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INTRODUCTION

Ecologists have studied populations of organisms
in the field for a number of years. Many of these
studies have been concerned with rather small popula-
tions in which random fluctuations may be expected to
be of more importance than in very large populations.
Therefore, it should be helpful to study an arbitrary
population which increases and decreases according to
certain probability laws, In this paper, two different

formulations of the problem will be considered,

iii
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CHAPTER I
BIRTH AND DEATH PROCESSES AND RELATED DISTRIBUTICNS

1. Poisson and Pure Birth and Death Processes

Consider first a system subject to instantaneous
changes due to the occurrence of random events. All
changes are assumed to be of the same kind. The only
concern is the total number of changes, Each change
occurs at some point on the time axis. Arrival of
telephone calls and breakage of a chromosome under
harmful irradiation are examples. These two physical
examples have two main properties in common; forces
which determine the process do not change (homogeneity
in time), and future changes are independent of past
changes. The number of changes is recorded by a count-
ing function I\Tt which enumerates the number of changes
in the interval [0, t). The mathematical formulation
of such physical processes is called the Poisson process.
The postulates are:
(a) Whatever the number of changes during [0, t), the
probability that during [t, t + h) a change occurs is
Ah + o(n), (b) The probability that more than one change
occurs is o(h). The term izh + o(h) means Ah + "something
of smaller order than h". The "something" is a function
f(h) satisfying 1lim f(h)/h = O and one writes f(h) = o(h).

h =0
From these postulates alone one can prove that the probability
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2

of exactly r occurrences in the time interval [T, T + t) is

e M G)T
r.

402, for details. A stochastic process is defined as a

. The reader is referred to Feller [3], pp. 400-

family of random variables, (Xt’ t e T); it is a random
phenomenon arising through a process which is developing
in time according to probabilistic laws. The Poisson
process is an example,

In the Poisson process, the probability of a change
during [t, t + h) is independent of the number of changes
during [0, t). The pure birth process is a modification
of the Poisson process. For the pure birth process,
postulate (a) of the Poisson process becomes
(a') When n changes occur during [0, t), the probability
of a change during [t, t + h) is A h + o(n).

In the Poisson process, past and future are independent.
In the pure birth process, past and future are not inde-
pendent, since the probability of =a subseQuent change,
called a birth, depends on the cumulative size of the
population through Ap o called the birth rate. However,
there is no effect of aging; the birth rate is not "age-~
specific’. For a discussion of the pure birth process the
reader is referred to Feller [3], pp. 402-407.

The above mentioned processes provide models for
systems, such as arrival of telephone calls, which can

only undergo one type of change. Neither process can,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




however, serve as a realistic model for changes in popu-
lation size where individuals are not only born, but can
also die. The pure birth and death process provides a
model for such a system. One additional postulate is
needed along with a rewording so that the postulates for
the pure birth and death process become:

(1) Suppose that the system is in state n at time t; the
probability that the system changes to state n + 1 during
[t, t + h) is 2 h + o(h).

(ii) Suppose that the system is in state n at time t;
the probability that the system changes to state n - 1
during [t, t + h) is p h + o(h).

(1iii) The probability of any other kind of change is o(h).
The functions xn and pn are called the birth and death
rates respectively. The word "pure' refers to the fact
that neither xn nor M, is a function of time. Further
discussion of the pure birth and death process may be
found in Feller [3], pp. 407-411l. In the rest of this
paper, the birth and death functions will be allowed to
be time dependent; such processes are somebtimes called

generalized birth and death processes,

2. A Generalized Birth and Death Process
Population growth can be considered as a birth
and death process in which the birth and death rates

are arbitrary functions of time. This consideration
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leads to the non-homogeneous, integer valued process

(Nt’ t > 0) satisfying the following postulates:

(a) P(Nt+h = N, + 1) = a(t)N.h + o(n) N, >0
() PN, =N, - 1) =p()Nh + olh) Ny > 1
() PN, =N) =1 - G(s) + pleddNh + olh) N, >0

(d) The probability of any other kind of change is o(n)
(e) The functions Ar(t), p(t), and the first derivative
of A(%) are assumed to be continuous.

