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Abstract: This study investigates 48 preservice middle school teachers’ formal textbook
definitions, formulas, and graphs of the directly and inversely proportional relationships. The
connections among these three types of representations and how preservice teachers’
representations differ according to the two relationships are also examined. The data of the
study included the preservice teachers’ responses to a paper-and-pencil test with two items.
An explanatory research design model was followed when developing this study. The study
findings indicated the preservice teachers’ over-attention to the simultaneous increases
and/or decreases when representing the directly and inversely proportional relationships.
Only four preservice teachers stated in their definitions that the ratio was constant in the
directly proportional relationship. Whereas none of them stated constant product in their
inversely proportional definition. Although the preservice teachers were slightly better at
writing the direct proportion formula than the inverse proportion formula, this difference was
much greater in terms of drawing the direct and inverse proportion graphs. Sixty percent of
the preservice teachers drew their inverse proportion graphs as linear with negative slopes.
Moreover, the analysis showed that the preservice teachers’ definitions were not well-linked
with their graphs and formulas. On the other hand, the preservice teachers who were better
at providing correct formulas were also better at drawing the correct graphs. Implications for

teaching and future study suggestions are discussed.
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Introduction

There has been a shift in mathematics education from a traditional instruction centered perspective,
which emphasizes rote computations and rule memorizations, to a contemporary instruction
perspective that highlights the importance of developing meaningful understanding of
mathematics. Along with this shift, the traditional instruction of concepts such as ratio, proportion,
and proportional relationships have been modified to meet the needs of students. Understanding
these concepts forms a very important part of school mathematics (Lamon, 2007; Lobato & Ellis,
2010) and are also essential for students’ achievements in their future endeavors (Kilpatrick et al.,
2001; National Council of Teachers of Mathematics [NCTM], 2000). While traditional instruction
on these concepts is primarily based on mechanic operations such as the cross-multiplication and
across-multiplication algorithms (e.g., Arican, 2018, 2019; Fisher, 1988; Harel & Behr, 1995;
Orrill & Brown, 2012), contemporary instruction focuses more on making sense of multiplicative
relationships presented in ratios, proportions, and proportional relationships. In the literature, the
ratio is defined as a multiplicative comparison of two quantities with the same or different units
(Lobato & Ellis, 2010). Hence, a meaningful understanding of the ratio concept requires detecting
multiplicative relationships between quantities that form the ratio. A proportion then is a
mathematical expression showing the equivalence of the two ratios (Fisher, 1988; Lobato & Ellis,
2010).

There are two types of proportional relationships between quantities: directly proportional
and inversely proportional. The formal textbook definitions of these relationships are presented as
follows: If x and y are two variables and a constant real number, £, exists such that y = k*x, then
we call that the variable y is directly proportional to the variable x (Argun et al., 2014). On the other
hand, if x and y are two variables and a constant real number, £, exists such that y*x = £, then the
variable y is inversely proportional to the variable x (Argun et al., 2014). Therefore, directly and
inversely proportional relationships consist of multiplicative relationships between quantities, a
constant ratio relationship and a constant product relationship, respectively. Although the cross-
multiplication and across-multiplication strategies are the direct results of these constant ratio and
product relationships, very few students recognize these multiplicative relationships when working

on proportion problems.
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Besides definitions, which are regarded as verbal representations, graphical and symbolic
representations are also used in expressing directly and inversely proportional relationships. The
formula y = k*x is a symbolic representation of a directly proportional relationship. Hence, the
directly proportional relationship is a special form of linear relationships that are expressed by y =
k*x + b formula. The directly proportional formula is obtained when b is equal to zero. Therefore,
the directly proportional graph, which is graphical representation of the directly proportional
relationship, always passes through the origin. However, attending to simultaneous increases of the
values of quantities, students, preservice teachers (PSTs), and even in-service teachers tend to infer
a directly proportional relationship between quantities even if their graphs do not pass through the
origin, which occurs when a > 0 and b # 0 (i.e., affine model with positive slope) (Arican, 2019;
De Bock et al., 2015). On the other hand, the formula y*x = k is a symbolic representation of an
inversely proportional relationship. The graph of this inverse relationship is asymptotic to the x
and y-axis at zero. Like direct proportion graph, attending to simultaneous increases and decreases
of the values of corresponding quantities, students, PSTs, and in-service teachers tend to draw it as
a linear decreasing graph that can be best expressed by y = a*x + b formula, which occurs when a
<0andb # 0 (i.e., affine model with negative slope) (Arican, 2019; De Bock et al., 2015).

