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GENERAL CONFIGURATICNS ) [

g .
Definition of & configuration: A figure is called a configurstion if 1t

consists of & finite number of points, lines, snd planes, with the prop-
eryy that esch point is on the sdmm. number & of lines and =180 on the
same number &, 0f plsnes; esch line is on the ssme number &, of points =nd
the ssme number & of planes; snd esch plsne is on the same number a _of

points snd the same number &,,0f lines.

A configuration cen be conveniently described by = squzré metrix:
2

2
point line plane
1 point R, - a,
2 lj.ne | a:_n axx ‘13
[
3 plane 8, ], a,

In this notstion, if we call & point sn element of the first kind, & line
sn element of the second kind, =#nd a plane one of the third kind, the
number aﬁ(i#J) gives the number of elements of the Jthekind on every
element of the ith kind. The numbers s,, &, &, 8ilve the totel number

of points,lines, =2nd planes reapectively. Such a2 square metrix is celled
the symbol of the configuesation.

A tetrahedron for example ia & figure, consisting of four points, six
lines, snd four planes; on every line of the figure sre two points of
the figure, on every plane &re thres points, through every poinyippss
three lines end 180 three plenes, every plene contrins three iinrs, and

through every line pass two planes. & tetrshedron is thsrefore s config-

urstion of the symbol 4 3 3
2 6 2
S 3 4

The symmetry shown in this symbol is due to the fact thet the figure
in question is self-dual., A trisngle evidently hes the symbol
3 2]
i v
|2 3?
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gince &l1ll the numbers referring to planes 2re of no importesnce in csse

of a plene-figure, they are omitted from the symbol for s plene config-

urﬁt ion.

In general, a complete plene n-point is of the symbol

| n n-1 l _
2 #n(n-1)

and & canplete space n-point of the symbol

n n-1 4fn -1)(n=-2)
2 %n(n-l) v n=2 >
3 3 G:}n(n-l)(n-zl

The Desargues configusstion. A very important configurstion is obtsined

by teking the plane section of 2 complete spsce five-point. The five-
‘point is cleerly s configuration whose symbol may be obteined from the

one Just given by removing the first column 2nd the first row.

5 4 6
. ','. ......... |
2 110 3| »~
3 1.3 10

This is due to the fact thet every line of the spsce figure gives rise

to & point in the plsne and every plene gives rise to a line. The config-
uration in the plane has then the symbol

10 3

3 10

Vla proceed to study in detsil the properties 0i the couusigurstion just
obtained. It is known ss the configurstion of Desargue. The theorem of
Desergue stsbes thet 1f two triangles in the ssme plene are perspective
from = point, the three péir’s of homologous sides meet in collinear
rointsji.e. the triangles &re persapective from =& line.sﬁ}roof: Let the
two trisngles be ABC end A,B G, Plate / , the lines AA,BB, CC, mesting
in the point 0. Let 34, BA intersect in the point C; £C,AC in Eg BC,

td to prove that A B C are collinear, Consider any
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3--

1ine
o. 0, any two distinct points on this line other than O. Since the lines
; Z

through C vhigchcie nottin the plene of the trisngles, =nd denote by

3,0 snd 4,0 1lie in the plane (& 4,0 0) they interesect in a point A. Sik-
11e1ly B 0 rnd Bhotintersect in a point B #nd likewise 010‘ snd C, 0, in &
point C. Thuse 4 B C C qﬁtogether with thelines and planes determined by
them form & complete five-point in spece of which the perspective trisngles
form & prrt of & plane section. The theorem is proved by eompleting the
plsne section. Since & B liea in & plrne with 2 B snd #1s0 in & plrne with
g B the lines 4 B , A,B,, #nd & B meet in C,. So als0 &4 C,, & C,, rnd £C

meet in B3; and B, C , B;Q,r B C meet in Az. Since A , B ‘i% , 1lie in the

P
plene A B C and 8180 in the plane of the trirngles £ B, C,rnd £ B C they rre
collinesr.

As & corollery to the sbove we may stete that if two triangles in the same
plene asre perspective from & point, the prirs of homologous sides interssct
in colline=sr points; ~nd conversely.

Perspective tetrshedra: If two tetrshedrs sre perspective from & point,
the 8ix peirs of homologous edges intersect in coplsnar points, =nd the four
peirs of homologous fsces intersect in coplenar lines; i.e. the tetrshedra
ere perspective from = plsne, V/ete Z

Proof: Letthe two tetreshedra be F P I, E rnd P'P!P)T) rnd let the lines

278 ¥

PIP:f Plg:, P$P;, E,g:meet in the center of perspectivity C. Two homologous

dS‘“”'Piﬁf then clesrrly intersect; cell the point of intersection Ego
The points 1:‘_, P,g, Pﬂlie on the same line, since the triangles PE P:‘ and

edges P

P:BJP; sre perspective from O. By similar ressoning spplied to tha other

pairs of perspective trisngles we find thnt the following triples of points

&re co0llinesr: P.,’_P.s?u; P”?‘*l;, 133 1341,-4; P“PHP” The first two triples have
the point gkin common snd hence determine & plene; ench of the other two
triples has & point in common with esch of the first two. Hence 211 the
points gjlie in the same plsne, The lines of ths four triples just given rre

the lines’ of intersection of the psirs of homologous feces of the tetrrheirs,
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".'qu‘drangle-quadrilateral configurstion:

