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INTRODUCTION

This paper presents a model for computing maximum value yield
of a nominal 12-inch log.

Experimental background for the development

of this model consisted of a series of tests rim at the Anaconda
Copper Mining Company's Bonner sawmill.

These tests were designed

to provide data for numerous experiments and studies.

This model

will provide the nucleus for one series of these studies.
The tests were conducted with Douglas fir logs.

The logs were

measured, graded, and marked, the sequence of log breakdown was observed,
sawing time was recorded, and the resulting lumber was measured and
graded.
This paper provides a brief explanation of how a log is broken
down on the head rig.

This explanation is followed directly, first

with a brief statement of the model's basic strategy and purpose, and
then a detailed explanation of how it works.

After the details of the

model have been illustrated with examples, some of the obvious uses
for the model are pointed out.
Work on related problems using similar methods is cited in
the bibliography.

L

LOG BREAKDOWN ON THE HEAD RIG

The head rig consists of a double edge band saw and a carriage
that moves the log back and forth so that the saw slices through the
log on each pass.
results in a slab.

The first slice from the side of a log always
The second cut always results in a cant that is

to be trimmed by the edger saw to a piece of rough green lumber.
Figure 1 shows an end view of the log on the head rig carriage.
kerf refers to the width of the cut made by the band saw.

Saw

After the

head rig operator, head sawyer, has completed all his desired cuts
along side 1, he turns the log on the carriage so that side 2 faces
the band saw.

He again makes his desired cuts, turns the log so

that side 3 faces the band saw, makes his third series of desired
cuts, turns the log so that side 4 faces the band saw, and cuts up
the remainder of the log.
The head sawyer can control the thickness of the slab or cant
cut from the log.

Therefore, several alternative cutting sequences can

be chosen by him.

The cutting sequence chosen will determine both the

width and the thickness of the lumber obtained.

Pieces of lumber of

nominal thickness one inch are termed boards and pieces of nominal
thickness two inches are termed dimension.

2

3

Side 3

Second Cut

Cant

Gut

Side 1

Side 2

Side 4

Fig. 1.--Breaking Down the Log on the Head Rig

THE MODEL

The intent of the model is to provide an algorithm for computing
the various possible cutting sequences.
consideration of nominal 12-inch logs.

The model is restricted to
This means that the small end

of the log will measure in diameter anywhere from 11-1/2 inches, exclu
sive, to 12-1/2 inches, inclusive.

Diameters used in the model refer

to average diameter of the log, the average of the small end and large
end measured diameters.
Presentation of the algorithm is accomplished by means of a
series of flow charts.

The computations are illustrated with an

example and diagrams of the end of a log. The flow chart sequence
can either be computed by hand, or programmed for computation on an
electronic computer.

The overall strategy of the model can also be

accomplished geometrically by drawing the sequence of cuts on a scaled
diagram of the end of the log.
It is assumed that the head sawyer always turns the log so
that the worst quadrant is side 1, and that he always cuts for a 4inch board and then turns the log so that side 2 faces the band saw.
The sequence of cuts made on the head rig ultimately depends
on the values of the lumber thus obtained.

Therefore, the strategy

of the model is to compute the resulting values from various cutting
sequences and choose the cutting sequence that corresponds to the
largest total value.

This strategy is outlined in the flow chart

4

5

shown in Figure 2,

"Parameters of Choice" refer to those parameters

that describe the possible options the sawyer has for breaking down
the log.

Each time a parameter of choice is chosen, other parameters,

describing the sequence of cuts, follow as a consequence.
referred to as "Parameters of Consequence",

These are

6

Compute
parameters
of choice

Set index

Compute
parameters
of consequence

Reset
Index

Compute the
value functions

Choose largest
value function

List log break
down sequence
that gives
largest value

Fig, 2.--Overview Flow Chart

PARAMETERS OF CHOICE

In cutting the second side o£ a 12-inch log, there are onlyseven reasonable choices:
(1)

cut a 4-inch slab,

(2)

cut for a 1x4 board,

(3)

cut for a 1x6 board,

(4)

cut for a 2x4 dimension,

(5) cut for a 2x6 dimension,
(6)

cut for a 1x4 board and either a 2x6 or 2x8 dimension, or

(7)

cut a 6-inch slab.