Although multiplicative relationships present between two directly proportional quantities
and two inversely proportional quantities, which are also expressed by their definitions and
formulas, as stated above, many students, PSTs, and in-service teachers may incline to infer
additive affine relationships as directly proportional or inversely relationship. Students’ difficulties
with understanding multiplicative relationships presented between proportional quantities indicate
issues with teachers’ proportional reasoning and knowledge of directly and inversely proportional
relationships. Proportional reasoning necessitates the ability to represent proportional relationships
using varying mathematical models (i.e., tables, graphs, equations, diagrams, and verbal
descriptions) (Common Core State Standards Initiative [CCSSI], 2010). Hence, to develop
students’ robust understanding of proportional relationships, teachers should know definitions,
formulas, and graphs of directly and inversely proportional relationships and connections among
these three representations. By the term connection, we imply relations among these three types of
representations. Therefore, a strong understanding of connections among representations requires

the knowledge of each representation and relations among them, their roles in expressing directly
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and proportional relationships, and being able to transition between representations when solving
direct and inverse proportion problems.

As state above, PSTs may have difficulties with using appropriate external representations
to express the directly and inversely proportional relationships and understanding connections
among these representations. PSTs’ difficulties suggest lack of their knowledge on representations
used in expressing the directly and inversely proportional relationship concepts. However, in
mathematics education literature, PSTs’ knowledge of these three representations and connections
among them have not been given enough attention. Hence, this study investigated 48 PSTs’
definitions, formulas, and graphs of the directly and inversely proportional relationships,
connections among these three representations, and how their representations vary according to the
two relationships. Examining PSTs’ knowledge on these representations can assist university
educators for determining their understanding and difficulties with the directly and inversely
proportional relationships. The following questions are investigated in this study:

(1) How do preservice middle school mathematics teachers define the directly and inversely
proportional relationships and represent these relationships using graphs and formulas?

(2) How connected are the definitions, formulas, and graphs of preservice middle school
mathematics teachers with each other?

(3) How do preservice middle school mathematics teachers’ representations vary according to
the directly and inversely proportional relationships?

In the following section, we report some literature on external representations and their

applications in educational settings.

Literature Review on Representations of Proportional Relationships

Goldin (2003) explains external representations as objectively defined and accepted notational
systems used in representing and communicating mathematical ideas such as diagrams, number
lines, graphs, formulas, psychical models, written or spoken language, equations, etc. In
classrooms, external representations facilitate students’ learning by supporting their development
of conceptual understanding and helping them in grasping connections between mathematical
concepts (NCTM, 2000). Researchers (e.g., Duval, 2002; Gagatsis & Shiakalli, 2004; Yerushalmy,

2006) claim that the ability to use multiple external representations and being able to switch
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between these representations facilitates problem solving and learning. According to Spiro and
Jehng (1990), multiple external representations can support the development of knowledge since
the same idea can be expressed by using different forms of representations.

Examining mathematics education literature shows that most research on the role of
external representations in mathematics learning has been conducted on the concept of function
(e.g., Even, 1998; Gagatsis & Shiakalli, 2004; IThan, 2019; McGowan, & Tall, 2001) especially on
linear functions and representational flexibility (e.g., Acevedo Nistal et al., 2012a and 2012b). This
is partly because functions can be expressed using different types of representations. In the domain
of ratio and proportions, most studies (e.g., Aboul Hosn, 2015; De Bock et al., 2015) focused on
the role of using external representations on students’ understanding of proportional relationships.
Hence, there is lack of research on PSTs’ knowledge of external representations and connections
among them.

Regarding with the existing studies on PSTs’ knowledge on external representations,
Akkus-Cikla and Duatepe (2002) and Dogruel (2019) reported PSTs’ lack of knowledge on
definitions of ratio and proportion concepts. Moreover, Arican (2019), Johnson (2017), and Lo
(2004) stated PSTs’ difficulties with using appropriate external representations to present directly
and inversely proportional relationships. Conducting a study with 40 PSTs, Arican (2019) noted
their over attention to simultaneous increases and/or decreases (i.e., X increases and y increases or
x increases and y decreases) when defining directly and inversely relationships. Many of these
PSTs did not recognize constant ratio and constant product relationships occurring between
corresponding values of quantities. Furthermore, Arican (2019) reported the PSTs’ hesitations with
starting the directly proportional graph from the origin in which some of them drew their graphs
by excluding the origin. In addition, many PSTs drew the inversely proportional graph using an
affine model with negative slope. Finally, when the PSTs were provided with the graphs of two
affine functions with positive slope and negative slope, under the illusion of linearity (e.g.,
Modestou, & Gagatsis, 2007; Van Dooren et al., 2003), many of them inferred that those two graphs
were expressing directly proportional relationship and inversely proportional relationship,
respectively.