pefinition: A complete plene four-point is cslled 2 complete quedrangle.
;t consists of four vertress and six sides. Two sides not on the same vertex
pre celled opposite. The intersection of two opposite sides is ceslled & di-
pgonsl point. If the three disgonal points are not collinesr, the trirngle
}ormed by them is called the dimgonal trisngle of the quadrangle.
| pefinition: A complete plene four-line is ceslled a complete quadrilster-
?1, It consists of four sides =nd s8ix vertices. Two vertices not on the ssme
Lidg sre celled opposite. The lines joining two opposite Yertices ig called
; diegonsl line. If the three disgonrsl lines sre not concurrent, the trisngle
?formed by them is calledthe disgonal triesngle of the quadtilrteral.
: From plate six let P P P P be the vertices of the given complete qued-
érengle, and let qzng‘be the vertices of the disgonal triangle, queing on

the side P P, D on the side B P and D, on the side E E . We observe firat

¥

‘'that the disgonal triang
‘formed by & set of three of the vertices of the quadrangle, the center of

le is perspective with emch of the four triesngles

‘perspectivity being in each csse the fourth vertex. This gives rise to four
fnxes of perspectivity one corresponding to esch vertex of the quedrangle.
{Theae four lines clearly form the sides of # complete quedrilatersl whose
zdiagonal trisngle is D D D .
The Fundsmentsl theorsem on quedrsngulsr sets:

If two complete quadrangles P, PP P snd P'E'P)P; correspond -- P to
P:, P to P}, etc.-- in such 2 way that five of the prirs of homologous sides
'1ntersect in points of s line 1, then the s8ixth psir of homologous sides will
" intersect in = point of 1. §
Proof: Suppose)firsq thet none of the vertices or sides of one of the

quadrangles coincide with sny vertex or side of the other. Let P E, P'IB,

PF, szkbe the five sides which, by hypothesis, meet their homolo=-

PP

14

goug sides -'P"P:,}.’,'P; v_.P:.P,: 'Pr."%'le.'P:.'in POints of 1" ‘Vie must show thet P: PV
A e et i = 3 02 1. The ®ri

ar ° Irisngles P P Pyeng EIEIE erq

L RN
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5--
_ hypothesis, perspective from 1; =28 2180 the trisngles P‘};P‘_and P,'P,_'P;-

gech peir js therefors perspective from 2 point, s»nd this point is in erch
intersection O of the lines P P'#ndP P'!. Hence the trirngles
Pj?, PAPnd P;P“P4' are perspective from O snd their prirs of homologous sides
{ntersect in the points of = line, which is evidently 1, since it conteins
two pointa of £. But P,B, #nd P]E' sre two homologous sides of theme last
gwo trisngles. Hence they intersect in s point of the line L.

The plane dusl of this theovwem is : If two complete qusdrilstersls = & a s
and s"ﬂ;ﬁ"ﬂ: correspond-- &, to a', a to a!, etc-- in such = way that five of
the lines joining homologoua vertices psss through a point P the line join-
ing the s8ixth pair of the homologous vertices will also pss&s through P.
Exercise 3-- If two sets of three points A B-c end A'B'C' on two coplenar
lines 1 snd 1' respectively, sre so0 relsted thst the lines 4 A', B B', C C',

- are concurrent then the points of intersection of the psirs of lines A B',
and B A', B C'" and C B', C A' sand A C' sare collinesr witk 11'. The line
thus determined is cslled the polszr of the poiant (., B B') with respect to
11’

Given: A A} B B, C C' concurrent to prove 1ll', X,M,N are colline=ar.

See Plate _ %' .
Proof: Trisngles A'B' C snd A B C# are perspective. Therefore PSi,N are

-

collinear by the Desargue theorem. Trisngles A'BC and A B'C' are perspective
Therefore 1,K,M sre collinesr. The points P ond M determine both lines sgnd

therefidre represent the ssme line, hence K,M,N sre collinesr.
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EXERCISE T '
PLATE 3 e

|
EXERCISE IT \\ /
PLATE 2’ |
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,.roi'. 40
Using the thaorem of exercise three, give = construction for a line

Plate 4

010108 sny given point in the plesne of the two given lines 1 rnd 1? to the
oint of intersection of 1 rnd 1' without mrking use of the lstter point.
soluti‘m‘ Let iL be the given point. urew sny two lines through M intersecting
gnd §' in points B and B', C snd C® respectively. Draw B B' snd C C' inter-
;.ctins 2t P'. Dresw any line AP' intersecting lines 1 =nd 1' in points A #nd
} respectively. Drew AB' sand &4'B intersecting st K! Then K iz the required

4ne, by theorem Preceding.
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:5: Plate 5’
130,5.
grove

Using the definition of exercise 3 show thet if the point P' is on
|
e

§p°i“

given the point E3 on the polser p, to prove that P is on the polsr P'.

poler P of s point P with respect to the two line 1 snd 1l'. Then the

t P is on the polar p' of P'with respect to 1 rnd 1°.

proof: Let the points 8 B D on line 1 »nd points C'4A'D' on line 1' be re-

Euwctively perspective from P rnd P'be sny point on the pelsr of P. Draw
Eéup'intersecting line 1 =t A. Draw line AP intersecting line 1' in B'.

:snwe A'BPAB'P' end A'BPDD'K sre two complete qusdrsngle B'= B' by the
qlmdrangle theopem, B' being the intersection of BP' =nd 4AP). Drsw eny line
tnrough P' such ss E E'., Draw ZB' rnd BE! meeting at . Since trisngles

B'AE snd B'A'B sre perspective P, N 2nd 11' sre collinesr by Dessrgue theorem.

put points Il rnd 11°' determine the poler of P' with respect to the lines 1

snd 12. Therefore P lies on the polar of P', rnd the thesorem is proved.
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EXERCISE XX
FLATE 5’

EXERC/ISE Y7
FPLRTE &'
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B~ Pla‘fe.-b'
v,:cili 6-- I f the vertices 4,A A,A,0f a simple plsne gquadrangle

. respectively on the sides a,3,8, 8, ,0f » sinple plcne qusdrilatersl

i if the iatersection of the psir of oppoasite sides A, AZ;&’A’ is on the
08 joining the psir of opposite points & a 4 s the remsining psir of
,posit° sides of the quadresngle will meet in the line joining the re-
{ning peir of opposite vertices of the gquadrilstersl,

yen: the vertices A 2 2,4 0f a simple plsne Jqurdrrugle on the sides
. 8% 0f the sinple pasane quedrilstersl rnd the intersection of the
ie8 5, A AsA,On line Joining the psir of points @ - ,8,a,. TO prove that
s remsining psir of opposite sides of the qurdrangle will meet on

o line Jjoining the remaining prir of opposite vertices of the
sirilateral.

o0f:  Connect S A, and 4 A. The two trizngles AAP, snd A 2 F heve their
prespording sides meeting in three collinesr points. The lines join-

hg the corresponding verticea sre copointel by the converse of the

gergue theorem. Thence, I, P snd A A M,are collinear.

