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International Perspectives and Research on Social Justice in Mathematics Education is the highly acclaimed
inaugural monograph of The Montana Mathematics Enthusiast now available through IAP. The book covers
prescient social, political and ethical issues for the domain of education in general and mathematics education
in particular from the perspectives of critical theory, feminist theory and social justice research. The major
themes in the book are (1) relevant mathematics, teaching and learning practices for minority and
marginalized students in Australia, Brazil, South Africa, Israel, Palestine, and the United States., (2) closing
the achievement gap in the U.K, U.S and Iceland across classes, ethnicities and gender, and (3) the political
dimensions of mathematics. The fourteen chapters are written by leading researchers in the international
community interested and active in research issues of equity and social justice.
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- Ubiratan D’Ambrosio, Recipient of the 2005 Felix Klein Medal awarded by ICMI
"The monograph...does not just dwell on the past, and it is neither overly theoretical nor esoteric. Its major strength is that it is in touch with the everchanging conflicts and struggles faced by teachers and students."
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"...the issues are real and interested readers will find a treasure trove of perspectives on social justice as well as numerous examples of projects that
have the purpose of serving this worthy goal"
- Review in Journal for Research in Mathematics Education
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The name of Zoltan P. Dienes (1916-) stands with those of Jean Piaget and Jerome Bruner as a
legendary figure whose theories of learning have left a lasting impression on the field of
mathematics education. Dienes’ name is synonymous with the Multi-base blocks (also known as
Dienes blocks) which he invented for the teaching of place value. He also is the inventor of
Algebraic materials and logic blocks, which sowed the seeds of contemporary uses of
manipulative materials in mathematics instruction. Dienes’ place is unique in the field of
mathematics education because of his theories on how mathematical structures can be taught
from the early grades onwards using multiple embodiments through manipulatives, games,
stories and dance.
Dienes’ notion of embodied knowledge presaged other cognitive scientists who eventually came to recognize the importance of
embodied knowledge and situated cognition - where knowledge and abilities are organized around experience as much as they are
organized around abstractions. Dienes was an early pioneer in what was later to be called sociocultural perspectives and
democratization of learning.
This monograph compiled and edited by Bharath Sriraman honors the seminal contributions of Dienes to mathematics education and
includes several recent unpublished articles written by Dienes himself. These articles exemplify his principles of guided discovery
learning and reveal the non-trivial mathematical structures that can be made accessible to any student. The monograph also includes a
rare interview with Dienes in which he reflects on his life, his work, the role of context, language and technology in mathematics
teaching and learning today. The book finds an important place in any mathematics education library and is vital reading for
mathematics education researchers, cognitive scientists, prospective teachers, graduate students and teachers of mathematics.

CONTENTS: Preface: The Legacy of Zoltan Paul Dienes, Bharath Sriraman. Reflections of Zoltan P. Dienes on Mathematics Education, Bharath
Sriraman and Richard Lesh. Some Problems with Logic Blocks, Suggested
by Zoltan Dienes. Logic Blocks to Other Embodiments, Zoltan Paul Dienes.
Some Reflections on Order and Density: A Child’s Path to the Bolzano–
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Beliefs and Mathematics is a Festschrift honoring the contributions of Günter Törner to
mathematics education and mathematics. Mathematics Education as a legitimate area of
research emerged from the initiatives of well known mathematicians of the last century
such as Felix Klein and Hans Freudenthal. Today there is an increasing schism between
researchers in mathematics education and those in mathematics as evidenced in the Math
wars in the U.S and other parts of the world. Günter Törner represents an international
voice of reason, well respected and known in both groups, one who has successfully
bridged and worked in both domains for three decades. His contributions in the domain
of beliefs theory are well known and acknowledged.
The articles in this book are written by many prominent researchers in the area of mathematics education, several of whom
are editors of leading journals in the field and have been at the helm of cutting edge advances in research and practice. The
contents cover a wide spectrum of research, teaching and learning issues that are relevant for anyone interested in mathematics education and its multifaceted nature of research. The book as a whole also conveys the beauty and relevance of
mathematics in societies around the world. It is a must read for anyone interested in mathematics education.
CONTENTS: Preface, Bharath Sriraman. Pictures of the Projective Plane, Benno Artmann. From Morphismsto Matrices,
Klaus Hoechsmann. A Theory of Teaching and Its Applications, Alan H. Schoenfeld. Beliefs: What Lies Behind the Mirror? Gilah C. Leder. Political Issues in Mathematics Education, Ubiratan D’Ambrosio. Snapshots from the 1960s: Tensions
and Synergies in the Emerging of New Trends in Mathematics Education, Fulvia Furinghetti. Matrizen Als Diagramme,
Lisa Hefendehl-Hebeker. Mathematizing Definitions of Beliefs, Norma Presmeg.
Integrating Oral Presentation into Mathematics Teaching and Learning: An Exploratory Study with Singapore Secondary Students, Lianghuo Fan and Shu Mei Yeo. Publication Date:
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Handbook of International Research
in Mathematics Education
Second Edition

