are well knowa and reedily aveilable are merely stated us needs
require, Ia additien, many of the methods ef probadility theory are
assumed witheut specific mentionj for sxample, the one~to-one corre-
spondence betveen u density function and iis monment generating funcilon,

providing the latter exists in the neighborhoed of the origin.

2, Preliminary Results.

Theares 13 If the m.n mstriz A {s symetrie there exists

an orthogonal metrix P such that

(1) PAP* =D w/¢0 . .. 0
06 .48,
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wJw
where the 4y are the cherasteristie roots of A. FEe note that, from

squations (1)

(1) 2 e (Par)"t = a0 1/4,0...0
o 0 1/8,

Theorem 31 Let A and B de patrices of rank y and s
yespectively such that the produet _A}_ s defined and has renk ¢,

Then

t <inf {r,e]

Theorem 831 1If the men matriz B is of yank r, end if

R (31, 2 o s, 8,); then the number of linearly independent solutions

to

3'3'(0’11-3 Q)

_’;! m = ¥,
The folloving theorem does not appear ia the litersture, so
that & preof 1s given here.

Theoreas 45 Lot 9_ beo & matrix of erder m.n and of rank r,

i W0 Sty iy Neusa TEER N WTSTRETITRAN

Then AL® 18 of runk r.
Preofs Eimee (A'A)* = A'A, we ses that A'A 15 symmetrie and
apply theorem 1 te find P so thak

P'A'AP o (AP} (AP) » D = ‘: ¢
* o o &
0 0440 du
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-3
Let the columans of P be (P35 o s «yPg), then the columns of AP are
(ulf *« o ey Apn)o "0'
| n 2
4 ~(APYAP) = 2 (Za,p,.)
3=1 i=1 J
bence

d =0

implies that

Qe « » O

Now since P~l exists, Pys o o op Py are independent, and by theorem 3,

the number of linearly independent solutions teo

“’k -

Ce o 2 O

cannot sxceed B « r, The number of 4's mehv that 4 » Q0 isn « 3,
vhere s 10 the runk of A'4, hence

Aw g =y

and

r=s
but, by theorew $

r=>8
hence

regs

where r s the rank of A and s 1s the rank of 4'4,.
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ale
Preliminary remarks to theorom 51 Let Xys o 6 ey Xy
be rundom variables with iz.) » usy 4 =13, & & iy ni Lot & be the
veotor (27, « » iy %), und define &) ss the veector (“1' cioy B e
In particular; it o« = ({5~ ), o « oy (x; =~ W)
o) = (0, « o oo 0)o

Then the covariance matrix eof the vector § is
B = 'O«f) - (""’) = {“'1 - “i)(:3 - u’))

Theorea 51 Let Xye » » o¢ X, be randon variables, let

§m (%30 ¢ o+ oo %) and 1ot ¥ be an n.n matriz. Define the random

vsrisbles in 7= (y;y « s oy ¥,) by

7 =5u,
Them
(5.1) 7)) = XS5 )u
(8.2) sov{ 7 ) = Mecov(S)IN?
L 1 y Rk “a T
emna 13 . dr = /f2
Lems 31/ jar
Proef: Let
© «1/2 y’
,/'c dy =1
-an
then |
® «1/3 73 ™ =1/2 2l 2
. dy S o dz » I
~00 =00
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Let y»r eitnoe , =y cos®

then

O=r=w

the Jacobian of the transformstion i¢ y, and

2T .
1 - ffrollzrzdrde
0 0
o 2
ﬂiﬂfrolh‘r ar
)
- 2
- -zﬂul/zr
¢
- 27T
hence
e
-l/2
(3) I-fo,’zdynVﬂT
-0
Let y = Jox, then
® 2
yr.Lﬂ1n ix
-
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=G

® 2 2
«})/3 +*
Lemon 2: /e /3 ey ¢ oy dy -‘o‘ /3e V25T /e
=00
Prooty ~ec/2 x’ *ay

- -c/t [y’ - 2-/¢ y tzloz -» ‘3/03]

- «g/2 [( 7y - n/o)t - tzlaz]
then

@ 2
'/»' 1/2 ¢3° + ay ay
-0

. }.-cli [ u/o)’ . 12/20 .
-0

2 v
I /207-;-0/.2 (r = a/a)® dy
-0 .