In this formulation, Nt is a random variable which
measures the size of the population at time t. The
functions A(t) and p(t) are called the birth and death
rates respectively. We will be interested in small values
of h; the first four postulates say that with overwhelming
probability, the population size changes by at most one
in a small time interval. The fifth postulate is a
regularity condition which will permit certain formal
manipulations. For the moment, suppose that the popula-
tion descends from only one individual so that N, = 1.

We seek the distribution of Nt' Our development follows
closely that of D, G. Kendall [6]. The following result

about the so-called Ricatti differential equation

dz 2
dx

THEOREM 1. Suppose that P, Q, R, and the first derivative

= Rz~ + Qz + P turns out to be essential.

of R are continuous functions of x and that R(x) # 0.

Then the equation %% = Rz2 + Qz + P has a solution; the
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general solution may be expressed in the form

£,(x) + Af,y(x)
f3(x) + AF (%) where A is an arbitrary constant. The
4

Zz =

Ricatti differential equation is discussed in many standard
treatises including the one of Ince [5], pp. 73-75, 293-
295,
THEOREM 2. Under assumptions (a)-(e) with Ny = 1, N, has
a geometric distribution with a modified zero term. A
geometric distribution with a modified zero term is defined
by:

P

0 r
(1-r)(1-8)s®™1 O0<cr<1,0<s<1,n=1,2,...5

n
if r = O, the preceding defines the geometric distribution.
Proof: Define P (t) = P(N, =n) forn >0, t >0, We

have Pl(O) = 1 and Pn(O) = O forn # 1. Consider (for n > 1)
Pn(t + h) = P(Nt+h = n); the probability is o(h) that N is

other than n - 1, n, or n + 1., Hence, ifn > 1,

(1) P ($+n) = (@-1 (e _,(6) + (1 - (6 + p(4)dan)E(6)
+ (a+Dp(dnP, (£ + oln).
Thus, P (t+h) - P () = (n-10a(t)nP _, (%)

+ (n+l)p(t)th+l(t) - n(h () + p(t))th(t) + o(n).

2P (t)
Dividing by h and letting h —>0, we obtain ——5%%——-=

(n-12(0)2__ (+) + (a+Dp(sIP, () - nrale) + w(t)p (4.

If we define P_l(t) = 0, the above is also true for n = O,
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6
The above is the right hand derivative of Pn(t). Replacing
t by t - h in (1) gives the same result for the left hand
derivative since A(t) and pu(t) were assumed continuous and
o(h) is independent of t. We wish to find the probability
generating function of Nt; the reader is referred to Feller
[3], pp. 248-267, for a discussion of generating functions.

Define

(2) v(z, t) = 20 Pk(t)zk which converges for lzl < 1.

L(y( ) = v(z, £)) = 3 (P ( ) (6)) 2k
Now, $(¥(z, t + n) - ¥(z, €)) = .55 (P, (t + n) - P, _(£))z .

The fact that equality holds as h >0 follows from an
application of the dominated convergence theorem to the
oo
. 1 _ k .
series 25 $(P, (t + h) - P (£))z". To see that this
theorem applies, notice that

%(Pk(t +n) - P(t)) = (x - WA(HIP, (%) +

(x + Dpledr,_ () - x(W(t) + p(t))Pk(t) + o(h)/n

k+1
from (1). Since A(t) and p(t) are bounded, the above can
be replaced by

%(Pk(t+h) - 2, (8)) < m(x-1)p, (%) +

(k+l)Pk+l(t) + 2kPk(t) + 1)

for some constant M = max(ia(t)l, lul(t)], | T ).
Furthermore, the above expression in parentheses is less

than or equal to 4k + 1, Therefore,

Qo QO
L k k
wZo nCP{t+h) - P (£))2* < M 5, (4k+1)z
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00
and for |zl < 1, Mk§o(4k+l)zk _ M§5z+§%
1-2z

hypotheses of the dominated convergence theorem are

< ., Thus, the

satisfied and the interchange of limits is justified.