The Second Edition of the Handbook of International Research in Mathematics Education
continues the mission of bringing together important new mathematics education research
that makes a difference in both theory and practice. It updates and extends the Handbook’s
original key themes and issues for international research in mathematics education for the 21st
century, namely:
•
•
•
•

Priorities in international mathematics education research
Lifelong democratic access to powerful mathematical ideas
Advances in research methodologies
Inﬂuences of advanced technologies

Each of these themes is examined in terms of learners, teachers, and learning contexts, with
theory development being an important component of all these aspects.
This edition also examines other catalysts that have gained increased import in recent years
including a stronger focus on the teacher and teacher practice, a renewed interest in theory
development, an increased focus on the mathematics needed in work place settings, and a
proliferation of research designs and methodologies that have provided unprecedented opportunities for investigating (and ultimately improving) mathematical teaching and learning.
Advancing the discipline by presenting dynamic, future-oriented works that address new
and emerging priorities in mathematics education research, the Second Edition includes ten
totally new chapters; all other chapters are thoroughly revised and updated. This is a musthave volume for scholars, professors, and graduate students in the ﬁeld of mathematics education and in related areas such as educational psychology and educational research.
Lyn D. English is currently professor of mathematics education at the Queensland University
of Technology, Australia. She is an elected Fellow of The Academy of the Social Sciences in
Australia, and founding editor of Mathematical Thinking and Learning: An International
Journal. Publications include Mathematical and Analogical Reasoning of Young Learners, the
ﬁ rst edition of the Handbook of International Research in Mathematics Education, Classroom
Research in Mathematics: A Critical Examination of Methodology (with Simon Goodchild),
Mathematical Reasoning: Analogies, Metaphors, and Images, and Mathematics Education:
Models and Processes (with Graeme Halford), and numerous book chapters, journal articles,
conference papers, and special journal issues.

RT58754_C000.indd i

2/11/2008 3:44:50 PM

Handbook of
International Research
in Mathematics Education
Second Edition
Edited by

Lyn D. English
Associate Editors

Maria Bartolini Bussi
Graham A. Jones
Richard A. Lesh
Bharath Sriraman

RT58754_C000.indd iii

2/11/2008 3:45:03 PM

First published 2008
by Routledge
270 Madison Ave, New York, NY 10016
Simultaneously published in the UK
by Routledge
2 Park Square, Milton Park, Abingdon, Oxon OX14 4RN
Routledge is an imprint of the Taylor & Francis Group, an informa business
© 2008 Routledge, Taylor and Francis
Typeset in Galliard by EvS Communication Networx, Inc.
Printed and bound in the United States of America on acid-free paper by
All rights reserved. No part of this book may be reprinted or reproduced or utilised in any form or by any electronic, mechanical, or other means, now known or hereafter invented, including photocopying and recording,
or in any information storage or retrieval system, without permission in writing from the publishers.
Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only
for identiﬁcation and explanation without intent to infringe.
Library of Congress Cataloging in Publication Data
Handbook of international research in mathematics education / edited by Lyn D. English ; associate editors,
Maria Bartolini Bussi ... [et al.]. — 2nd ed.
p. cm.
1. Mathematics--Study and teaching—Research. I. English, Lyn D. II. Bartolini Bussi, Maria G. (Maria
Giuseppina)
QA11.2.H36 2008
510.71—dc22
2007041882
British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library
ISBN 10: 0-8058-5875-X (hbk)
ISBN 10: 0-8058-5876-8 (pbk)
ISBN 10: 0-203-93023-1 (ebk)
ISBN 13: 978-0-8058-5875-4 (hbk)
ISBN 13: 978-0-8058-5876-1 (pbk)
ISBN 13: 978-0-203-93023-6 (ebk)