Let x = y « afe¢, then, by lema }

2
& 2e G omez (y - a/0)] o
-

- .u’/ze 7 .-e/! xa ax

-0
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2
- o /20 V21T /e

3. The ¥ultinemial Distridbution,

The random variabdbles %3, » « «4 X, have the multinemisl

distridutien l&_thoir donsitz'function has the form

:1. e v sy ’t Ao pl . . .pk

31:!3= “-« = ka!

k k
where I x.»n,end I = 3. Inorder that f{x , ¢« « <y X ) Do &
M——— 1-1 ’1 ’ -—uui-l pi 1' L) k

density funetion for é&ilscrete variadbles, it ie nscessary that

x x
p A - ﬂ: pl 1- . ° Pt k -}
]
ZIiﬁu 31- « » o!kz
QSIfSB

¥e seo that this condition ie sntinfled since, by the multinomial

theorem
‘i' *x n
L 4
(" b3 — e — pl ¢ & Pk - (Pl * 4y e ® Pt)
le.ﬂ 1. * & @ kt
OEhfSn
and by sssumption
4
T p~1
i=l
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S
%e now develop the moment generating function
ity v o v tk) for the multinomial distribution.
£ oz,

m(tl, . o oy tk) - S(Oinl )

- z ® " s s @ nl Py" s ¢ 4B
in.n ‘ 11‘ . a2 ® Xk‘-

t x t
.z n} Ol 90 T PR “pkf"
infn xil PP xk!

Osxfsn

hence, by (&)
. ' t tk

(5) n(tlc ' e ouy tk) w {e 1p1 Y e v uee pkln

4, The Multivariate Normal Distribution.

The variables Xye s o 9 X have a Jdoint normal

diatribution if their density fumction has the form

n n
wl/2 2 2 8, (x, «u,)(x, -« u,)
1l j=l i3 "1 1°°7% J

f(xl, s e oy 1n) = ge

where the matyix A = (“13) io positive definite and aymnetrie

and the constant ¢ is such that
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-

(6) eSS v s oSO EIAEY 45 na
n

where
§ = (Kl*ul)g o ¢ g (xn"'“n) .
and

f‘“l' corex)e 0’.1/2 FASY

How, by theorea 1, there exists an orthogonal matrix P such that

PAPY = dOtw#
R

QOutud

thes
plz
{7)

IAI 8,4, 4044

We transform the integral in (6) according to the relation
§ = 7P where 7 = (yla s e oy yn). the Jacobian of the trans~
formation being ]PI = t1, 5o that its absolute value 18 1,

Thus, by equations (7) and leama X,
'/‘Rn/' . */“1/2 SAs! dxl . 5 @ d)tn

- * L]
cSog e S SEVEIIET g ey,
n
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*}0w

n &
/2 ,I, y,d
a/;[.;./ﬂ ials‘idylu..dyn
2 2
0 w
«1/2 5.4 -1/2 ¥y 4
nf& lldylﬂn'fﬂ nnayn
=00 (b

= 2T2/|a| 272,

Hence

(8 |A|1/2/(27T)n/2./;f~ . ./-‘«-L/a SAG ¢ a5 w1
n

end this determines the constant ¢.
We now davaloy~th¢ moment generating function

a(tl. . e ay tn) for the multiveriate normal distribution.
Suppose that ¥ya o ¢ 0y X BFe randonm variables such

n
that 3(::1) 2= Oy L 1, & o »g Bs Lot T = (tlg . . sy tn)‘

then
m(tl, .- 9 g tn’
n n
“1/2 3 @&, XX
t t x 13747)
uc‘/x;,/;.- llﬁcqninnﬁ =1 3=1 dxlas.dxn
n

mofo/ e s s feT5 SJVRSASY 4o,
n
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, “lle
Let 7« (g0 » o +3 ¥, ) and p be such that
PAP' = D »/d, 0 s « » 0

L B B

L+ Qauodn

Make the substitutions € =« 7P and 7 = VP where vy s (zl, o o wy z‘).