4"
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9--
gxercise 7-~ If two complete plsne n-points sre 30 relstea that the

side B, £ end the remsining 2(n-2) sides psssing through A,and A meet
the corresponding sides of the other n-point in points of » line 1 »nd
the two n-points ere persrpective from a point.

given: Two complete n-points: £ A Ag.ecs.h, A'AIL] ..c...A)l =nd line

'
1.
To prove: n-points perspective, from & point
proof s

Lines passing through A,=and 4,in one n-point end A ~nd A§ in
cnother n-point all meet in & line 1.  Tritngles 4,4 4 =nd A'A'R',
LA A snd A'AlLD 3 A A A rnd A{'A:Afw sre »ll persepctive. Also they
sre perspective from the same point. This mskes BAY A AL BAY A 51 A A
copointal. Hence trimagles A A A «nd A'A'Al hrve their sides neeting
on 1 28 they asare pasrspective from the pole of 1. HZence sll the remain-

ing 8(n-2) sides cen be shown to wseet on 1 :nd rad perspective from =

point.
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W
grercise --8. Plate 7'

If 6 sides 9f = cvaplete qusarsngle A A A L, psia through five ver-
sices of = couplete qusdriletersl 2,8,8,8, in such 2 wey thet t,s, 18 on
Sy 8, 8, 4,00 & & etc., thea the sixth side of the quadrragle passes

ghrough the sixth vertex of the qusdrilatersl.

given: the complete quedrilatersl a R ,a,a,whose vertices srec I ¥ P P I T

A

rad @ complete guadrangle A A 7 A with

Aa,on point 8,8, 4.4,04 wolnt a 2 , 4 A 0d point 8, m,
Adgon point a,a;rnd 4,5, 0n ,omt 2 |y

fo rxove: Tur~t 4,4 ,i8 on itne noiat a3,

(roof: Tue sides of tue trirngles a4, F, P zad 1P P, meet ia turee col-
lineaxr pointe 5, P A, . Thevefure ti.e lines joiniug ti.e corresgoading
varticea 2re copoiaitesl, by couverse of lescrgue tueorem. Tuerefore

line A, L, vruses tnrough poiat a,&8,r.n thre theurem is vroved. Tusorem

is welif du=l.
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11== Plte 3

Exgrcise v-= If On e~ch of tnree coacureeut lines = b ¢ two oints sre
given L, A, 0n a; B,B,on b; C, C,on ¢ =- there orn be furmed four psirs of
srinnglies A;EJCN(i,j.k 21,2) #nd tune prire of correspcaiing sides meet
jn #ix@ pOint® wnica zre ins vertices O0Ff 2 comwlste furdriletaerzl
(V-vonese, Atti del Liacei, 1876--1877, p. 649)

given: 3 coneurseunt lines t.wo points to the line.

po Pxove: Taat the rcirs of corresponding sides weat in «ix points wnich
.re the vertices o0f z complete gqusiriletersl.

proof: Triangles cern be zrr»nged in the f£following meaner:

A B,C,rnd AB!C)

£,B.C.2nd £!B)C;

£,B,C snd £'B)C:

A,B,C,sand AlBLC/
4,B,#nd £,B, meet in = point L
B,C.e2nd B,C. meet in a point w
2,Ci=nd 2,C meet in s point I
£, B.end 4, B, meet in & point 0
A B,snd 4,C meet in s point P
B,C_and 8,C meet in & point M
A,B end A,R meet in a3 point B
2,C,and », Cimeet in & point D
B.C,and B, C meet in a point 3
2,B,and £,B,meet in & point o)
A,8,end 2,C meet in & point )]
B,C, snd Etci_meet in & point Q

Thus we heve sixe points L M II C P ¢ which are collinear in
groups of three sa3 given in the above four groups. Thede points may
. be regsrded ss the points of = complete gusdrilsterel o8 esch line

hes = point in common with esch 0f the other lines.
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Exercise 10-- With nine vwoints situcted in sete of three on three con-
current lines are formed 36 sets of three perspective trirngles. For
esch 86t 0f three distinct trisncles *“e p—ae of persvectivity meet

in & 7217t} snd the 36 points thus obtrined from the 36 set= of

treisngles lie in set= of four oa x7 lines giving = confieurstion

Given: A, 4,A.0n ocae line; B,B,B,on snother line snd C,C C on the other,
To prove: the sbove coanfigurstion is trve o~nd thst tre sxes of perspec-

tivity of the triaéngles »71 meet in » noint.

Yroof:
36 revressants the number of points in the configuret
tion.
«3BL, 23C, ABC, &s
L BC. L3C. B0,
ABC, 2,3C, 2BC,
ﬁg%. 4 A ABC.
C. LB0 A2,
ﬁ 'B.c’ Lﬁp’ f ‘B‘C,
£BG. 520, £B0,
ABL, £38, ABL
A 'C, £,0C ﬂp‘q,.