RT58754_C000.indd iv

2/11/2008 3:45:03 PM

Contents

List of Contributors
Preface

ix
xiii

SECTION 1

Priorities in international mathematics education research
1 Setting an agenda for international research in mathematics education

1
3

LYN D.ENGLISH

2 Looking throughout the world for democratic access to mathematics

20

CAROL E. MALLOY

3 On the purpose of mathematics education research: Making productive
contributions to policy and practice

32

DYLAN WILIAM AND FRANK K. LESTER, JR.

4 Technology and mathematics education: An essay in honor of Jim Kaput

49

CLIFF KONOLD AND RICHARD LEHRER

SECTION 2

Lifelong democratic access to powerful mathematical ideas
Part A: Learning and teaching
5 Young children’s access to powerful mathematical ideas

73

75

BOB PERRY AND SUE DOCKETT

6 Elementary students’ access to powerful mathematical ideas

109

CYNTHIA W. LANGRALL, EDWARD S. MOONEY, STEVEN NISBET, AND GRAHAM A. JONES

7 Mathematics learning in the middle school/junior secondary school:
Student access to powerful mathematical ideas

136

TERESA ROJANO

v

RT58754_C000.indd v

2/11/2008 3:45:03 PM

vi Contents
8 Advanced mathematical thinking and the role of mathematical structure

154

JOANNA MOMONA-DOWNS AND MARTIN L.N. DOWNS

9: Perspectives on representation in mathematical learning and problem solving 178
GERALD GOLDIN

10 Teacher knowledge and understanding of students’ mathematical learning
and thinking

204

RUHAMA EVEN AND DINA TIROSH

11 Preservice mathematics teachers’ knowledge and development

225

JOÃO PEDRO DA PONTE AND OLIVE CHAPMAN

12 Developing mastery of natural language: Approaches to some theoretical
aspects of mathematics

264

PAOLO BOERO, NADIA DOUEK, AND PIER LUIGI-FERRARI

Part B: Learning contexts and policy issues

299

13 Still separate, still unequal: Democratic access to mathematics
in U.S. Schools

301

CELIA ROUSSEAU ANDERSON AND WILLIAM F. TATE

14 Democratic access to powerful mathematics in a developing country

321

LUIS MORENO-ARMELLA AND MANUEL SANTOS-TRIGO

15 From mathematics learning out-of-school to multicultural classrooms:
A cultural psychology perspective

354

GUIDA DE ABREU

16 The complexities of change: Aspects of reform and reform research in
mathematics education

387

MIRIAM AMIT AND MICHAEL N. FRIED

17 Democratic access to powerful mathematics ideas

417

OLE SKOVSMOSE AND PAOLA VALERO

18 Culture and cognition: Towards an anthropology of mathematical thinking

441

LUIS RADFORD

SECTION 3

Advances in research methodologies

469

19 Research methods in (mathematics) education

471

ALAN H. SCHOENFELD

RT58754_C000.indd vi

2/11/2008 3:45:03 PM

Contents vii
20 Design research: Engineering, systems, products, and processes
for innovation