Johnson (2017) investigated representations used by 25 elementary and secondary
mathematics education PSTs when solving nine proportional reasoning problems. The PSTs’

responses suggested three common difficulties that were prevalent among them: epistemological
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obstacle of linearity, confusion between ratio and fraction, and inability to reason quantitatively.
The PSTs who had high-level of proportional reasoning were better at creating multiple external
representations to solve given tasks than the PSTs with moderate and low-level of proportional
reasoning. Johnson (2017) also observed that the PSTs with high-level of proportional reasoning
were able to overcome three common difficulties by using multiple external representations in their
solutions. Furthermore, Lo (2004) provided a missing-value proportion problem to 22 PSTs in an
elementary mathematics program. The PSTs’ solutions suggested their difficulties with explaining
the meaning behind their calculations using appropriate pictures. In addition, the PSTs who were
able to draw pictures could not provide written explanations to justify the connection between their
calculations and pictures. Hence, she suggested encouraging PSTs in producing multiple
representations of proportional relationships to develop their meaningful understanding of these
relationships.

The PSTs’ difficulties with using appropriate representations to express proportional
relationships suggest issues related with the quality of mathematics instruction that they received
in middle and high school. Agreeing with this deduction, Shield and Dole (2002, 2013) reported
limitations in the definitions of ratio, rate, and proportion concepts in the lower secondary school
textbooks. Shield and Dole (2002, 2013) stated incapability of secondary school textbooks on
promoting students’ meaningful understanding of proportional reasoning. Similarly, Ahl (2016)
noted the impact of research findings being low on the representations of proportional relationships
in mathematics textbooks. On the contrary, examining mathematics textbooks used in Turkish
schools, Bayazit (2013) reported that 75% of the tasks used for teaching proportion concept
demanded cognitively high-level student responses. In addition, he noted that most of the tasks
were presented using multiple representations and had the capacity to promote students’
proportional reasoning.

As stated above, there is a need for investigating PSTs’ knowledge on external
representations used in expressing directly and inversely proportional relationships. Although there
are many types of external representations, this study only focused on the PSTs’ definitions,
formulas, and graphs because these three forms of representations are the ones mostly used in
classrooms to express directly and inversely proportional relationships. In the following section,
we report research design, participant recruitment procedure, data collection tools, and data

analysis procedure.
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Methods
Research Design

An explanatory research design model (e.g., Fraenkel & Wallen, 2006) was followed when
developing this study. Explanatory research design assists researchers in understanding some
phenomena more efficiently by allowing both quantitative and qualitative methods in analyzing the
data. Hence, this research design well-suited with the purpose of this study that was conducting in-
depth analysis on the PSTs’ definitions, formulas, and graphs of the directly and inversely
proportional relationships and connections among them. Moreover, both qualitative and

quantitative methods were used in analyzing and reporting the PSTs’ responses.

Participants and Recruitment Procedure

The participants of this study include 48 first-year PSTs (13 male and 35 female) who were enrolled
in the middle school mathematics program of a Turkish university. The PSTs were attending a
mathematics course on general geometry topics (e.g., angles, triangles, rectangles, polygons, and
solid geometry) in two separate groups, both included 24 PSTs, during the spring semester of 2019.
The PSTs did not have any university level instruction on the directly and inversely proportional
relationships before their participation in the study. Hence, they provided responses to the paper-
and-pencil items using the knowledge that they acquired in middle and high school. In Turkey, the
instruction on these two relationships, which are provided in middle and high school, usually
focuses on rule memorization and routine computations (e.g., cross-multiplication and across-
multiplication strategies). Hence, following a purposive sampling method (e.g., Patton, 2005), we
aimed at examining the PSTs’ understanding of the directly and inversely proportional

relationships before any intervention on these two relationships.

The Data Collection Procedure and Tools

The data of this study included the PSTs’ written responses to a paper-and-pencil test with two
items. The PSTs were given 40 minutes to complete the paper-and-pencil test. In the first and
second items, the PSTs were asked to provide formal textbook definitions, graphs, and formulas of

directly and inversely proportional relationships, respectively (Table 1). Hence, these two items
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aimed at investigating the PSTs’ knowledge of these three representations that they learned during

the formal education in middle and high school.

Table 1

The paper-and-pencil items

Item Description

Direct Please write the definition of a directly proportional relationship, draw the graph

Proportion  ofit, and if x and y are two directly proportional quantities, then write the formula
that represents this relationship beside your graph.

Inverse Please write the definition of an inversely proportional relationship, draw the
Proportion  graph of it, and if x and y are two inversely proportional quantities, then write the
formula that represents this relationship beside your graph.