Then, by equation (8), lemma 2 and theorem 1,

cﬁ/’- * 0f07~f‘ ﬁ’l/a.g"\f’ 4 §
n
X VWA o SSFPI Y 12 7RARTY 4
43

- ‘/Ri/’ . ‘./,rq' e 1/R7D 7Y , 2

n n 2
12 2,y ‘-l/2 Z diyi
= cd/gufﬂg . .~/n‘ =1 . =1 Ayy » » » dy,
n

z -1/2 4,5, ¢ 2y,

- c./’:./o' . o/.’hl dyrn P dyn
o ‘
n/2 o 1/2 =,%/a 2 s,%/a,
= g (27T) /Vaioutﬁ;ii » s & @
i/2 ; 2/‘
I = a
1771
- e i=l
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-1

e/2 TR

- 01/2 {PY'PA PP I

ﬂ-—-lc“'
a.:l/zu\ T ¢

Thnsg it E(f) L (0. “« & By 0)’

o~ ») .
(9) m‘(tl". . 4y ta) - ‘1/2 Ia T’

How suppose z(xi) = u, g Laly s sy ne Let

§ » (xl - l)' S ...(xn ‘\ln}’. ss that by (6)

n(tlg . s wy tn,

n
i 1 -1/3 Z 13(3’. - )(IJ -~ 3)

= G/_/:v._/ﬁiul i=1 331 lu.dx

n n
z ti(xi - "1)

13.
= l a_/‘/tno 1"1

n

n
M2 g5 My ey

o ﬁxlouodx
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‘; ut Tet ~1/2 €ag?
- ‘1-1 G/R./t . b/ﬂ @ a¢
1
n -l
AN /2 T
- o=l .

Thus, 1f E(£ ) = (“1' . oy ﬁ“,

h u],:——
z “it:l, 1/2 TA
{10) B(tli . v og 1333 - ﬁhl ¢

¥e now show that cov(€) = A‘l* ¥rom the properties of

the noaent generating functioa

(ePwver w) - (W“>G“’“>t -0

In this case, lettiag P {a J), from equation (10)

(o:n/m;h)
t-t-Q

n n 3

I Uy /2 3 ; a titj a

- ‘:l.al . 1=} 3=} u, - ii 1 a"hti
< Ry
Farthermore
(2° u/ot, 3t 1
ty=0
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S L

n n id
zut, 1/2 = za ttj n
- .1.1 e 3..1 Jﬂl uh (“k - 1fl‘1hti) + (‘hk +
in 1k ik
z a 't t LI oaTt )
1ml - 1 uk.tal
“ “h“k * l-hk
then
Sk
hk
-y e - uy
] am .
Hencse
(11) cov{€) = (g} = (ald) w a*?

5s Zhe Chi-Square Distribution.

The chileaquare distribution 4ie well known and extensively
discussed in the literature, bowever, we will be concerned with
the moment generating function of the chiw~square distridution

rather than with the density function, hence we will define the
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c¢hi-square Aistridution in terzs of Ailsg moment generating functione.

A random veariable y has the chi-sguare distribution with

A desrees of freedom if ita mement generatings function is

a(t) = (1-2¢)"/2

We will demonstrate an exanple of a random veriable with
the chi~aquare distribution. Let xl. sy xn bs independent
standard normal variables, let

R 2
A P

then

n () = E(e*)

n n
t I =x 2 -1/2 = xia

- @ i=1 : V(ﬁﬂ)n/a_/nft . n/. 1.‘1 dxl- - .dzn
} 8

o 0w
»1/2 (1 = 2¢) «1/2 (1 = 2¢t)x
- ’271 - xl dxl...]./IZﬂ * ndtn
-0 -0

which product of integrals is; by leamma 2, sgual to

(1 - 2¢)~/2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



wlbw

and we summarize in the following leamma.

Lemma 3t Led "J.' . o oy ‘n be independent atandard

n
nornal varisbles, let y = 1’21 .tiz o then the random variable y

has the chi-square distribution with n deprees of freedom.

Theorem 61 If X,9 » a a9 X are Jointly normal,

. a =z
1/2 n/2 «l/2 Z z‘ij(xi - “1.”"',1 - “J)

t(xl' s s vy Rn) lll\l /{2T) e iel j=l

then the quantity

n n

y = 151 Jfl ‘ij(xi - ﬂi)(xj - ‘11)

has the chiesquare distridbution with A deprees of freedon.