524

MARGRET A. HJALMARSON AND RICHARD LESH

21 The complex interplay between theory in mathematics education and
teachers’ practice: Reflections and examples

539

NICOLINA A. MALARA AND ROSETTA ZAN

22 Linking researching with teaching: Towards synergy of scholarly and craft
knowledge

565

KENNETH RUTHVEN AND SIMON GOODCHILD

23 Linking research and curriculum development

593

DOUGLAS H. CLEMENTS

24 Contrasts and oblique connections between historical conceptual
developments and classroom learning in mathematics

630

FULVIA FURINGHETTI AND LUIS RADFORD

25 Political union /mathematics educational disunion: Building bridges
in European didactic traditions

660

BHARATH SRIRAMAN AND GÜNTER TÖRNER

SECTION 4

Influences of Advanced Technologies

695

26 Developing new notations for a learnable mathematics in
the computational era

697

JAMES KAPUT, RICHARD NOSS, AND CELIA HOYLES

27 Framing the embodied mind approach within a multimodal paradigm

720

FERDINANDO ARZARELLO AND ORNELLA ROBUTTI

28: Semiotic mediation in the mathematics classroom: Artefacts and signs
after a Vygotskian perspective

750

MARIA G. BARTOLINI BUSSI AND MARIA ALESSANDRA MARIOTTI

29: Computerized environments in mathematics classrooms:
A research-design view

788

MICHAL TABACH, RINA HERSHKOWITZ, ABRAHAM ARCAVI, AND TOMMY DREYFUS,

30 Technology and curriculum design: The ordering of discontinuities
in school algebra

810

MICHAL YERUSHALMY AND DANIEL CHAZAN

RT58754_C000.indd vii

2/11/2008 3:45:04 PM

viii

Contents

31 Advanced technology and learning environments: their relationships
within the arithmetic problem-solving domain

841

ROSA M. BOTTINO AND GIAMPAOLO CHIAPPINI

32 Moving forward in international mathematics education research

872

LYN D. ENGLISH, GRAHAM A. JONES, MARIA BARTOLINI BUSSI, DINA TIROSH,
RICHARD A. LESH, AND BHARATH SRIRAMAN

Index

RT58754_C000.indd viii

907

2/11/2008 3:45:04 PM

Preface

This second edition of the Handbook of International Research in Mathematics Education is
intended for those interested in international developments and future directions in educational
research, in particular, mathematics education research. The original edition (English, 2002) was
prepared in response to a number of major global catalysts for change, including the impact of
national and international mathematics comparative assessment studies; the social, cultural, economic, and political inﬂuences on mathematics education and research; the inﬂuence of enhanced
sophistication and availability of technology; and the increased globalization of mathematics education and research.
Although our discipline has made considerable progress in the past decade, with signiﬁcant
theoretical and practical advances in many areas, the foregoing catalysts for change are still pertinent today, but with varying degrees of impact. Other catalysts have gained greater import in
recent years including an increased focus on the teacher and teacher practice, a renewed interest in
theory development in our discipline (e.g., semiotic mediation, which is the focus of a few chapters
here), an increased focus on the mathematics needed in work place settings, and a proliferation of
research designs and methodologies that have provided us with unprecedented opportunities for
investigating (and ultimately improving) mathematical teaching and learning.
This second edition addresses the original priority themes and issues for international research
in mathematics education for the 21st century, namely, life-long democratic access to powerful
mathematical ideas, advances in research methodologies, and inﬂuences of advanced technologies. Each of these themes is examined in terms of learners, teachers, and learning contexts, with
theory development being an important component of all these aspects. Some of the original
chapters have been removed from this second edition and new chapters have been added (namely,
chapters 4, 11, 18, 20, 25, 27, 28). Remaining original chapters have been updated, many quite
substantially.
The volume comprises four sections. The ﬁ rst section, Priorities in International Mathematics
Education Research, provides important background information on the key themes of the book,
and also introduces new and emerging research trends in the ﬁeld. Following my introductory
chapter, Carol Malloy (chapter 2) explores democratic access to mathematics through democratic
education, while Dylan Wiliam and Frank Lester (chapter 3) address the purpose of mathematics
education research, and Cliff Konold and Richard Lehrer explore technology and mathematics
education.
Section 2 focuses on lifelong democratic access to powerful mathematical ideas from the perspective of (a) learning and teaching, and (b) learning contexts and policy issues. With respect to learning and teaching, consideration is given to students’ learning during the preschool and beginning
school years (Bob Perry & Sue Dockett, chapter 5), the elementary and middle school years (Cynthia Langrall, Edward Mooney, Steven Nisbet, and Graham Jones, chapter 6), the secondary
school years (Teresa Rojano, chapter 7), and ﬁ nally, the advanced levels of mathematics education (Joanna Mamona-Downs & Martin Downs, chapter 8). Issues pertaining to representation