Hence,

2¥(z,t) _
(3) -2f.Z.tl . |
ol GmDAOIR,_ (6) + Ger (8P, 1(8) = k(A (8)+n(8))P, (£) )%=
()25 - (A(8) + p(t))z + p(e)} k§1k9k<t)zk-l =

(822 - (A(6) + u(t))z + p(p)y 2Llzat)

Since P,(0) = 1, v(z, 0) = z. We wish to look at the
subsidiary equations of (3) and obtain two independent
integrals of the former; suppose these are u = a, v = b.
Then an integral of (3) is given by u = 0(v) where 0 is
an arbitrary function. For further details, the reader
may consult Forsyth [4], pp. 592-394., The subsidiary

equations are

at _ dz _ gy .
(4) T = TG EIenT)Y - o - Comsider
(5) 92 - - u(e) + (&) + w(e))z - a(t)z%; we wish to find

an integral of this equation. Now, (5) is a Ricatti equa-

tion so the general solution is given by theorem 1, i.e.
£.() + Ar (%)

zZ = 1 2 Therefore
f3(t) + Af4(t)° ’

£.(t) - z£:(%)
_ 21 3 dt _ dv _
= Bf,(t) - f,(g)- From T~ =75 ¥ = A', Thus,
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8
£y

(t) - 2£3(%)

(6) v = A" = ( rgy which is the general solution

of (3). We now want to determine the precise form of 0.

From Y(z, 0) = z,
£.(0) - z£:(0)
= _ 1 >
z = yv(z, 0) = m(zfq(O) — fz(o), Now put
£,(0) - z£5(0) .
u = —=

or
fl(O) + uf,(0)

Z = 13000 + uf,(0)

where u = ulz, t, ¥) = constant is an integral of (5). Hence
£,(0) + ur,(0) o _

(7) o(w) = z = £50) + G, (07" Combining (6) and (7) gives

£,(0) + v(z,£)£,(0)

f;(O) + viz,t)£,(0)

v(z, t)

where
fl(t) - zf5(t)

v(z, t) = 22,(t) - £,(t)"

So,

bfl(t) - afg(t) + z(af4(t) - £y (t))
¥(z, 8) = FF (T = of,(8) + 2(oF,(T) = af5(E))
where

a = fl(O), b = £,(0), ¢ = £3(0), 4a = £,(0). Expansion
shows that
(8) Py(t) = r(t) and P (t) = (1 - Py(£))(1 - s(£))s(+)™ H(n21)

where ( ) ( )
bf.(t) - af (¢
r(t) = dfl(t) - cfa(t)
1 2
cf, (t) - af:(%)
s(t) = . 2

= ar. (%) - et ()"
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But this is exactly the conclusion of the theorem,
Determination of the functions r(t) and s(t) will
complete the solution. ZFrom (8),
(9) v(z,t) = r(t) + (1-r(£)){1-s(%))z
+ (L-r(£))(1-s(t))s(6)2® + ...
r(t) + 2(1-r(£))(1-s(£)) L F (s(£)2)E

r(t) + (1-r(t) - s(t))z

- 1 - s(tJz
Thus,
Oy _ Q-s()z)(r' (t)-r' (t)z-s5'(£)2)+(x(£)+(1-r(H)-s(tDz)s' (t)=
ot (1-s(t)2)°
and
oy _ (1-s(t)z)(1-s(t)-r(t))+(x(t)+(1-r(t)-s(t))z)s(t)
oz (1-s(t)z)°
where
() = ) ong o (5) - 428D

Substitution of the expressions for %%% and ;gg-in (3) gives

(1-s(£)z)(2' (%) - ' (%)z - s'(£)z) +
(r(£) + (1 - =(8) - s(£))2)s' (t)z =

(A (8)2° = () + ple))z + u())((1-s(6)z)(1-2(t) - s(4)) +
(r(t) + (1-r(t) - s(%)2z)s(t)) or,

(r' (£)s(t)-r(t)s' (t)+s' (£))2° + (2(t)s' (%) - ' (%) - ' (&) -
' (£)s(£))z + ' (%) =

A () (1-r(£))(1-s(t))2° = ((8) + p(6)) (1-r(£))(1-s(£))z+

w(6) (1-r(£))(1-s(%)).
Thus,
(10) ' (6)s(t) - r(e)s' (&) + s (%) = r»(£)(1-r())(1-s(%))
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10
and
(110 () = p(e)(1 ~ r(£)(1 - (&)
are obtained by equating coefficients of 22 and constants.