Proofy let € = (xl - “1)’ s s vy (xn - un) « then

y= 46"

1

and, by (11), cov(€ )} = A™". <Choose P orthogonal so that

PIAP a di,ﬂo o 2 O
*. a2 4 & &

OGnn-dn

and let T = £F where ¥ = (a‘.l, ¢ o oag Zn), then the u,, as
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linear combinations of normal random v&riablou, are nohmally dia-

triduteds Murther, by theorem 5,

E(C) = E(E€)P =0

and

covl(T ) » PA™IPY w /8, 0 s v s 0
* 8 ®* 9 »

Lo} Oqtclfdn

Hence ll/dl"l/z. . o sy un/dn'uz are independent standard normal

variables and by lemna 3

: )

v e g2 w0 d.t”l

has the chi-square diastridution with n degrees of freedon,

But
n
2
121 %4 8y

=Y FIAPY Y
« EPGYAPPYE *

mEAE
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hence
n n
EAG? = o2, Iy ag5(my =) (x5 < u)
has the chi-gquare distribution with n degrees of fresdom.

Ge The Multinomial Distribution with Specified Parazsters,

lat Xeo o v oy X have the multiaomial distribution with

k ok
parameters pie o ¢ oy Py} 1.2'1 x, = 1, iz'lpﬁ. = ¢ Xn applications

involving the multinomial diatributiony the simplest hypothesis
that may be tested Lo that which specifica the probabilities
Pys o o sy Ppe Accordingly, we seck a function of X;u ¢ o sy X,
and pl,; * v oeg Ppo whose distridbution is one of the well known
types. To this end, let y, = x, = np’_/ﬁ.

¥We sphall show that the jJoint distridution of

Fie ¢ o 00 ¥y is normal, #¥#e firat establish some leanas.

Yemma _‘;g:‘ Let £{n) be a function of the integer n, such

that 1im nf(n) = O, and let a and b be independent of n. Then

hE T E-fna-t- nlog (L +a/¢/n+ /o« t(n))]w 1Y -nz/a
Do O

Froof: let z = {(a/ /2 + b/n + £{n)), then by the

Maclaurin expansion of log (1 + ),

nlog (L +a/fa+ b/n+ £(n))

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



«lOw

=n[(a/ /o s /2 + 2(a)) = 1/2(a%/a + ¥2/0% 4 (£(a))?
+&b/a3/2 v 2at(n)/ a + 20f(a)/n + 4 & J c~
Then
lim[-/ﬁa-vnlog (l+a/[/3¢b/n+tfn))]
Bmesr G )
= o /oa e+ fua ¢ b« a2/2 « olnsria))
-b - alse

Lewns 5: Iat C be the covariance matrix of

Xes o0 2y X 4 vhere Xyv ¢ o 0y X 44 X, BYe gultinomially dise

tributed with paraxqeters Pyse ¢ « o4 Py v 2} and let

’1 - !1 - npj,/ /E' m& "? = (yli o Ny yk_.x}t maﬂ

{12} 6‘1- r s O ¢ o« v O * & }‘qocé‘
Py Py Py Py
e B & » N ?!D.f’
O O« s s 1 _J,_ _;!-_ 2
Prwl Py Py Py
= (dij/pi - I/Pk)'
and
k
-1
(13) REC - .‘-.21 (z‘ - npi)zlnpi .
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¥e shall show that ¢ timea the metrix in eguatioa (12)

yields the 1deatity matrix, We have

..1 *

LI a“pspl * sae ¢+ A(Pa‘ - ?a)(PB * Py:) * PaPa,y ¥ e ¥ PPy
Py PaPp Py Py

kel
a2
" paa_iil Py * Py By Py - PaPic
“PgPy
2
= p,(1=p ) Péapk - paa = PPy
“PaPy
= 1 )
fre
ris
. 2 -
=« PPy * seu 4 P° @D 4 see e P Pap, + pk) ETTIR G % W
Py P PgPy Py

=  p.p,(1 - Pm) = PPy * P PPy
opapk
- ° .
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Hence .
et a1,
Te eastablish (13)»
%
Z, (x, » np )z
=1 b 3 b §
8Py
k
= 4% 5 - 2axyp, “zpiz’
Bp,
3 k k
b 4 z .z
- itlxi ‘zislxi*niul Py
npy
k
z e
= el #1 “w 2n + 10
apy
k
b 2
® =1 % T8
apy