xiii
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Preface

in mathematical learning and problem solving are addressed by Gerald Goldin in chapter 9.
Research in preservice and inservice teacher education is explored in chapter 10 by Ruhama
Even and Dina Tirosh, and in chapter 11 by João Pedro da Ponte and Olive Chapman.
The second component of section 2, namely, learning contexts and policy issues, covers a
range of globally signiﬁcant topics such as access and opportunity within the political and
social context of mathematics education (Celia Rousseau and William Tate, chapter 13),
democratic access to mathematical learning in a developing country (Luis Moreno-Armella
and Manual Santos-Trigo, chapter 14), and a cultural psychology perspective on mathematical learning in out-of-school contexts (Guida de Gabreu, chapter 15). The complexities of
change in mathematics education reform are addressed by Miriam Amit and Michael Fried in
chapter 16, while Ole Skovsmose’s and Paolo Valero’s analysis of democratic access to powerful mathematical ideas completes the section.
In section 3, the chapters focus on advances in research methodologies. In chapter 18 Alan
Schoenfeld explores the numerous past, current, and possible future trends in conceptual
frameworks and paradigms used in mathematics education research. Margret Hjalmarson and
Richard Lesh consider design research with a focus on engineering, systems, products, and
processes for innovation. The importance of linking research with practice is also emphasized
in this section, in particular, in the chapters by Nicolina Malara and Rosetta Zan (chapter 20),
Kenneth Ruthven and Simon (chapter 21), and Douglas Clements (chapter 22). In chapter
25, Fulvia Furinghetti and Luis Radford discuss how the pedagogical use of the history of
mathematics can serve as a means to transform teaching. The section concludes with Bharath
Sriraman’s and Günter Törner’s survey and analysis of different traditions in mathematics
education research within Europe particularly in Germany, France, and Italy (chapter 25).
In the ﬁ nal section, the inﬂuences of advanced technologies on mathematical learning and
teaching are investigated. These chapters also include substantial theoretical development in
relation to technology and mathematics education. Chapter 26, by Jim Kaput, Richard Noss,
and Celia Hoyles looks at developments of new notations for mathematics learning in the
computational era. This chapter has not been altered from its original version, given the tragic
passing of Jim Kaput in 2005. The ideas presented in the chapter are as relevant, powerful,
and future-oriented as they were in the ﬁ rst edition. New chapters in this section include
those by Ferdinando Arzarello and Ornella Robutti (chapter 27), who address an embodied
mind approach within a multimodal paradigm, and Maria Bartolini Bussi and Maria Alessandra Mariotti, (chapter 28), who provide insights into semiotic mediation in the mathematics
classroom. In the remaining chapters, Michal Tabach, Rina Hershkowitz, Tommy Dreyfus,
and Abraham Arcavi (chapter 29) present a research-design view of computerized environments in mathematics classrooms, Michal Yerushalmy and Danile Chazan (chapter 30) look
at technology and curriculum design with a focus on the ordering of discontinuities in school
algebra, and Rosa Bottino and Giampaolo Chiappini (chapter 31) explore advanced technology and learning environments with a focus on their relationships within the arithmetic
problem-solving domain.
The concluding chapter (32) addresses some of the key 21st century issues in the advancement of mathematics education and mathematics education research. These include, among
others, interdisciplinary debates on the powerful mathematical ideas students need to succeed
in today’s world, calls for research to support more equitable mathematics curriculum and
learning access for all students and to ﬁ nd more effective ways of creating learning environments that can increase such learning access, and the need to improve teacher education and
development to achieve our goal of powerful mathematics for all. The concluding chapter also
reviews the broadening of research designs and methodologies in our discipline, which are
providing strong bases for advancing the learning and teaching of mathematics.
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