The Data Analysis

After collecting the PSTs’ written responses, we used a conventional content analysis method (e.g.,
Hsieh & Shannon, 2005) to analyze their responses. This type of analysis reported to be an
appropriate method when an “existing theory or research literature on a phenomenon is limited,”
and “researchers avoid using preconceived categories” rather allow the categories emanate from
the data (Hsieh & Shannon, 2005, p. 1279). To conduct the content analysis, we recorded the PSTs’
definitions in an Excel file and categorized these definitions by providing codes for each definition.
Similarly, we coded the PSTs’ formulas and graphs for the two items, respectively. Next,
considering our research questions, we generated tables using the codes in our Excel file. We
provided these codes in the results section when presenting our findings. In these tables, the
findings were reported using descriptive statistics (i.e., frequencies and percentages). The PSTs’
responses to the paper-and-pencil test and findings obtained from the analysis of these responses
are presented in the following pages.

Results

The PSTs’ definitions of the directly proportional relationship are presented in Table 2. Table 2
shows that 22 PSTs (45.8%) defined the relationship by just attending to the simultaneous increases
or decreases. Moreover, besides attending to the simultaneous increases or decreases, 17 PSTs
(35.42%) also pointed out in their definitions that quantities were increasing (or decreasing) at the

same ratio. However, only four PSTs (8.33%) in some extent stated that in a directly proportional
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relationship, the corresponding values of quantities were forming a constant ratio. Two PSTs
defined the relationship by attending to this constant ratio and simultaneous increases or decreases,
and two PSTs defined it by also including the increments (or decrements) being at the same ratio.
In addition, three definitions were classified as other because these definitions did not fit within
the remaining four categories. For instance, one of these three PSTs defined the directly
proportional relationship as an equivalence relationship, and the remaining two PSTs defined it as
follows: “It is the relation of a quantity with a related quantity” and “If there is a uniform increase

in a certain proportion, then there is a direct proportion.” Finally, two PSTs did not provide a

response.
Table 2
The PSTs’ definitions of directly proportional relationship and their frequencies
Definition Examples f
When x increases, y also increases, then they are directly 22
Increase-Increase .
proportional.

an

If one of the two interconnected situations increases, the other

Increase-Increase ; .
increases at the same ratio or both decreases.

N It is the increase or decrease of two terms in proportion to each 17

At the Same Ratio ! W 1 proport

(II+SR) other.
It is when the x value increases, y value increases at the same ratio.

+ ) ) .
ga tif(()llij-télll{c)y of the It is having a constant ratio between x and y. )
II+SR + Constancy of Itisa fonn of proportion in Whl(?h one value increases Whlle the
. other increases at the same ratio, and there is a certain ratio 2

the Ratio between them

(II+SR+CR) '

Other Equivalences that increase or decrease regularly are called direct 3
proportion.

No Answer 2

The PSTs’ definitions of the inversely proportional relationship are presented in Table 3.
Like directly proportional relationship, most PSTs (58.3%) defined the relationship by just
attending to the simultaneous increases and decreases. Moreover, 12 PSTs (25%) attended to both
simultaneous increases and decreases and these increments and decrements being at the same ratio.
In addition, five PSTs’ definitions were classified as other, and three PSTs did not provide a

response. Comparing with the directly proportional relationship, Table 3 suggested an increase in
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the number of PSTs who just relied on the simultaneous increases and decreases and a drop in the
number of PSTs who also attended to these increments and decrements being at the same ratio.
Furthermore, Table 3 showed that none of the PSTs mentioned the product of corresponding values
were yielding a constant number.

The PSTs’ formulas of the directly and inversely proportional relationships and their
frequencies are presented in Table 4. Table 4a shows that 30 PSTs (62.5%) were able to provide
the direct proportion formula. However, there were also 12 partially correct formulas, x/y, x/y =1,
x/y =2, k = x/2y, and ad = bc are considered as partially correct. Furthermore, six PSTs did not
provide a response for the direct proportion formula. Hence, considering there were not any
incorrect formulas, the PSTs were good at providing the direct proportion formula. On the other
hand, Table 4b shows that 26 PSTs (54.16%) were able to provide the inversely proportional
relationship formula. The formulas, x*y, x*y = 1, x*y = 4, and ab =cd are considered as partially
correct. Moreover, seven PSTs did not provide a response, and five PSTs provided incorrect
formulas. In Table 4b, the total number of formulas is 49 because one PST provided two formulas.
When the formulas in Table 4 are compared, the direct proportion formulas included less variation
than the inverse proportion formula. In addition, while there are only correct and partially correct

formulas for the direct proportion, incorrect formulas are also presented for the inverse proportion.

Table 3
The PSTs’ definitions of inversely proportional relationship and their frequencies
Definition Examples f
Increase-Decrease =~ When x increases y decreases or when x decreases y increases.
(ID) 28
Increase-Decrease
+ At the Same It is when the x value increases, y value decreases at the same 12
Ratio (ID+SR) ratio.
In a two-variable relation, if the y value decreases as the x
value increases, or if the y value increases as the x value
decreases, this type of proportion is the inverse proportion.
Other It is a form of proportion in which one value increases while 5

the other decreases, and there is a constant ratio between
them.