Now let U =1 - r(t), V =1 - s(t). Then (11) becomes

U' = -pu(£)UV and (10) becomes U'(V - 1) - V'U = A(t)UV.

Substitution of the former into the latter gives

V' o= (p() - A0V - u(t)V2 which is a Bernoulli equation
1

and which can be solved by writing W = § so that

W (pled) = a(e)W = p(e). At t = 0, Py(0) = 0 = »(0);
form =1, P,(0) =1 = (1 - r(0))(1 - s(0)) = 1 - s(0)
so s(0) =0, B0, U=V =W=1att =0, Thus the

solution is
(12) W = 2OVt RGO (a4 AL

where A(t) = J& u(x) - a(x)ax,

] ¢
From the above, %— = - plelv = - Eé§2-= - %—vm A (t),
ki ¢
Therefore, %— = - %— - A'(t) so that
t du(s) t aWls) _ _ fbao
fo Tls) T fo Wis) ~ foA (s)as ACEH)
or log(UW) = -A(+4), Hence, 1 - r(t) = U = Q—w—~— or
Py emA(t) : 1
r(t) = 1 - ==7——. Since 1 - s(t) =V = ¢,
(132
s(t) = 1 - §. Combining (13) with (8) and (12)

determines the P _(t) as functions of t.
It is now possible to find expressions for the

0o .
mean and variance of N_. E(Nt) = ngonPn(t) =
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(1 - r(£))(1 - s(4))
(1 - 26D - s T2

(1 - r(£))(1 - s(&))

11

fos)
n-1
nglns(t)

A = e'A(t) since Is(t)l< 1.

(1-

s(£))°

Similarly, an expression for the variance is

var(N,) = Zo P (t) - E()Z,

Now,
ngon P () = (1 - r(£))(1 - s(t)) n Cs(4)n-1
- (1 - 21 - s())s(8) n§1n25<t>n-2
= (1 - ()1 - s(6))s(8) _Fn2s(6)2 -
(1 - (621 - s(6))s(t) _zins(£)22
g n-2
(1 - r(£2)(1 - s(%))s(H) nE1 ns(t)
- (1 - =) - ()8 _gynla-1)s(6)22 L E(N,)
d2 ( 1
= (1 - x(£))(1 - s(£))s(e) T ()2 =gy + BN
_ 2s(t)(1-r(t)) 1 - r(t)
(1-8(£))° 1 - ste)
Thus,
var(n. ) = {1=x(t))(xr(t) + s(t))
& (1-s(£))2
) e—é(t) 1 S—A(t)) RS
W
_ o—2AlE) _ o—Alt) | 26--2A(t)f§eA(x)p(x)dX°
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12
These formulas hold provided NO =1, If NO > 1, the usual
assumption is that sub-populations of coexisting individuals
are independent. The above formulas for the mean and var-
iance are then multiplied by the number of ancestors to
give the mean and variance of Nt'

It is also of interest to find the probability of

extinction of the population.

THEOREM 3, When Ny = N > 1, the probability of ultimate

N

1 )  where

extinction of the population is (7=
1= e (s)as. At
-A(t
Proof: When Ny = 1, Po(t) = r(¢) = 1 - &— =
e—A(t)fteA(S)p(s)ds fteA(S)p(s)ds
o
—A(t)

e‘K(t)IZeA(S)p(s)ds 14 fgeA(S)

+ p(sdds

so that the probability of ultimate extinction is T——.