76 - o B TR . A I 2. D00 U R,
. o PrPe %k *x

& & % & ¢ » s N

b § 1. ¢ Pk._l"'llk
Py Py Pyw1Pi
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Xl
P gl X, = nBp; ¢ XD, ¢+ xapk - nps(pa + pk)
[
- pu(n - xk) = np, + X P
Vap,p,
- ”81’1&: - xkpa
Vop p,
Then
7ct 7’
o [ EFPy = XPy s s v X 3P " X Pray ¥y " RPy
ﬁplpk ﬁpk‘lpk ‘ﬁ
[
[)
¥pel = BPy.y
/n
278 § 2 2
= g2 Za P T AR4PaPhe T MFaPy ¢ THCPy

BP4R
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=z e

RPL BPy Py
ke
™ zlxau(nuxk)axkbxkayzk-xk
D fa] e -
BPy, P BPp Py
k
" z xia w Dy
i=l} m‘npj_
Eence
3 k
An) e ial
npi ﬁ,p&

Theoren 7: let Xys o o 0y X have a Joint multinomial

k .
X, » 13
135 2

distribution with parameters D,y « o so Pyt

k
Z. Py " 1y 4 let y, = (::i - npj_) / ¥a « Then the randonm

1=l

variables yl. . e ey ’k-l are ssmntotically jointly normelly

distributed and the quantity 3 (xi - npi)afnpi is saymptotically
ix}
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ghiesouare distributed with kel depgrees of freedom,

Proofs ¥e seek the moneat genersating funection

K(tl; * = oy tk*l) of ,1' X s ey 7’k.1a We havp

H(tlﬁ * & by tk’l)
Iyt Yoot

{a,«np,//a)t, -
- e 1m0Py /a 1““(‘&-1 npk']'//i“k'x' at pl‘]‘ngx:k
Zé:%::n lllamn&kl

20 8

-a I p. . /0 ~ o .
tay +¥ t,/7a\"2 t,y/Va k-1 &
- z e nt .[ Py saef Py q@ ' . %
Za,=n | W Y- |
Oséisn - SR

% |
-/n 131”1*1 ¢,/ /3 ' 4/ /a n
- e Py AR BRI D S * P .

This last quantity, by use of iha ﬁachur:&.n expansicn for each

t,/ /3 .
py® ,

i = py {1 til /a + tf/zm * tj?/}!nB/Zf s o s |s

hegomes

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-2 an
K=l
[
. | Epl + Pt/ /e pltf/zn + plt.f/én’/ 2 e )

* (pz.-t pat'é/fi «'patzz/zn v e e

' u
* (pkﬂl + pkﬁlt *l/ Vﬁ + pk"ltak.l/an * o s 8) ¥ ka

_ kel
/B 12:1215_&1 l‘: kel Jeml
ne " 1+ Zp. 0./ /a0 > 2 a
‘ b £ = .
11 ii r hlpi 1 /l-n * t(n)
vhere lim af(n) « 0,
Do OO
Hence

Log M(tyy o o o9 ¢, o)

=/t 3 p,t, +nlog|ls JVas 3 a |

and by lemma 4,

PpEl= zp e, /2« (zp 2
=y ¥ Ppont 3t Wi :l.mlpi 43772

nlm M(tlt o ayg tk‘-l)

/2 k--lp ¢ 2 _ k=l kel
i Pyp t,t
.- o S T O 3 R REAE
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=G

k=l kei

/2 : Z ‘ﬁ pi - pip )tit
UM Pt

- $M2TCT?

Hence, with reference to equations (Y), we have

-},
1im f(yl. . %+ 8g ’k—»l’ = Qvl/a '23 79 .

Dty (3
Now according %o theorem 6§, '2@"1’2 ' has, in the limit,
the chi-square distribution with kel degrees of freedon, and from

lemna 5 we soe that

k .
26" 7w 3 (x5 = np Y2/ap, .
1l 4 4.