Prom these 27 triangles osn be chosen 36 sets of 3 distinet triangles
with no side or vertex common in any set. The first triesngle can be

chosen in 27 different weys. For any triangle chosen there s¥e 6 points

left, 2 on each line. These 6 pointa can be formed into 8 sets of two

trisngles. We, therefore, have 27x8 combinstions of three or 36 sets

of three. Por each triangle in the first column above there =sre four

ocombinations of the others, having no vertex or side common in the three

B G A,B,C,
as: A B'O, ‘;‘-xcl £,B,0,
¥ ‘ ‘,_-_ﬂ, Vs A,BQ,
: -,iigbp A.B,C.
* b Tt Sl 4 I’Ega-
A BC ‘J’.C¢ A,B,C,
N :ig,g, A4;B,C,
4.B.C,
5,5: C. 4,B,C,
A BO 4.5, C, A,B.C,
' 3,.B,C. A3, C,
A BC "ﬁ
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BEx. 10
A,B.C, A,B, C,
A Bl cs "B;c s ‘sBs 0_,
' ‘ ;50' ‘!Bte-—
AB.C_ - &,B.C and so on through the
jist. For eaoh set of three aistinect triangles the axes 0df perppectivity
soet in a pointg, by converse of Desargue theorem. See Plate _-# To

hrove that these points of intersection of the axes lie in gets of 4 on
27 1ines let the sides of the triangles meet es follows:
B, end A, B meet in po%nt 1

,c,aga A, C. " . § in triangles A, B C 2nd A B C_
v T
2 : $ in trisngles A,B C,end A _B.C,
——¢
3 s 2 in traingles A B, C and A B C,
L
: : 4 in triangles A B C and A _B,C,
|
B %0 in triangles A,B,C 2nd A B,C,
" o
" " 11 in triangles A B,C end A B,C.
1z
. : %0 in triangles A B C mnd A B.C,
113
"o 11 in triangles A B,C,snd A B C,
L " 3

In thwe same way the pointa of intersections 0f the sides of the second a
lend third trisngles may be found in each set of four. This however is un-

necemsary for we would get points on the linew which pass throught the

. jpoints 0f intersetion of the axes and these have been determined by the
firat two lines, since the three axes are copointal for esch set of three.
at the p0ints .b.aiucu &bove collinear by threes, by Deasrgues theorem, =ss
1,2,3 ere oco0llsnear and 12,11,3 are collineer etc. Also we have the follow-
ing collinear points 1,6,9,12;2,4,10,11; end 3,5,7,8. The first set is A B.
The second set is on A C. The third set of collinear pointe is on B ¢. From
these sets of collinearitiea we obtain the figure _4 . In this figure Y
md Z are oollinear with B by the theorem B'., Then the points UV, W snd X
jire collinear by Desargues theorem.
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o= BEx 10

¢ these pointa are the points of intersection of the axes of persepo-

vyity of the first four groups of three sriangles as grouped above. There-

re the points of intersections of the axes of perspectivity are collinear
sets of four. By following the grouping outlined sbove we get 36 points

9 1lines. If instead of teking Qach of the first column of the 27 triangles
e with all the combinations of the others, not having a vertex or aside

on, we had teken each of the second with 211 the combinationa of the
thers, we would have obtained the zsame 36 points on 9 other lines, =2nd like-
se each of the third with the ocombinations of the others, would jive the

gne 36 points on 9 other lines. We therefore get the required configuration

or the points of intersection of the axes of perspeotivity.
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Bxeroise 1l. A plens section sf & 6-point in space may be coneidered as

three trianglwe perspective in paire from three collinear points with cor-

reaponding sides meeting in three collinear points.
Given: Three triangles perspective in paire from three collinear points

snd the corresponding sides meeting in three collinesr points.
Td prove: that the figure may be condidered as a pdane seotions of a 6-

point in space.
Proof: A complete space 6 point ia of the configumation

HEE B

A plene seotion of a complete 3-apace 6-point is of the configuration

T 16 4
3 20
The figure of three triangles perspective in pairs farm tlree collinear

points and whose sides meet in three collinear points is of this config-
! uration. See Pigure 5 .
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gzercise 18. A plene section of a 6-point in space oen be coysidered as

g perspective complete gquadrangles with the gcorresponding sides meeting in
the vertices of a complete quadrilsateral.

Given: Ths figure of 2 perspective quadrangles with the corresponds-
ing 8i1des mesting in the vertices of a complete quadrilateral.

To prove that this figure is of the configuration of a plane section
of & 6-point in space.

Proof: Suoh a figure ocan be constructed. We oan prove that A B C

are collinesr; A P D collinear; C D B collinear; B F B collinear by Desargue
theorem, 28 for instance trisngles A'B'C' and A''B*'C'’ are peespective
and therfore the corresponding sides meet in three collinear points. In the

same way the others sets may be proved collinear. Thias figure is of the

|'T5 'y
3 20

This ies the configuration of a plene section of a 6-point in epace and
6 .

configuration

the theorem is proved. See figure
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FPLATE ELEVENY.

TWO PERSPECTIVE TRIANGLES FRONM P
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PLATE TWELVE.

CONFIGURATIONY  OF PRPPLS,
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A Plane section of an n-point in epacs gives the configuration

. n=-
g L WHich may be cmsidered (in

mys) se a set of (n~k) k-points perspective in pairs from _C points,

ich form the configurations

. a—kga. n-t.z »
i the points of intersections oL the corrodbo;IIng 5I4eo form the oon-

guration t-gf ké.ﬂ

Given: a plane section ¢f an n-point in spmce, to prove: that it is

the above configuwations.
Proof: Bvery pair of points of the n-point in space determined a line.

ase lines intersect the plane section in ypoints. There are‘gtot these

ints in the plane section. Every combintdions of three points in the
point in space determine a piane. These plenee intersect the plsne section
. 1ines. There are C,of these lines in the plane section. EBeoch of the

.enes spoken 0f sbove which intersect the plane section in points. There-
re there are 3 pointe on a line in the pidane section. Any two poigts of
1e n-point in epece teaken With each of the other points determine n-2

lanes all intersecting on the ssme line. This gives n-2-lines on a point

1 the plans section. Thie proves the first configuration of the theorem.