The parameters describing each of these choices, the parameters of
choice, are taken as the thickness of the log cut away to achieve
these choices.

These thicknesses are Hj, where j indexes the choice.

An illustration of H3 is shown in Figure 3.

Formulas for the para

meters of choice are:
-f

(4"inch slab)

- w^(4)]^^^

(1x4)

(1x6)

(2x4)

(2x6)

7

8

1x6 board

Fig. 3.--Illustration of Parameter of Choice
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% = 1 -/ EI 2 \ 4

H7 = D
2

\4

+ b + d + 2K, and
4

/

- w?C6)^^/^,
4
/

(1x4) § (2x8) or
(1x4) § (2x6)

(6-inch slab)

The letter D stands for the diameter of the log; b, the thickness of
a rough green board; d, the thickness of a rough green dimension; w(n),
the width of rough green lumber of nominal width n; and K, the kerf of
the head saw.

PARAMETERS OF CONSEQUENCE

The parameters that follow as a eonsequence of the parameter
of choice, Hj, are illustrated in Figure 4.

The letter Bj refers to

the distance between the remaining faces of sides 1 and 2.

This dis

tance will be used in calculating the width of the dimension cut from
the core.

The height of the cut, i.e. the width of the face exposed,

is labeled Cj.

Dividing C2 by d+K, one obtains a number whose integer

part is given by N and whose fractional part is labeled R.
T represents the thickness available for cutting on side 4.
W is used to define completely Hg.

The number

Thus, the parameters of consequence

can be computed from the following set of equations:
CI)

Bj = D - (Hj + H2),

(3)

C2 = (d + K) N + R,

(4)

T = 1/2CD - C2) + R + K, and

IQ

The distance

11

(d+K)N

R

4,

of Paraijetexs q£ Coo,secjuen,ce

THE VALUE FUNCTION

Figure 5 shows a slightly more sophisticated overview flow
chart of the model using the letters just described.

The value

function refers to the price of 1,000 linear feet of the lumber
obtained.

Some of these prices are shown in Table 1.

TABLE 1
PRICE PER THOUSAND LINEAR FEET
(Douglas Fir)

Grade

Size

Price (per 1,000 linear feet)
$

23.3

3 or better

1x4

3 or better

1x6

39.5

standard or better

2x4

77.4

2 or better

2x6

120.0

2 or better

2x8

157.2

2 or better

2x10

201.5

2 or better

2x12

250.0

The total value, Vj, for each parameter of choice, Hj, is given
as the sum of the values of lumber obtained from cutting each of the 4
sides of the log plus the core.

Thus,

12
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4

Ji = v-j (core) + H
i=l

v-j(side i),

since a 1x4 is always cut from side 1, v(side 1) = 23.3.

The value

of dimension cut from the core, vj(core), is computed as shown in
the flow chart of Figure 6.

The computation of v(side 4) is illus

trated in the flow chart of Figure 7.

The logic of the flow chart

can be ascertained by studying Figure 8.

The first question, is

H]^-T?, must be affirmative, otherwise cutting for the lumber implied
by H]^ would reduce the planned N pieces of dimension.

If

T, then

we ask whether 1/2(D - C2) < Hj;; to determine whether the distance Bj
must be considered as a possible limitation on the width of the lumber
implied by

If Bj is not a limitation, or if

1/2(D - C2), then

we only need know whether the distance Ej is a limitation on the width
of the lumber implied by
plied by
limitation.

As long as the next to the last cut im

lies below 1/2(D - Cj) then distance Ej will not be a
If Hj, lies above 1/2(0 - Cj) then we must ask if the width

of the lumber implied by Hk could be cut if its center were not aligned
with the center of the log.

This idea is illustrated in Figure 8.

The

cross hatched area represents a cross section of the piece of lumber
implied by H^.