Since coexisting populations were assumed independent,

this becomes (i—%-f)n if Ny = N > 1.
From the above, it is also seen that a necessary
and sufficient condition for ultimate extinction of the
population (in the sense of being an event of probability
1) is that fg%A(S)u(s)ds diverge to + o .
N, may assume various integer values in [O, tl).

Suppose that Ntl = n; call n the state of the process

(N, t > 0) at time t,. We may ask how long it will be

until the process first leaves state n., Thus, we wish
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to find the distribution of the time spent in state n by
the process until it first leaves state n. To this end,
define Tn to be the time until the process first leaves

state n, given that Nt = n. The next theorem gives the
1

distribution of Tn.
THEOREM 4, Under the assumptions about the process

t
-nS A (%, +s)+p(t,+s)ds
(N, $20), (T, <) =1-e ©° 1 1 .

Proof: Define Fn(t) = P(Tn > t). Now for h > O,

F (£) - Fn(t+h) - p(% £T < t+h) which is the probability
that the process first leaves state n in the time interval
[tl + t, tl + %t + h), given that Ntl = n. The process may
leave state n by means of a birth or a death. Since F_(t)
is the probability that the process has not left state mn in
[t,, &, + t), we have A

P(t ST, <t + h) = ((l(tl + t) + p(tl + t))hn + o(h))Fn(t).

So,
F_(t+h) - F_(%)
i - L (g + )+ pey + £))nF ().

Replacing t by t+ = h in the above and using the fact that

A (t) and p(t) are continuous,

F (t) - F_(t-n)
I = n h - - ()\(tl + .t) + I_L(tl+ t)nFn(t) y SO

lim
h =0
Fﬁ(t) = (k(tl + t) + p(tl + t))nFn(t). The solution of

—nftl(tl+s) + p(t1+s)ds
this differential equation is Fn(t) =e © .

-nfgk(tl+s) + p(slds

Now, P(Tn < t) =1 - Fn(t) =1 - ¢
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CHAPTER II
AN INTEGRAL EQUATION

Population growth as a birth and death process
may also be formulated in the following way. The state
of the process at time t will be described by the integer
valued function N(x, t) which will specify the age dis-

x
tribution of the population in the sense that fx2dN(x, t)
1

is the number of individuals in the age group (xl, X5) .
The Stieltjes integration is with respect to the age var-
iable x. The postulates for this formulation are as follows:
(a) The sub-populations generated by two coexisting in-
dividuals develop independently of one another.
(b) An individual of age x existing at time t has a
chance A{x)h + o(h) of producing a new individual of
age zero during the time interval (t, t + h). The
function A(x), called the birth rate, is not a function
of t, and is assumed to be continuous.
(¢) An individual of age x existing at time t has a
chance p(x)h + o(h) of dying during the time interval
(¢, t + h). The function p(x), called the death rate, is
not a function of t, and is assumed to be continuous.
Also, N(x, 0) will be supposed given.

Consider the random variable dN(x, t) which
enumerates the individuals in the age group (x, x + h)

where x < t. The function dN(x, t) is really a function
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of x, t, and h. One wants to consider this function for
small h. Now, introduce the function al{x, t) by assuming

that

dN(x, t) = O with probability 1 - alx, t)h + ol(h)

dN(x, t) = 1 with probability alx, t)h + o(h)

aN(x, t) > 2 with probability o(n).
The function alx, t) is required to be bounded in every
finite rectangle. Hence, E(dN(x, t)) = alx, t)h + o(n).
Also, B(x, t) = Var(aN(x, t)) = alx, t)h - a°(x, t)n° +
o(h) = alx, t)h + o(h). Suppose that initially there is
just one member of the population of age A so that
N(x, O) = 0 if x < A and N(x, 0) = 1 if x > A,

In Kendall's [7] discussion of this model, he
assumed p(x) to be a constant function. In the following,

p(x) is only required to satisfy (c).

Define a random variable z(t) by

z(t) = 1 if the single ancestor is still alive
at time ©
z(t) = O otherwise.