) prove the second confiuration, let us consider the n-point in space. In
18 n-point in spece we may select any set of (k) points. There are left

»k points. Select any two of these n-k points, such as £ & g« Thess two
sints with each one ofhhe k points determine a plane. These planes intere
sct the pidane section in k copointal lines, upon which there are two sets
£ k points; those formed by the intersection, with the plene section, of
ines joining the point f to each of the k points in space, 2nd the othsr
he points formed by lines from point g to the k points in epace intersect-

ng the plene section. These two k-points ere perspective from the point
£ intersecthom of line £ g with the plane section. Suppose we iake any
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per pair of points of the n-k points, other tham f and g , using no point

¢o. There will be formed in this mnnnor;gig sets of 2 k-points, per~
ective by pairs, making in all (n-k) k-points. The k points end the n-k
ints in space mey be selecged in C _wWeys and therefore we get the set of
-k) k-points in the section, in C.Weyse Now if instead of selecting our
t of (n-k) k-points in the manner we did, we take the pointa of the n-k
jnts in space by pairs in othew combinations, we would have the same set

| (n=k) k-points perapective by pairs from n-k other cehsers. In short we

i
-

A |

t

-
L

[

11 get this set of (n-k) k-points pewspective in pairs from as many een-
r8 ag there are combinations of 2 in n-k, namely . L. centers. For example,

we cennect the point g to each of the other n-k-1l points in space we get

1 }¢ k-point formed by lines from g to0 the k points in spece intersecting the

lane seotion, perspective with esch of the other (n-k-l) k -points by pairs,
kewise We may show that any k-point of the set is perspective with esch of

I pe others, in pairs. 3ince these centers of perspectivity of the k-points

t¢ the intersections of the limes Joining the n-k points in space, by pairs,

r*th the plane seotion, their oontignration»in the plane section is simply

plane seotion of an (n-k)- point in space. Which proves the second confige

. gation of the theorem.

Since the k-points are perspective by peirs, every psir of trisngles

brmed by three corresponding points of the two pewepective k-points are

rapective 2nd by Desargues theorem their corresponding sides will meet in
e® collinear points. There will be ,C, 0f these correpponding trisngles
d consequently,C,lines and 3 points on & line. The two k-pointe will have
rresponding sides for every pair of corresponding vertices, or C sides,
ich intersect each other in,C,points on the,C, lines. To find the total

ber of points, which is 3.—ik£kolf (k-2) = k-2 lines on a point.

erefore the configuration
Keg ) k. 2—_
3 £Cs ollows and the theorem

proved.
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Bxercise 1l4. F~lare ¢

A plane section of a seven point in space cen be sonsidered ( 19 ways)
&8 composed of 3 simple heptagons oyclically oirocumscribing each other.
Given: A plene section of a 7-point in space. To prove that it may

be considered =28 composed of 3 simple heptagons oyadically circumscribing
each other.

Proof: The configuration of a 7-point in space is

21 6
3 36

"Let the points of the Tepoints in sp

L? 5 1B
3

The pleane section ia lEI b
S 35

~space be numbered 1,2,3,4,6,6,7, respectively. In a plane section there awe
21 points mede by the intersection with the plane section of lines joining
the pointa of the 7-point in space, by pairs. Theae points we shall des-
_ignate by the numbers of the points conneoted in the 7-point in space; as,
~the 1line conneoting points 3 & 6 of the 7-point in space is the line 36
#nd the lins intersects with the plesne section in point 36. The 21 points

are: 12 23 34 45 56 67
13 24 356 46 &7
18 26 . 36 47
16 26 37
16 27
17

The lines joining these points shsll be named according to the 2 points
connecteds as, the line joining points 23 & 37 shall be line 23 37 etoc.
‘The three heptasgons are chosen with the following vertioces:
12,23,34,45,56,67,71. 13,36,67,27,24,46,61. 14,4%,37,36,26,25,51.
Points 1,2,3, of the 7=-point in space determine & plane. This plane cuts
the plane section in a line, Ol thie line are points 12,13,83. In the

same way 23,24,34:34,3b6,45;456,46,66366,67,67;67,71,61;71,21,27;13,16,35;
36,37,57;26,237,67;24,27,47;24,26,46;24,46,61;18,86,61;14,47,17;34,47,37;
.36,37,67:83,26,36:26,26,66312,15,26;14,156,46 ase all collinear in sets of
3. Therefore each vertex of the second heptagon lies on a side of the first
and each vertex of the third lies on a side 0f the second, snd each vertex
of the first lies on a gide of the third. The heptagons, therefore, cycli-
‘0ally oircumscribe each other. The first heptasgon may be chosenin & or
120 4iffereat ways, as will be shown in exercise 16. The second and thirad
‘are fized when the first is chosen.
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Exercise 16:

A plene seotion of an ll-point in space san bde oconsidered (in|® different
ways) es five simpde ll-points cyclically ciroumscribing easch other.

Given: A plene section of an ll~point in spece. To prove: thest it con-
tains five simpidd ll-points oyolioally ciroumsoribing esch other.