This piece can be thought of as being moved so that

the area bounded on the left by the line of length Cj, and on the
other sides by the dashed lines, represents the cross section.
The computation of v(side 3) is almost identical to the computa
tion of v(side 4).

If T in Figure 6 is replaced by Gj, the result

is almost identical to the flow chart shown in Figure 9,

The distance
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is sftown graphically in Figure 10.

Note that the strategy here

is to maximize vCside 4] and that done, to maximize vCside 3). That
this procedure maximizes the sum of the two is illustrated geometric
ally in Appendix A.
This done, the total value function,

Vj - vj Cside 1] +

Vj

Cside 2] + vj Cside 3] + vj Cside 4) +

can be computed straight away.

Vj

Ccore),

30

s$de- ?

2cd-c2)/

Fig. 10.-r^Cutting Side 3

AN EXAMPLE

The procedure just described will now be illustrated by
using a numerical example.

The results of the example will be shown

graphically in such a way that it should be clear how the same analyti
cal procedure can be done geometrically.
Suppose the average diameter D of a log is 13.2 inches, and
that the fixed parameters are:

w(n) = n inches,
b

= 1 inch,

d

=1.75 inches, and

K

=0.19 inches.

It follows that the parameters of choice take on the following values
in inches:
Hi = 0.31,
H2 = 1.50,
h3 = 1.81,
H4

= 2.25,

H5 = 2.56,
Hg = 3.44,

and

Hy = 0.62.

Now, according to Figure 5, we set j = 1 and compute:

31

32

Bi =11,39,
Ql = 4.00.
N

= 4,

R

=0.30,

T

= 2.91,

W

=8.00.

and

Next we set v^Cside 1) = 23.3 and viCside 2) = 0 since only a slab
is cut from side 2. (This is not to say a slab has zero value, only
that its value has nothing to do with finding the largest Vj.)
To compute vi(side 4), which is the next item on the agenda
we follow the logic of the flow chart shown on Figure 7,

Since

T< Hg (i.e. 2,91<3.44) and H5< T (i.e. 2.56<2.91), we are trying
to discover whether a 2x6 can be cut from side 4. Since 1/2(D - C2)< H5
(i.e. 2.42 <2.56), we must make sure that w(6)<

.

It is (i.e.

6 <11.39), so next we make certain that H5 - d - K^1/2(D - Cj) (i.e.
0.62 < 4.6).

Since it is, we set V]^(side 4) = 120, the value of a

6-inch dimension.
The next item on the agenda is the computation of vi(side 3).
Since H5<Gi< Hg (i.e, 2.56< 2.77< 3.44), we are trying to cut a
6-inch dimension from side 3.

We can, since we already discovered that

1/2(D - C2)< H5,
w(6)< B ,

and

H5 - d - K<1/2(D - Ci),,,

33

therefore set

(side 3) == 120.

The only value missing is vi(core).

This is computed by

following the logic shown in Figure 6. Since j=l, we use Figure 6,
We have
w(10)< Bi

(i.e. 10 <11.39) and

w(10) < B2

(i.e. 10 <10.20),

so that V]^(core) = (201.5)(4) = 806.0.

The total value, V^, is,

therefore,
Vi = 23.3 + 0 + 120.0 + 120.0 + 806.0 = 1069.3.
The sequence for breaking down the log when j=l is illustrated
in Figure 11. A 4-inch board is cut from side 1, as slab from side 2,
a 6-inch dimension from each of sides 3 and 4, and four 10-inch dimension
from the core.

The cross hatched area shows that a 4-inch board could

have been cut from side 2 without altering the remaining cuts.
should be the sequence obtained when j=2.

This

Therefore, we expect that

V2 = Vi + 23.3 = 1092.6.
This is indeed what we obtain, for the only questions that are
altered are:
w(6) £ r B2
H5 - d - K^1/2(D - C2), and
g2?

Each of these inequalities hold; respectively we have:

34
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Fig. 11.--Breakdown of a 13.2-inch Log, j = 1,2

35
6 < 10.20,

0.62< 2.42, and
2.56< 2.77.
We now iterate again to compute V 3 .
is for a 6-inch board.