Let F(t) be the probability that the ancestor is dead
by time t. Then
F(t + h) - F(t) = (p(tdh + o(n))(1 - F(%)) by postulate

(¢). Dividing by h and letting h —>0, we obtain

Tty - K.

differentiability to the left; however, replacing t by t - h

Actually, this computation only shows
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in the preceding also gives differentiability to the right
since p(t) is assumed to be continuous and o(h) is inde-

pendent of t. The above differential equation has the

-ftp(s)ds
solution F(t) =1 - e ° . Hence,

b
P(z(t) = D)=e I°H(S)ds.

Consider the random variables X,  and X_ _ of the
stochastic process (X., t > 0) where t > 0, s > 0, s < t.
We may ask for E(thxt—s = x) which is the expected value
of Xt given that Xt-s has assumed a certain value. This
type of question involves the idea of conditioning by a
random variable which is discussed by Parzen [9], pp.
41-53, TFurther, we may allow x to assume all possible
values and ask for the expected value of E(X _IX __ = x).
Lemma. Given the preceding conditions, E(Xt) =
= x)) where E(E(X IX

E(E(x IX = x)) means taking

t-s t-5
the expected value of X given that X, . = X and then

taking the expected value of the latter qQquantity over all

possible x.

Proof: E(E(thX =x)) = fE(XtIX = x)dF(x) where F

t-s t-s
is the distribution function of Xt-s and integration is

Riemann-Stieltjes. But fE(XtIX = x)aF(x) = E(Xt).

t-8
Thus, the lemma states that E(Xt) can be calculated in

two steps; first calculate E(thx = x) and then

t-s
calculate the expected value of this quantity over all x.
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Consider aN(x, t) given the conditions at time t - x
where x < t. We form E(aN(x, +)/an(o, t - x) = n) which
is np since dN(x, t), given the value of dN(0, t - x), is

—f?p(s)ds
binomial. In this case, n = dN(O, t - x) and P = € .

We then find the expectation of E(aN(x,t)|an(o, t-x) = n) = np.
Now, aN(0, t-x) = (x(& + t-x)2(t-x) + JE ™ x(y)an(y, t-x))h

t-x
- (s)a
so that E(np) = E(aN(0, t-x)p) = p(A(A + t-x)e o Twis)as +

JEE N (Paly, t-x)aydn.

According to the discussion in the preceding paragraph,
* the last quantity equals E(AaN(x, t)) which we know to be

al(x, t)h + o(h). Hence, we obtain

—fg_xp(s)ds - fgp(s)ds

(14) alx, t) = a(4 + t-x)e +
e-fﬁp(S)dsfg-Xx(y)a(y, t-x)dy.

Now, let o(t-x) = oalx, 1;)ee',?§‘l(8)ds so that

(15) 80v) = ata s ve ToH L e T % ey

The above is a Volterra integral equation which is
discussed by Feller [2]. The above functions satisfy the
conditions of his Theorem 2; the conclusion is that there
exists a unique non-negative solution which is bounded in
every finite interval, 1In some cases, one can find the
explicit solution of (15); one method of solution is by

means of the Laplace transform [2]. However, there are
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many cases in which an explicit solution of (15), and hence
of (14), is difficult to obtain; in these cases, it would
be helpful to know if afx, t) >alx) as t >0 . Theorem 5
adopted from Feller [2] gives such information.

THEOREM 5. Suppose that we have @(v) = g(v) + fg@(v—y)f(y)dy
where f and g are non-negative continuous functiomns. Sup-
pose that f:}(x)dx = 1, f:;(x)dx = b < oo. Suppose further
that there exists an integer n > 2 such that the moments

m, = fzoxkf(x)dx, k =1, ..., n, are finite, and that the
functions £(x), xf(x), ..., ¥ 2f(x) are of bounded total
variation over (0, ). Suppose finally that

o
lim xn-ag(x) = 0 and 1lim xn—zfxg(s)ds = 0. Then
X => X =>

1lim @(v) = b/ml.
v =2

In an example to be considered later, we shall use this
theorem to help find the limiting value of alx, t).