Equivalences that do not increase or decrease on a regular
basis are called the inverse proportion.
No Answer 3
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The PSTs’ directly proportional graphs and their frequencies are presented in Table 5.
Twenty-one PSTs (43.75%) drew their graphs as the one presented in Table 5a. These PSTs
appeared to attend to the linearity and the fact that graph starts from the origin. Furthermore, 23
PSTs (47.92%) drew their graphs as in Table 5b. These PSTs attended to the multiplicative
relationship between numbers besides attending to the linearity and starting the graph from the
origin. The graph in Table 5c is an interesting one because although it is mathematically a correct
representation of the directly proportional relationship, the instruction usually focuses on drawing
the graph on the first quadrant. On the other hand, one PST drew a nonlinear graph (5d), and two
PSTs hesitated to start their graphs from the origin (5e). Although these three PSTs recognized the
multiplicative relationship between x and y values, they had difficulty obtaining appropriate
graphs. Therefore, the PSTs were good at providing the directly proportional relationship graphs
because graphs in 5d and 5e could be considered as partially correct, and there were no incorrectly
represented graphs.

Table 4
The PSTs’ directly and inversely proportional relationship formulas and their
frequencies

a b
Formula of Dgr()ect Proportion f Formula of Iniei‘se Proportion f
x/y =k (y/x =k) 30 x*y =k 26
x/y 4 x*y 5
x'y=1,x/ly =2 (¥) 4 x*y =1, x*y =4 (*¥) 3
ad =bc 2 ab=cd 3
5x=y=k 1 X=-y 1
k =x/2y = 2x/4y 1 x/y =1/k 1
No Answer 6 x/5=y/1=k 1
Total 48 x=y=k 2
No Answer 7
Total 49

Note. (*) Three PSTs wrote x/y = 1, and one wrote x/y = 2; (**) Two PSTs wrote
x*y =1, and one wrote x*y = 4.
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Table 5
The PSTs’ directly proportional relationship graphs and their frequencies
Graphs a b c d e
Y
X
f 21

Table 6 shows the PSTs’ inversely proportional relationship graphs. The PSTs’ inversely
proportional graphs can be gathered into two categories based on their shapes. The graphs of the
first category included linear decreasing graphs with negative slopes (L1, L2, L3, L4, L5, and L6).
On the other hand, the graphs in the second category included curved graphs (C1, C2, and C3).
Furthermore, the graphs can be divided into three categories in terms of values and relationships
among them: Graphs without values, graphs containing a multiplicative relationship, graphs with
values and without a multiplicative relationship.

Table 6 shows that eight PSTs drew their graphs as in L1. These PSTs appeared to
understand the problematic side of intersecting the line with the axes but did not recognize that the
product of corresponding values was equal to a constant. Moreover, by intersecting the line with
the axes, 12 PSTs drew their inversely proportional graphs as in L2. Moreover, four PSTs drew
their graphs as in L3, and two PSTs drew their graphs as in L4. Although these PSTs recognized
the constant product relationship between the values, they drew the inversely proportional graphs
in such they represent the graph of a linear (affine) function with a negative slope. Furthermore,
three PSTs drew their graphs like L2 but included values for the x and y axes (see L5). These PSTs
appeared to think additively rather than multiplicatively because they decreased and increased the
y and x values by the same number, respectively. Finally, one PST drew the graph of y = -x equation
to represent the inversely proportional graph (see L6). As a result, 30 PSTs (62.5%) drew linear
decreasing graphs, and only six of them (i.e., L3 and L4, graphs with multiplicative relationship)
can be considered as partially correct graphs.

In Table 6, the curved category shows that only 18 PSTs (% 37.5) were able to provide the
correct representation of the inversely proportional graph. Eleven, five, and two PSTs drew their

graphs as in C1, C2, and C3. The PSTs who drew their graphs as C1 seemed to know the shape of
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the inversely proportional graph; however, they drew their graphs without providing the x and y

values on the axes. On the other hand, the PSTs who drew their graphs as in C2 and C3 showed

the constancy of products. The only difference between C2 and C3 was that the PSTs who drew

their graphs as in C2 used letters instead of numbers. When the information in Table 5 and Table

6 were compared, like formulas, the variation in the directly proportional graphs was less than the

variation in the inversely proportional graphs. In terms of accuracy of graphs, we encountered the

same situation as in the formulas. While the directly proportional graphs were either correct or

partially correct, there were also incorrect inversely proportional graphs.