H5 < T < Hg

The cut on side 2 , this time,

Since T does not change with j, we still have

and

1/2CD - C2)< H5.

Further, wC6)< B3 (i.e. 6< 9.90) and Hs - d - K <"1/2(0 - C3) (i.e.
0.62 <2.06) so that we set vsCside 4) = 120.

Since G3 = G2, the

above applies to side 3 so that vsCside 3) = 120.

However, this time

the value of the lumber cut from the core changes since wC8)< B3<w(10),
(i.e. 8<9.90<10). Therefore, v3Ccore) = (157,2)(4) = 628,8, and

V 3 = 23.3 + 39.5 + 120.0 + 120,0 + 628.8 = 931.6

The sequence of cuts that yield this value is illustrated in Figure 12.
The dashed lines show that a 6-inch dimension could be cut from side 2
without altering the values of lumber cut from the other sides.

This

is the sequence computed when j=5, therefore, we expect that

V5

= 23.3

+ 120,0 + 120.0 + 120.0 + 628.8 = 1012.1,

Since H5 - d - K<1/2(D - C2) (i.e. 0,62 <1.38) and w(8)<: B5 (i.e.
8< 9.14, this is indeed the case.

36

Scale: 0,4 inch = 1 inch
Average Diameter: 13.2 inches

Fig. 12,--Breakdown of a 13.2-inch Log, j = 3,5
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Going back to j=4, the case when a 4-inch di:niension is cut for
from side 2, we still have
and w(8)<B4 (i.e 8 <9.46).

t- d ^ K^1/2CD - C4} Ci-e. 0,62 <1.64)

Therefore,

V4 = 23.3 + 77.4 + 120.0 + 120.0 + 628.8 = 969.5.

Figure 13, with the dashed lines, shows how the cross section of the
corresponding sequence of cuts appears.

Ignoring the dashed lines,

the Figure shows the sequence for j=6.

When j=6, a 4-inch board and

an 8-inch dimension is cut for on side 2.

In this case we have

H5 - d - K = 1/2CD - Cg) (i.e. 0.62 = 0.62) and wC8)<j: % (i.e. 8< 8.27)
so that the flow chart again agrees with the diagram, and

Vg = 23.3 + C23.3 + 157,2) + 120.0 + 120.0 + 628.8 = 1072.6.

When j=7, we obtain the result illustrated in Figure 14.

Thus

V7 = 23.3 + 2C157,2 + 23.3) + 604.5 = 988.8.

Having computed Vj for j=l,

7, the next step shown in the overview

flow chart of Figure 5 is to choose the largest Vj.

Vi = 1069.3 ,
V2 = 1092.6 ,
V3 =

931.6,

V4 =

969.5,

V5 = 1012.1,
Vg = 1072.6, and
V7 =

988.8.

We have
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Average Diameter: 13.2 inches
g. 13.--Breakdown of a 13.2-inch Log, j = 4,6
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Scale: 0.4 inch = 1 inch
Average Diameter: 13.2 inches

Fig. 14.--Breakdown of a 13.2-inch Log, j = 7
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Therefore,
max Vj = V2 = 1092.6

and the best sequence for breaking down a log of average diameter
13.2 inches is that shown in Figure 11, including the cross hatched
piece.
Extremes for nominal 12-inch logs encountered during the test
runs were average diameters of 11.85 inches and 14 inches.

The maximum

yield breakdowns for these logs are illustrated in Figures 15 and 16.
These three examples, diameters 11.85, 13.2, and 14 inches show a rather
dramatic change in cutting sequence as the diameter changes.

41

Scale: 0.4 inch = 1 inch
Average Diameter; 11,85 inches

15.--Best Breakdown of a 11,85-inch Log
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KERF AREA

The cross sectional area of the kerf can be computed after
the cutting sequence has been determined.

The formula for this kerf

area in terms of the height of a cut is derived in Appendix B.