In the formulation of the problem in Theorem 2, one
is really looking at the population in a broad sense; the
birth and death functions are the population birth and
death functions. In the prior formulation, a much closer
look is taken at the population; the birth and death
functions here describe what happens to an individual.
The preceding gives a loose idea of the different inter-
pretations of the birth and death rates in the two formu-
lations. In a situation in which the population is the

members of a species, the second formulation may be the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



19

more accurate one. In many cases of interest in biology,
it is possible to write down an expression for the Laplace
transform of the solution of the integral equation occurring
in the second formulation. However, it seems to be diffi-
cult to choose functions for A(x) and p(x) which would be
considered realistic by a bioclogist and at the same time
allow an explicit solution of the equation. Two examples
are given below. The first one is quite unrealistic; the
second one is typical of some organisms.
Example 1. Suppose A(x) and p(x) are the constant functions
A and p. Equation (15) then becomes

o(v) = 2e MV 4 xfge_“ye(v - y)dy.
Thus

1(e) = -2 Tt 3 A SL(e)

where L denotes the Laplace transform or

A

L(e) = S +A“ so that e(v) =

1 -5+

e—(p—x)vo

This method of solving for ® is standard Laplace transform

procedure; the reader may consult Churchill [1], pp. 36-37,

Since v = t - x and e M¥e(t-x) = olx, t), then
B(x, t) = alx, t) = Xe‘(“*k)t“kx when x < t.

A constant death rate corresponds to what is usually
called a type 1II survivorship curve in population study.

A type IV survivorship curve, which shows high infant

mortality, is considered to be the more usual case., A
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constant birth rate over all time does not occur in a
living population.

Since A(x) is the chance of an individual aged x

—f?u(s)ds
producing another individual and e is the chance

that an individual will live to age x, we see that
X

® ~-Su(s)ds
fok(x)e °

to the population of which he is a member. We infer that

dx = R is the contribution of an individual

the population size is increasing if R > 1, decreasing if
R < 1, and remaining constant if R = 1. Biological popu~-
lations that exist for a very long period of time must
show an approximate zero rate of increase in size as a
long term average; the condition R = 1 is equivalent to a

zero rate of increase,

—ffu(s)ds
Example 2. Let V(x) = a(x)e . Instead of

specifying the form of A(x) and p(x) which would then
determine V(x), we may bypass A(x) and p(x) and simply
specify the form of V(x). For some organisms, there

have been experimental determinations of the function
v(x); it is approximately triangular in shape (see
Lewontin [8], pp. 77-94). We define V(x) by the following

disgram:
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v(x)

B, Ty and W are the age of first reproduction, the age of
peak reproduction, and the age of final reproduction,
respectively. We have that 1 = f:%(x)dx = LH—%—EQV(T), so
that V(T) = 2/(W - B). From similar triangles,

v(x) v(T)

X -B T-B8 Bgx<TT

\Jv-(-xj)c = WVET% T < x < W so that
vix) - ti}ﬁ)fﬁgﬁ Bgx<T
v(x) = T%é¥7%w§%7 T <x < W
V(x) = O otherwise.

We wish to use Theorem 5 to find 6(v) as v > . Now,
0
foxV(x)dx = 1/3(B + T + W) which is m, of Theorem 5. If A

-qu(s)ds

is approximately zero and A(v) and e are such
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-fgp(s)ds o0
that a(v + Ade = V(v + A), then IOV(V + A)dv =

W

5 BV(T - A). Thus, Theorem 5 asserts that

a(v) +>3(g:ng(T—A) as v >0 . But v = t - x and

f?u(s)ds
8(t - x) = alx, tle ; hence, for fixed x as t => o0,

~S*u(s)a
B(x, t) = alx, t) €>ZE§:£235T_A)G fou s)ds

more than one individual, the means and variances add

. If there is
since sub-populations are assumed independent. In

practice, one may be able to assume that t is large enough

for the above formula to be approximately correct,
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