This c¢ompletes the proofl of the theorem,

To 1lluatrate the use of theorem 7, we consider the

followlng exampless

Example 13 Suppose we wish to test the hypothesis that
a die ia true, A sample of n throws of the die is observed, Lleat

xy be the numbexr of times the value 1 oocure in the n throwsj

6
L w2y 269996} 3 x, = ns Let the probability of the
i=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



;\27~

é
og¢currence of the value 1 be Pys I Py = 1, then the probability

of obtaining x; occurrences of velue i in n throws of the die is

= x
nt pl'l y 9. PS 6 .
!1! “ e o0 xét
Thus wo see that Xen o v wy Kg are. jointly multinomially &istribute
6 6
#d with parameters P,y ¢ ¢ sy Pre I X, mny 2 P, = 1s The

hypothesis that the die.is true is the hypothesis that
} T 1/64 4 8 14 4 » o4 64 By thaoream 7 our statistiec is

xz - 1§1(xi - ay‘t)a/npi, with 3 degrees of freedom,

Example 23 Suppose that each memnber of a ¢ertain genus
of plants possesses one of k mutually excluasive characteristics,
where 1t has been established that these characteriatics occur in
a fixed ratios A botanist suspects that a species of plant under
observation ig a member of this genus. A panple of n members is

. taken of the species; x, denotes the number of cbservations of

characterietic 3, 91,1“ the probability amsociated with charscterw

k X
istic 4, X, = Dy I Py = 1« We resognize the distribution
1=l i= “

©f X4 » ¢ o¢ X &3 the joint multinomial distribution with
paraneters Pye » ¢ o3 Ppo The hypothesis to be tested is that
Py n'§i whott'S; is the propeortion of the sample that would have
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‘characteristic 1 if the sarple were from the kaown genus, By

k
theorem 7, we use, as our atatistic, 'X? s Z (x = npi)g/npig
ixl

with k-l degress of freedom,

Example 3: A olassical exomple arises froa one of
Mendel's experimenta. He obaserved, simulteneously, the shape
and color of hybrid peas obitained by crossing twoe types of poas,

Among B = 556 peas he obaerved

Round and yellow « « » = « 315
Round and green « =« « = = 108
Angular and y21llow = = = « 101
Angular and green w = « » X2

The Mendellan theory of inkeritance states that the frequancies
should be in the ration 9 s 3 ¢ 3 1 1s the hypothesis, then, is
Py = ‘5; where ‘;‘1 = 9/16, ‘53 = 3/16, ?:5 = 3/16, ‘53* = 1/16, by
theorem 7 we test this hypothesis with)(_a = :é),(xi - upilz/npi

with 3 degress of freedom,

7« The Multinomial Distribution with Unaspecified Parameters,

Ve now consider another well known teat concerning the
multinomial distribution, the test for independeance in contingency
tables. A contingency table is a rec¢ctangular table formed in
this fashion: we have characteristica Ao o o oy Ar,and

Bl' " ey B.. the 41jth entry in the table is the nuaber of iteus

having characteristics AL and Bd. For examples
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Example 1t A survey is taken in which menmbers of
fesignated yrofessions are quesntioned as to thelr opinieons on a
controversial political issue. A sample of size n = 10CO is
obtainedy the claasification by profession and by oplnion gives

the continpency tables

_Favor  Oppose Undecided —
lawyers 207 142 gg e
Doctors 93 11 | 3 ' 1
Edueaters 129 150 & 527
v 1000

KO- 106 160

Example 2¢ A surgeon in a military base wishea to
tost the sffectiveness of a 00ld preventive serun. One group of
servigenen is treated with the serumj a eontrol group is not
treated., Both groups live under identical coanditions for an
cbaerved period of time, at the end of the period the health
records are checked and the tabular information for testing the
effectiveness of the gerum e

 Ho eolds One cold More than one cold

Group A xeq Xy 13 *,
Group Coatrol oy X 32} Xy,
%1 %2 %3 E__.

Exanmple 33 Three instructors have taught the same
course for assveral years. In an effort to determine whether or
not the instructora give significantly different percentages of
grades, the grade distridbutions us given by the inatructors is
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tabulated a3 foilowz:
A ® e 2 F
Professor X __%2 %a 256 %g 46 50
Professor Y 79 2 o S0 7o
Professor 2 30 8h ®5p 40 3h — SLG
“ik2 266 1056 126 138 1793

et xid be the nunber of elements in the 41jth cell,
and pij be the probability that an element will fall in the 1jtk

cell, that is, that an element will have characteristics Ly and

r s N
B, where 2 Zp = 1,
3 1x1 Jui 9

5 r
Let 351?13 Py, and 121 Pij - F.j s then

r 8
I p, =1 and I p, =l .
j-lll 11 J*l '3
The test for independence in the coatingency table is
Hypothesiss pid - pi.pna
We peck a yaundom wvariable whose distribution is known
4f the hypothesia i1s trua, The classloal statistic for this test

is thet first proposed by Earl Pearsony

P x l__z I-Q>z
(lt") ¥y w b ii - ﬁ

T B Py
n
wh -] r
re X
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s
and 2 e n g I M o mn g,
im1 Lo ge1 9 |