Table 6
The PSTs’ inversely proportional relationship graphs and their frequencies

Graphs without Graphs with values Graphs with values and
P f and a multiplicative f without a multiplicative f
values . . . .
relationship relationship
g
I'| 3:)"
l 8 N 3
l \
% - o T 23 g% x
& (L1) (L5)
5
k=i L |t
— : 1
12 N 1
(L2 (Lo6)
T4
||
11
(CD)

Curved Graphs
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Table 7 presents the distribution of the PSTs’ directly proportional definitions and formulas
in terms of their graphs. According to Table 7, 12 out of the 21 PSTs (57.14%) who drew their
directly proportional graphs as in 5a stated the multiplicative relationship (i.e., the ratio of
corresponding values is equal to a constant number or the increments [or decrements] being at the
same ratio) between quantities only in their formulas (i.e., bold numbers); seven of them (33.3%)
stated the multiplicative relationship both in their formulas and definitions (i.e., orange number);
and two PSTs (9.5%) did not state the multiplicative relationship in any of the representations. Ten
out of the 23 PSTs (43.47%) who drew their graphs as in 5b stated the multiplicative relationship
in all three representations (i.e., green numbers); nine (39.1%) stated the multiplicative relationship
in their formulas and graphs (i.e., red numbers); three stated it in their definitions and graphs (i.e.,
blue numbers); and one PST only pointed out the relationship in her graph. The PSTs who drew
their graphs as in 5c¢ and 5d stated the multiplicative relationship in their formulas and graphs.
Finally, one of the two PSTs who drew their graphs as in 5e stated the multiplicative relationship
in all three representations, and the second one stated it in his formula and graph. In sum, Table 7
shows that 11 PSTs (22.9%) stated multiplicative relationship between quantities in all three
representations, 22 PSTs (45.8%) in two representations, 13 PSTs (27.1%) in only one
representation, and two PSTs did not state the multiplicative relationship in any representations.

Table 7
The distribution of the PSTS’ directly proportional definitions and formulas in terms of their
graphs

Graphs Formula / Definition II IISR II+CR TISR+ Other No Total
CR Answer

x/y =k (y/x =k) 9 7 16
x/y 2 2

5a xly=1,x/ly=2 1 1
No Answer 2 2
Total 13 7 1 21
x/y =k (y/x =k) 5 1 2 13
x/y 2
ad =bc 1 2

5b Sx=y=k 1
k =x/2y = 2x/4y 1
No Answer 1 4

Total 6 9 2 2 2 2 23
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5¢ x/y=1 1

5d x/y=k (y/x=k) 1

S5¢ xly=1,x/y=2 2
Table 8

The distribution of the PSTS’ inversely proportional definitions and formulas in
terms of their graphs

Graphs Formula /

Definition

ID

IDSR

Other

No
Answer

Total

C1

x*y =k

2

1

1

—
—

C2

x*y =k
X*y

2

Total

Wi— N

2

C3

x*y =k
No Answer

Total

N | —

L1

x*y =k
x*y

x*y=1,x*y=4

ab=cd
No Answer

Total

L2

x*y =k
X*y

x*y=1,x*y =4

x/y =1/k
x=y=k
No Answer

—_— DN\ = = — == N

1 (%)

U =t et et e N [OO | = = e = NN = =[N N

Total

—_
(98]

L3

x*y =k

x*y=1,x*y =4

ab=cd

—

Total

L4

x=y=k
No Answer

Total

LS

ab=cd
x/5=y/1=k
No Answer

1

— |t [ p—t

Total

1

2

U |t et e [ DN | bt bt | N = DN

L6

X=-y

1

1

Total

28

12

5

4

49/49

Note. (*) A PST provided two formulas, so his response for the definition (he

did not provide an answer) counted twice.
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Table 8 shows the distribution of the PSTs’ inversely proportional definitions and formulas
in terms of their graphs. In term of definitions of 18 PSTs with curved graphs (i.e., C1, C2, and
C3), there was a concentration on the definitions coded as ID and IDSR, in which 10 (55.55%) and
four (22.22%) definitions were categorized in these two groups, respectively. Regarding 18 PSTs’
formulas, 14 formulas (77.7%) were coded as correct, three were coded as partially correct, and
one PST did not provide a formula. In terms of PSTs with linear graphs, 18 out of 30 PSTs’ (60%)
definitions were coded as ID, eight as IDSR (26.66%), two as other, and three did not provide an
answer. Investigating their formulas, the analysis showed that 12 out of 30 PSTs (40%) provided
correct formulas, eight provided partially correct formulas (26.66%), six did not provide formulas,
and four provided incorrect formulas. Finally, in sum, none of the PSTs stated the multiplicative
relationship (i.e., the product of corresponding values is equal to a constant number or the
increments/decrements being at the same ratio) in all three representations, 10 PSTs (20.8%) stated
it in two representations, 28 PSTs (58.3%) only stated it in one representation, and 10 PSTs (20.8%)
did not state it in any representation.