The

formula is

gCy) = Cx + K] Cd2 - Cx + K) 2 } 1/ 2 _
T~

+
4

(arcsin 2(x + K) - arcsin 2x )
D
D~

where
X

=

(D^

-

Y2JL/2 ^

t"

g(y) is the area, and y is the height of a cut. To compute the total
cross sectional area A, one need only sum up the areas of each of the
cuts.

For side 1, we have

a(side 1)' = gC4) + gCC2)

where a(side 1) represents the total kerf area obtained when breaking
down side 1.

For side 2, we have, according to which of the parameters

of choice lead to a maximum value, the areas shown in Table 2.
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TABLE 2
KERF AREA FOR SIDE 2

Parameter of Choice
Number Cj)

Kerf Area for Side 2
aj(side 2 )

1

gC4)

2

gC4] + gCC2)

3

gc6) + gcc3)

4

gC4} + gCC4]

5

gC6) + gCCs)

6

gC4] + gCC2) + gCC6}

7

gC6)

The total kerf area for the core is given simply by:

aj Ccore) = NKBj

The total kerf area for sides 3 and 4 is more complicated and
the method for computing th_ese is delineated in the flow charts of
Figure

If

for the case where

= Hg.

The total cross sectional area

A is ^ then,
4
A = a • Ccore) + ^ a^(side i).
•'
i=l
In the example of the 13.2-iTich log when j=
square inches.

we have A = 14.6

Assuming an edger saw kerf of 0.28 inches^ we have^
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from the two 4-inch boards and the two 6-inch dimension, 2.9 square
inches,

Hence, the area of all the sawdust totals to 17,5 square

inches.

The area of the lumber fthe core dimension is not edged) is

103,0 square inches.

The difference between the cross sectional area

of the log, 136,8 square inches and these two figures,

136,8 - G103.0 + 17,5] = 16,3,

gives the area of chippable material.
the log is accounted for.

In this manner all material of

USES OF THE MODEL

Certain uses of the model are immediate.

These uses are of

a type where a parameter is varied to see how it affects the maximum
value yield of a log. One choice of a parameter to vary is saw kerf.
From the model, one can determine what yield, if any, is gained by
using the thinner saw.

The extent of additional yield gained from

reducing the thickness of boards or dimension, b or d, can also be
examined.

Another obvious parameter to vary is the width of a piece

of lumber, w(n).
Not quite so obvious is the fact that one can compare value
yields obtained when entries to the price table are changed.

Thus

one can examine the effects of actual and anticipated price changes,
and have explicit estimates of their effects on inventory build up.
Another possibility for the model is the monitoring of actual
log breakdown with the optimal.
Further, it is believed by the author that the model can be
extended routinely to include other log sizes and other first cut
strategies.

Other species of log where dimension cuts are favored

can be examined simply by changing to an appropriate price table.
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APPENDIX A

Consider the diagram shown in Figure A1.
DA, D'A', and D"A" are of equal magnitude.
as partially covering the circle.

Each of the distances

Think of the rectangle ABCD

If this rectangle were slid to the

right so that it were labeled A'B'C'D', then it would uncover the crosshatched area DD'E'E, and cover the cross-hatched area AA'F'F.

<*S.

the latter

*

area is clearly the larger, thus the sum of the areas DEDE and AFAF has
been diminished by moving the rectangle to the right (i.e. the sum of
the areas D'E'D'E' and A'F'A'F').

Since the distance the rectangle

was moved represents half way, the sum of the areas D'E'D'E' and A'F'A'F'
is a local minimum.

The maximum sum is represented by the initial case.
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APPENDIX B

The cross sectional area of the kerf can be computed by
integrating under the curve shovm in Figure B1 from x to x + K.
The steps of integration are as follows:

Xj^ + K
A = 2 \ CD^ - x2)l/2 dx
4

X(d£

x^
4

4

Xj + K
arcsin 2^
D~ ^1

where A is the cross sectional area of the kerf.
yi =(D" 4
A

We may write

so that
^

= Cxi + K}CD£ -Cx^ + K)2}
4
+ d2 (_arsin 2(xi + K) - arcsin 2xi).
4
D
~D"
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Fig. B1.--Computation o£ Cross Sectional Area of Kerf
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