TBy an extenasion of the methods used in proving
theorem 7, one san demonstrate that {14) has the chiwsquare
distribution with (r = 1)(s = 1) degrees of freedom. Howover,
we shall make use of a theorem of Cramérx to establish our
resulte We first make somne preparatory remarks,

Suppose, for simplieity, the paraceters pié KXo ra=

designated Pis Pos » » se Ppe et Pis Poe o s os P be functions
of the variables di. &« g dh‘ spppoaa the trues values of the

a 's were known, then we could apply theorem 7

2
xz . o Kj‘ - npi.(ql' ¢« 4 vy d,)

{13) >
el npi(dl. .o sy ﬁh)

Kow suppose tholwaluea of the dﬁ are unknown and must
be estimated from the sample, then the p; are not constants as in
theore: 74 but are functions of the sample values of the dﬁ.'

We wish to estimate the values of the da 8o that (15) will be a
minimum; to this end we will lot

azﬂOg J 2 ly o s eg 8,
édj

1 R, Oramsr. Methematical Methods of Statisties, Princeton
University Prees, (196}, ppe 420=t3%,
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and solve the resulting equations for aj » This process ia called
the ¢hi«square sininum method of estimation. Thus, from (15) we

have
r ‘ 2
aaﬁ w 5 |=enlx, »ap,} e (x, »np, )" 3p, =0,
3 — ap 4 od
i np’- 3
thon
3 xi'ﬁ Rp, <“1 - hpi}a 2
(16) wl/2 aﬁ - I , * . Py = 0.
“5 inl Py 2np1 dd:

Ve note that, in (16), the second memder in brackets approaches
%orc &8 n approaches infinity, hence we will cormider the effect

of lerge n and nodify (i6) to

¥ |x, -« ap
(17} s | > ‘q %P a0,
1=l Py _I édj

Furthery if we impose ths gondition thad

r
121 P;(“l’ o » ay “h) - ¢

where ¢ is a constant, then
3

r?uO
151'541 ‘
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hence under this condition equations (17) reduce to

(13) Z'. ‘__1':___& m Oy

¥ith these reumarks we proceed to Cramer’s theorem.

Cramér'a Theorem: Suppose that we are given p

functions pyldye & & o0 Hds o o en Ppldye o o o9 &) of s<r
varisbles Gy s « op O, such that, for mll points of a non-

degenerate interval A in the s-dimensional snace of tha ua. the

Py satisfy the followin: esonditions:

)
8) I p.la;e o o s A) = 1
1wl 471 s

b) pi(dlg * o oy ﬂ’)>32>0 for all i«

2
e) ZEvery Py has geontinucus derivatives ap& and
d.‘] 0(1300!“

4) - The matrix D ={ P4 ), where 4 = 1y eeey T and J = Lyeeey &, 18

dj-

of rank 8.,

Ist the possible results of a ¢ertain random experiment
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ba dividad into »r mutually execlusive grouns, and suppose that the

probability of obtainings a Ygeault belonming o the 1ith proun is

pg - ’1(‘1;' ™ d:)  Mhere d = (d.:, » N by a:) is an inneyr

point of the interval As Iect :ﬁ:i donote ths number of results

belonsing to the ith rroup, which occur in a sejuence of n

T
repetitions of the exneriment, 8o that 2 x .= n.

The equations (17) of tha modified chi-sguare minimum

method then have exactly one syotes of solutions d = (dl' vooy d‘)

such that d econverges in prababilit; to d‘o as o poproaches

infinity. The wnlus of xz pbtained by inserting these values of

the di into equations (15) is, in the limit as n anproaches

infindty, distrihuted in a ohi-scuare distridbution with » = 5 « 1

deprees of frecdon,

We now show that Cramér's Theorem may bo used to
establish the seymptotis digtridbution of (14),.
To review the situation, the variables 31.1 have a

multinomial distribution with parnmeters Pii‘

s r
Ist = P, =P z = Ve are goncerned with the
hypothesis
.

p‘»d = Pi.ip‘s"