We present a comparison of the PSTs’ directly and inversely proportional definitions in
Table 9. The frequencies in Table 9 having a diagonal distribution indicates that the PSTs provided
parallel definitions of the two relationships. In other words, the PSTs defined these relationships
following a similar structure. For instance, 20 PSTs (41.66%) described the directly and inversely
proportional relationships by attending to simultaneous increases and/or decreases. An important
point here is that eight out of 19 PSTs (42.1%) who referred to the “same ratio” or “constancy of
ratio” in their directly proportional relationship definitions preferred defining the inversely
proportional relationship by only attending to the simultaneous increases and decreases. This
finding and the fact that none of the PSTs stated the constant product of values suggest that the
PSTs had more difficulty with defining the inversely proportional relationship than the directly
proportional relationship.

Table 9
A comparison of the PSTS’ directly and inversely proportional relationship definitions

11 IISR II+CR IISR+CR Other No Answer Total

ID 20 6 2 28
IDSR 11 1 12
Other 1 4 5

No Answer 1 2 3
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Total 21 17 2 2 4 2 48

Table 10 presents a comparison of the PSTs’ directly and inversely proportional formulas.
Like Table 9, the frequencies are almost diagonally distributed. This situation indicates that the
PSTs wrote the formulas of directly and inversely proportional relationships in a similar manner.
Table 10 shows that 26 out of 31 PSTs (83.87%) who provided the correct proportion formula also
provided the correct inverse proportion formula. Two PSTs did not provide the inverse proportion
formula, and three provided the wrong formula. Furthermore, five PSTs did not provide both
formulas. It was noteworthy that one PST provided x/y = k formula for the direct proportion and
x/y = 1/k formula for the inverse proportion. Similarly, another PST provided 5x =y = k formula
for the direct proportion and x/5 = y/1 =k formula for the inverse proportion.

Table 10
A comparison of the PSTS’ directly and inversely proportional relationship formulas

xly=k xly ig;i’ ad=bc 5Sx=y=k k=x/2y=2x/4y i;’lswer Total
xy=k 26 26
Xy 4 1 5
xy=1, 4 3 3
ab=cd 2 1 3
X=-y 1 1
x/y=1/k 1 1
x/5=y/1=k 1 1
x=y=k 2 2
No Answer 2 5 7
Total 31 4 4 2 1 1 6 49

Table 11 presents a comparison of the PSTs’ directly and inversely proportional graphs.
Table 11 shows that 33.3% and 43.47% of those who drew their graphs as in 5a and 5b drew the
inversely proportional relationship graph correctly, respectively. Furthermore, the PST who drew
the directly proportional graph as in 5c¢ (i.e., the graph of y = x) drew the inverse proportion graph
as in L6 (i.e., the graph of y = -x). Moreover, a PST provided curved graphs for both relationships
(graphs in 5d and C1). In addition, two PSTs who drew their directly proportional relationship
graph without passing through the origin (i.e., 5¢) provided their inverse proportion graphs as in
L1 and L3, respectively, by not intersecting the line with the axes.

Table 11




Arican & Kiymaz, p. 649

A comparison of the PSTS’ directly and inversely proportional

relationship graphs
Sa Sb Sc Sd Se Total

L1 5 2 1 8
L2 8 4 12
L3 1 2 1 4
L4 2 2
L5 3 3
L6 1 1
C1 7 3 1 11
C2 5 5
C3 2 2
Total 21 23 1 1 2 48

Discussion and Conclusions

This study investigated 48 PSTs’ definitions, formulas, and graphs of the directly and inversely
proportional relationships, connections among these three representations, and how their
representations varied according to the two relationships. As stated previously, there is limited
number of studies on PSTs’ knowledge of these three representations and connections among them.
By conducting this study, we aimed at understanding the PSTs’ knowledge of these three
representations and whether were able to provide them in accordance with each other.

We investigated three research questions. Regarding the first research question, the findings
showed that many PSTs only attended to the simultaneous increases and decreases in the values of
quantities when defining directly (45.8%) and inversely proportional relationships (58.3%).
Moreover, while only four PSTs stated that corresponding values of x and y were yielding a
constant ratio, none of them defined inversely proportional relationship by paying attention to the
product of corresponding values yielding a constant number. Arican (2019) also reported PSTs’
over-attention to these simultaneous increases and/or decreases of quantities when determining
directly and inversely proportional relationships. For Arican (2019), the PSTs’ over-attention is a
result of rote computations and rule memorization that they were taught in middle and high school.