Proof: Let the lines #2nd points of the ll-points in space 2nd the
plene seotion be numbered as in exercise 14. Then the five simple ll-points
may by ohosen with the following vertices:
1(1+42),2(2+2) ,3(3+2) ,4(4+2) ,6(5+2) ,6(6+2) ,7(7+2},8(8+2)9(9+2),10(10+2)11(11.
1(142),2(242) ,3(3+2) ,4(4+2) ,5(52) ,6(6+2),7(7+2),8(8+2)9(9+2),10(10+2911 (11
1(142),2(242) ,3(342) ,4(4+42) ,5(642),6(6+2),7(7+2),8(8+2719(9+2),10(10+2711911.
1(142) ,2(2+2) .5(3+2) ,4(442) ,5(5+2),6(642) ,7(7+2),8(8+2)9(942") ,10(10+2)11(11
1(1+2),2(242),3(342) ,4(442) ,6(642) ,6(6+29,7(7+2) ,8(8+299(9+2%,10(1042)12(12.

Yhioch may be written as followas, the numbers in the psrenthesés being
taken in cyolioc order:
12’23’5"45.56.67.7’8’ 89,9 10.10 11’ 11 1.
13,24,88,46,67,68,79,8 10,9 11,10 1,11 2.
16,26,37,48,69,6 10,7 11,81,92,10 3, 11 4.
19,2 10, 3 11,41, 62,63,74,656,96,10 7, 11 8.
16,27,38,49,6 10,6 11, 71,82,93, 10 4, 11 6.
Writtan in the order 3af edjacent vertices:
12,23,34,45,56,67,78,89,9 10,10 11, 11 1.
13,36,67,79,9 11,11 2,24,46,68,8 10,10 1.
16,69,92,26,6 10, 10 3, 37 7 11, 11 4, 48,81.
19,96,63,3 11, 11 8, 86, 62,2 10, 10 7, 74, 4l.
16,6 11, 11 6, 6 10, 10 4, 49,93, 38,82, 27,71.

The first of these simple ll-points may be ohosen in|9 different ways for
8ince there are 9 lines one a point after the firast vertex is chosen the
second may be ohosen in 9 ways. Likewise the third may be chosen in 8 ways,
8ince the 9thline goes baok to the second. The 4th may be chosen in 7 weys:
the 65th in 6; the 6th in §; the 7th in 4 the 8th in three; the 9th in 8; en
10 in one snd the llthe in oge way , making fectorial nine wags thefirst ma

be ochosen. After the first is chosen the others are all fixed.
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g gxercine~-16

A plane section of an ne-point in space for n prime can be sonsidered (in
‘“tjp=8 weys) al_%:; simple nepoints oyclioally ciroumsoriding each other.
Given: A plene section of an n-point in space. To prove thset it cen de
¢t oonsidered an%:; simple n-points ocyoclically circumsoribing esch other.

w% Proof: A plane section of an n-point in spece is of the configuration

|'tnm-1f nT'j-
| 8 Aé:n(n-ll(n-zl Since there are #n(n~-1l) points in the configuratio

. |we have exactly the number of poijte oalled for in the theorem. We will only

i have to construct the n-l simple n-points to prowe the thhorem. Let the
S\ z

m
Ml

points of the n-points in space be numbered 1,2,3,4,6,6,~~.... .n=3,n~2,n~1,
ne In the plane section there are 4n(n-1l) points formed by the interestion
with the plane section of lines joining the points of the n-point in space,
M“by rairs. Let us designate these points by the numbers of the points which
the corresponding lines connect, 28 in exercise l&. Bach set of three points
o2 the n~-point in spsce determine a plesne which cutés the pamne section in a
line, so there will be three points on & line. Therefore there can de but
one vertex of a second simple n-point on a side of the first. Let the simple
n-points be chosen with fhe following vertices:

128,34 ,45,566,67,78,89,9 10, 10,11 cevccecccccccsccsen=3)(n-1), n-l)n, n 1.
13.24.26.46,67,68,79,8 10,9 11,10 12.ccececeecscesron=8 1n ,(n-1)l, n 2.
14,26,36,47,68,69,7 10,8 11,9 12,c0000csccseccesc.on=3 1, n-1)8, n 3.

18°28°37°48°69.6 10, 7 11,8 12,9 13 =cecesescscsesn=2 2  1n-1)3, n 4.
p16.27.26.49.6 10, 6 11,7 12,8 13..eeeeeeeecacneeeeen=2 3 1n-1)4, n 6.
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t .............o..o..0........0O0.....0.-.......o.-oo.oc-‘.................‘

1...\. ...Q............ & 0 O 5 09D g e 6B s s we *® * P e 8 s P ap v 13 AR B WA N WA RN

B - - anl ‘n3...;...-...-...........-.......n.]. n." nn.b
| v?1115,2 1, _ﬁ_- i_ ="

2
' - ¢ s 3 n+d €0 900000 0000C0000ssbross e ccsssselle]l DN=D, N N3
. E © 000000000 e0Erenneetsnsssccsnsssccell™ Ne s A N=
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Bx 16

The simple n-point na
desired as: 13,35,567,79,9 11,11 13,13 156 ccecccctto. Let the simple n-points
be numbered 1,2,3,4,5,6,7cecscccsto n=1

7 be writem} in the order of the edjmcent vertioces if

in the order written on the pre=-

ceding page. Then the simple n-pointe are circumscribed es follows:

Number 1 is oircumscribed by n-1
-

-~

-

2

© O -2 o0 o ¢+ O

"1l

" n=3

1

a 3
B

oz

2 3
o0
s

"

g

a

.