We apply Cramer‘'s Theorex in the following manner:
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Iet of = Py 0eeoy 9 % Pp v %y TP qreney Ypen ™ P g°
Our hypothesis then takes the foram
Bt Py » uiﬂ:’ .

vhere the pﬂ_'1 ars redesignated Py o kely 265 ¢ #» vo r8 2nd
pj'di‘*d' I =ly 00 0y
wvhere

FPurther, we have

F 4 F ) »
3=l j=l i3 ' =1 pid Py it i-lpij P,J /53 »
(209 . o s o .
2 Z 2 X = n IR - X s ox - x
1) 3=1 ia L 3@1 11 i" Py ‘J ‘3 »
Then
1 rel s a-lp
Ol = w 3 =1 e 2 .
¥ 1=1 d"’ B Sul 3

Eence we have rs functions Pys Pas o ¢ sy P 0l P w8 =2

variables dl' « v o0y O 1t pli ¢ & »y ﬁan]."

Clearly, conditions a, by ¢ of Cramér's Theorem sre satisfied.

Vo now obtain the solutions to equstions (18). By
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(19) and (20) equations (18) becoze

B
(21) Z xia - IEJ = 0 12ly ¢ ¢ weg & = 1.
J=1 Pia pl"- -.

o
(22) Z _m"xiﬂ‘ = 0O Judy o 4 ng B = 1.
1= poj pt!

Then {(21) becomes, on sumning over j,

(23) Mo Xy =0
Py Pl‘w

which, on sunning over 4, 4 = 1y « » w4 ry becomes

%u xz: mw O
PX‘#

or

then, by (23), we have

likewise
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Hence by the modified ¢hiesquare minfimum method

Pyg 4Py PP = Aol

and equation {(15) becoxea

There remains only to chow that the rank of D is

Yy~ 8 « 2, vhere

Bl . » = . dl G  * @ o

/32 “ a0 0 dl . .0 4]
s . & * . » * » .

/3‘_.1 Y s v o ¢+ 0w Q)

0 ﬁl € v » d& o “ v 8 0

= . * . o e . . . .

4] /3»3. " e a 0 O ¢« ¢ u da
» L ] L » » » [ ] - [ ]

0 o TR ﬁl d..1 0 ¢ o . o
. . . . . . . . .

o 0 LR Y #] 0 .. » d:r-l
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But agcording te Theorem 4, 4t will sufiisce to show that the rank

Of D'D La » w8 » 2, One readily obtalas uyon multipiication, D'D

s+l 2 - '
a=l 2 -
0 | z ﬂ see O ﬁ:."a ﬂada ee 8*-1“2
d=1 3
» o . [ ] -» L » » [ ] L 4 » .
Bel 2
° ° B e
p P s 1
A (.} a vou q. 2 aq O see O
| rel 2 :
ﬂadl ﬂaﬁz saa ﬂadrwl 1+ a’ilai ese O
* s - . * - - v 'q » » ]
o o rel -
Poai®y Peua9 o0 Pt e

By dividing the firat row of D'D by ql' the second row
by daoe v o ey the rth row by /31, e v sy the r « 8 « 2nd row by
/36_13 and by dividing the first coluan by qi. v o oy the
r e 8« 2nd colum by B, 1¢ we see that D'D has the same rank es

3

(24) M=
B ¢

where A and C are (r ~ 1) x (r = 1) and (8 « 1) x (8 = 1) diagonal
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matrices of zonk r « )l end 8 » 1, respectively and B is an
{r « 1) x (8 « 1) matrix consisting sntirely of 1l's. Froa
Laplace ‘s developament of the determinant of (24), it 15 clear that

] -

of Dand ia r ~ 8 » 2, We have thus proven our final resulty

& |e

¢ l,l 0 and hence that rank DD is equal to the rank

Thooren 91 Jeb Xy ¥ype » s ey X Do A sanple from
& multinomisl ropulation with ‘the mutually exolusive elasses

xizj o =1y ¢ o sy Py I m Ay w4 0 vy 8 4 in which the probabile
ity assoairmted with ".133 is pl;‘;‘ Let

:x! x | 2
fe'izj(x"‘ib - ) .
- Xy %,

2

Then the liniting distribution of -fﬁ a8 ne-dpos iz the chie

pouare dimtrihution with (r « 1)(s » 1) derreea of freedonm.
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