The findings showed the PSTs’ overall success in providing direct and inverse proportion
formulas and drawing their graphs. However, they were more successful in providing the direct
proportion formula than the inverse proportion formula in which 62.5% and 54.16% of the PSTs
provided correct formulas and 25% and 22.9% of the PSTs provided partially correct formulas,
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respectively. Similarly, the PSTs were better at drawing the directly proportional graph (45 correct
[93.75%] and three partially correct) than the inversely proportional graph (18 correct [37.5%], six
partially correct, and 24 incorrect [50%]). Sixty percent of the PSTs drew their inversely
proportional graphs in the form of an affine function with negative slope. Arican (2019) also
reported this inappropriate tendency of PSTs when drawing the inversely proportional graph. In
the current study, although six PSTs drew their inversely proportional graphs in the forms of L3
and L4, which suggested their understanding of constant product relationship between
corresponding values of x and y, they still drew linear graphs. Therefore, the PSTs’ over-attention
to the linearity (e.g., Johnson, 2017; Van Dooren et al., 2003) and simultaneous increases and
decreases (Arican, 2019) appeared to hinder many PSTs’ abilities in drawing the inversely
proportional relationship graph.

Regarding the second research question, although many PSTs were able represent the
constant ratio and constant product formed by the corresponding x and y values either in their
formulas or graphs, only four PSTs referred to the constant ratio in their definitions and none of
them referred to the constant product in their definitions. Hence, these findings suggested a poor
connection between the PSTs’ definitions of these two relationships and formulas and graphs that
they provided for them. On the other hand, the PSTs who were good at providing correct formulas
of the two relationships were also more successful in drawing the correct graphs and vice versa.
Table 7 shows that 29 out of 30 PSTs (96.66%) who provided correct direct proportion formula
drew the correct direct proportion graph. Similarly, 18 out of 26 PSTs (69.2%) who provided
correct inverse proportion formula drew the correct inverse proportion graph (see Table 8).
Therefore, these findings suggested a positive association between the PSTs’ knowledge of the
direct and inverse proportion formulas and knowledge of their graphs. However, overall, only 11
PSTs (22.9%) attended to the multiplicative relationship between two directly proportional
quantities in all three representations, and none of them attended to the multiplicative relationship
between two inversely proportional quantities in all three representations. These findings showed
a poor association among the PSTs’ knowledge on the three representations.

In the last research question, we investigated how PSTs’ representations varied according
to the relationship provided. Table 9 showed that the PSTs provided parallel definitions of the two
relationships. Hence, they usually tended to follow a similar structure when defining these two

relationships. Like definitions, the frequencies of the PSTs’ formulas were almost diagonally
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distributed that indicated the PSTs’ tendency to write direct and inverse proportion formulas in a
similar manner. Table 10 showed that 83.87% of the PSTs who provided the correct direct
proportion formula also provided the correct inverse proportion formula. Furthermore, Table 11
showed that 33.3% and 43.47% of the PSTs who drew their direct proportion graphs as in 5a and
5b were able to draw the correct inverse proportion graph, respectively. Therefore, the PSTs who
attended to the multiplicative relationship between numbers in their direct proportion graphs were

more likely to draw the inverse proportion graph.

Implications for Teaching and Suggestions for Future Studies

In the current study, many PSTs relied on the simultaneous increases and/or decreases when
representing directly and inversely proportional relationships. While attention to these
simultaneous increases and/or decreases might have helped some PSTs to obtain the directly
proportional graph, it hindered their successes in obtaining the inversely proportional graph. Hence,
60% of the PSTs drew incorrect linear graphs to express an inversely proportional relationship.
Following this finding, Arican (2019) and Izsak and Jacobson (2017) noted PSTs’ over-attention
to these simultaneous increases and/or decreases being not very helpful in distinguishing
proportional relationships from nonproportional relationships. Furthermore, the findings showed a
poor connection among the three types of external representations. Therefore, by disclosing the
PSTs’ difficulties with three types of representations and connections among them, this study aims
at assisting university educators in developing PSTs’ meaningful understanding of directly and
inversely proportional relationships.

The PSTs’ difficulties discussed in this study appeared to be rooted in the instruction that
they had received in middle and high school. Hence, as noted by Shield and Dole (2002, 2013) and
Ahl (2016), the PSTs’ difficulties suggested issues with the capacity of teachers and middle and
high school textbooks on promoting students’ meaningful understanding of directly and inversely
proportional relationships. Therefore, the PSTs’ difficulties in the current study contradict with the
findings of Bayazit (2013), who reported that Turkish mathematics textbooks presented proportion
tasks using multiple representations and had the capacity to promote students’ proportional
reasoning. The findings of the current study suggest a careful examination of the quality of

mathematics textbooks in terms of their capacities for using multiple external representations in
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expressing directly and inversely proportional relationships and developing students’ meaningful
understanding of these two relationships. Thus, we suggest future studies to investigate reasons
behind the PSTs’ difficulties by conducting research with middle and high school students and
examining the capacity of mathematics textbooks on promoting the development of students’

proportional reasoning.
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