[(E XXX NEENENNN NN NN RE XN N NN NN NN RN SN NN ENE RS NSRS NN

[ N AN NN R NN R XN NN N

and so to .
n = nhel

Number n~l is cirocumscribed by n-1 or
8 g

whether n-l1 1is even or 0dd. By the nature o0f the notetion used in writ-

n+l depending on
K3

ing the n-1 simple n-points it is evident thet every point of the

pdane sedtion of the n-points il space hes been used, end but ones. It is
also evhdent thet the theorem does not hold for (n) an even number, for
then n-1 is a fraction srd not integral. Suppose {n) ia any odd number

not prime. Then aome simple n~point may be circumscridbed only by itself =as,

if n s 33, then the eleventh simple 33-point is circumscribed by 33-1l

which is itdelf. Let us show that this is imposeidble for (n) a prime nunm-
ber. Suppose k a positive integer less then, or equal to n-1 , represents
the number of any simple n-point. Now if k is an e¥en number it will dbe
circumscribed by number k/2.
gsoribed by n-k.
2

If k is an 0dd number 1t will be circum-

How nek oannot be equal to k for then n would equal

3 k which is contrary to the hyporthesis thet n ia a prime number,
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EBx 1a

It remains to be proven that the simple n-points can be chosen in
|n=2 ways. We will select the first vertex of the first simple n-point as
the interseoctiok with the plane section of a line joining sny two points
of the n-point in space, such as £ & g. It will be remsmbered thet all
the points in the plane section sre formed in this way. To determine
the seoond vertex we may take the intersection with the plane section, of
the line from g to any of the n=2 remaining points. Let us select h. The
third vertex will be the intersection with the plene section of the line
from h to =ny of the remining n-3 points, ets. After the <first vertex is
chosen the second may be chosen in n~2 ways, the third in n-3 ways, the
fourth in n-4 weys, the 6th, 1n N~ WAYBeeecccccsccecrcccssesassthe Nn-st
in n(n-1) or 1 way and the last will be determined by the line from the
the nth point chosen in the n-point in space, beck to £, Thus we have the
first simple n-point in the plane section determined in n-2 weys. Since
there sre only 3 padints on a line, in the plane sectbon, and since each
simple n~point has to be circumscribed by one of the others, sfter the
first simple n-point is chosen the others are fixed.
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A plane seotion of a 6-point in space giwes ( in 6 ways) a five

oint whose sides pess through the poigte of the configuration .
) 2 e o7

3 10
glves

Given: A plane section of a 6-point in spsace, to Frove that it
in six ways a five point whose sides pass through the configuration of
Desargues.

Proofi To prove thie theorem it is only necessary to construct a
figure whioch fuXfills the conditions, as the figure _{}_’ This figure is
a pdane section of & 8ix point in space. To show thet it satisfies the
oonditions o0f the theorem I have drawn & b-point in the ;oegii!&k and Des~
ergue oonfiguration, satiefying the given conditions, in black ink. These
two configurations were chosen after the 6-point section was drawn. We hav

the conditions ertisfied in ths following six ways:

WHICH proves the conditiorm of the theorem in six ways.

)
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Desasguess Plane b-point
4, B, ¢, D, B P H I J K, A, B, C, D, B,
B, D, K D, B, C/ C B, a, &, H P I J. B,
B, C,D, B, C, D, I B P H, 4,4, B, K, ,
A, K J, A. D, I B H D, B, B,C, B, P ¢,
B, XK J 4, B, IR C R D, B, A, C, D I, B,
A, B, C, B, A B, J C I P& D, X D, B, H,
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Ex 18-

A Plane section of an n-point in space gives a complete n-l point whose
sides pass through the points of the configuration

A n-
3 .
Given: A plene section of a n-point in spacej}o Prove: t gives a
;gmple:; (n=1) point whose sides pess through the points of the given oon-
guration .

Proof: A plane seotion of = complete n-point in spece is of the donfig-
uration

#{n=-1)n n=8 The given n=1){n-3) n=3
configuretio
3 kn(n-l)n=-2) | 3 f{n-1) (n-2)(n-=
A oomplete plane n-1 point nel n~%

is of the configuretion

2 n-1)(n-2

If we subtract the points of the plesne section of e {n-l)point in space
from the points of the plsne section of t -point in spsce, we geot
#n(n-l) = #(n-A)fn-2) » n-1 points. If we to the n-point in space, we
£ind that these (n~l) points sre formed by the intersections, of lines
drawn from one 0f the pointy k, of the 3-apace n-point to the other n-1
points with the plane seotion. The point k, chosen, lies in the .. L, planes
of the 3 spasce n-point of #(¥~1)(n-2) planes. These plenes cut the plane
gsection in lines 80 that the n~l points above lie on the 4 (n-1l)(n-2) lines
or the number of lines required by the complete plane (n-l) point in space,
or n(nel)(n-2) = (n-l)(n-a)(n-3¥ = #(n-1)(n-2) the number of lines left
for the complete plane n-1 point, Therefore we choose these lines in the
nanner spocken of above. Since any one of the n-l points sre obtained by
lines from k to the other n-lpoints of ths three spsce n-point intersecting
the plane section, it is evident thet any line and eech of the other n-2
points of the 3 -space n-point form planes which cut the pdane section on the
given point making n-2 lines on & point. Since lines were @&rawn from k to
eeach 0f the other n-l points of the 3-space n-points, to determine n-1l
pointa, spoken of above (but the other pointas connected by reirs), there are
just two points on erch line, in this canfiguration, thus giving a complete
plene (n-l)point whose i(n-ll(n-z) sides lAe on the vertices of the plane
Bection of the (n-~l) point in space. '
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Exercles 19

The section by a three space of ah n-point in a 4-space is 0of the

configuratioy
L n=2 — The plene F: n-ﬂ
2 ,..2, n-3 section is 4 =G

Proof: In a 4-space there sre n-points, no 3 of which are coliineer.
no 4 of which are coplenar and no 5§ of which are in the same 3-space. Bvery
combination of 2 points determine 2 line, so there.l,lines. Every ocombin-
ation of three points determine 2 plsne so there =re (C,plenes. Every com~
binetion of 4 points determine a 3-space 80 there are C 3-spaces in the
four-space n-point. A 3-space section of a 4 space cuts esch of these 3~
spaces in a 2-apace 80 there sre C rlenes in the section. The 3-space section
of the 4-8pace cute the 2-spaces 0f the 4-space inl-ppaces 80 there are C,
lines in the section. The section cuts the linewm of the 4-spaqo in points
80 there are C points in the section.

In the 4~-space there are 3 points on every plane. These points are
connected in parts by tanree lines, sothswe are three points on a2 line in
the section. In the 4-space there are 4 points on every 3-space. These may
be connected, in parts, by 6 lines, 8o, there are 6 points on every plene
in the 3~-space section. In the 4-spzce there are 4 points omn every 3-space.
These 4 poiyts determine 4 planes 80 there are 4 plages on every 3-space,
which makes 4 lines in the seotion on every plane. In the 4-spece every
3 points taken with each of the other pointé determined (n-3) 3-apaces on
every plane. These mske n-3 plenes on 2 line in the section. In the 4-sprce
each 2 points with eech 0f the n-2 others determine n-2 planes on a line.
These give n-2 lines on a point in the 3-space section. Therefore the figure
of the 3-space Section of an n-point in a 4-space is of the oonfiguratibn. In
the 4-space there are 2 points on a line. These 2 points with esch of the
othex, ¢,points ti&ken by pairs determine a three-space. Thoro\arqvpt 3-apaces

on a line. In the section, there are (,plenes on -a point,
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Exercise 19
A plane seotion of the configuretion .
2 D=2 a-20e
3 N n-3
6 4 Lo

Hass o, points for the plane section cuts the C,lines in C,points. It haes . C,
lines for the section cuts the .C ,planes of tle configurstion in C, lines.
There are 4 points on a line, for in the configurstion there sre 4 lines on
& plene =2nd these become 4 points on 2 line in the plarr section of the
configuration. Tnere sre n~-3 planes on a line in the congiguration; these
give #-3 lines on 2 point in the plene section of the configuration. The
plene section of the given configuration is of the configuration

~Ls n=3
4

aly
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Bxercise 20--

The configuration of the 2 perspecti ve tetrahedra of theorem A can

be obtained as the section of a 3-spsce of a complete 6-point in a 4-space.
Given: The 2 perspective tetrahedra of theovmm A. To prove thet they cen

“&be obteined =8 a section by a 3-space 0f a2 comp e te 6-points in a 4-space.

w, Froof: By thevwem preceding the section by a three space of an n-point in
my 8 4-8pace is of the configuration [ .C, n=-2 m-;5,,
n-3

3 L,
he 6 4

If n is equal to 6 then the configuretion is

begy

Tt

The two perspective tetrshedra sre of this configure ntersection
of the 4 planes by 3's in each of the tetreshedra form 8 points. The center
of perspectitity forms a ninth point snd & points cealled for in the theorm
A make, in sll, 16 points. There 2re 6 lines to each tetrshedron =nd 4 co-
planar lines formed by the intersection of the homologous fsces, and the
four lines of perspectivity meke 20 lines in all., Eeoch tetrsheiron has 4
faces. The igtersections of the homologous faces are coplsnar snd the lines
0f perspectitiy form 6 planes, =2nd there =2re 8 plane ferces in the 2 tetra=-
hedra, making l5plenes in all. There are 3 points on each line, 6 points on
each plene, 4 lines on each plsne, etc. Three points on a 1line becausre
there sre 2 vertices of the tetrashedra and 2 point of intersection of the
homodogous edgea or the center of peespecti¥ity on every line. Six points
on a plane beceuse there are on each plane 3 vertices of one of the tetra-
hedra snd three collinear points of intersection of the 3 edges in thas
plane with the corresponding edgea of the othbr tetrahedron, 4 wertices of
the tetrashedra the center of perspectivity =nd one point of intersection of
the homologous edges of the tetrshedra or the plane cohtaining the 6 points
of intersection of the homologous edgés of the two per spective tetrahedra.

4 lines on each plsne becesuse there is one esch plane two lines of perspect
ivipy =2nd two edges of the tetrahedra or three edges of the tetrahedra end a
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line of interseotion of the homologous faces of the tetrshedra or the 4 lines
of intersection of the homologous faces of the tetrshedrae etc. Therefors the

theorem is proved.
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If the two five points in a 4-spece are perspeotive from a point the
¢orresponding edges meet in the vertices, the corresponding plene faced
meet in the lines, =nd the corresponding 3-space #20es8 in the planes of
a8 complete b-plane in a 3-space.

Given: The two 5-pojnts in a 4-space perspective from a point., To prove
that the carresponding edges meet in the vertices, the corresponding
plane faces in the lines =nd the corresponding 3-spece frces 4in the
rlenea of complete 5-rlane in a three-spsce.
Proof: The b-point in the four-space is sssumed to be such thet no 3
points sre on & line; no 4 ppints on a plane; snd no 6 points on a 3-
space. Let us consider any four corresponding points of the 2 perspective
b-points of the 4-space. These sets of points determine a 3-spmce, =nd
by theroem A the 6 pairs of homologous faces meet in coplensr lines. This
holds true for =21l the combinations of corresponding 4 points of the tet
rehedra. If f0llow then thet the corresponding 3-spsce feces meet in plsanes
the edges in points snd the plene feces in lines. In order to show that
these points, lim s =nd plenes lie on the same 3-space, let the points of
the perspective 6-points be A, A, A, A, A end A} A', A" A A'.First consider
A AAA end A'AIA'L] Let:
A A meet AlA] o

)
P, ALK, " Aipl
P, P YL Y.

AA,meet A'A at B, A,A.meet A'A]) n §*
LAY AT TR AL A »
LA AN "R, ALK " AA B,

Each set of 3 points of intersections of the corresponding edges are

3 3k

3 3t

collinear. All three lines are coplanar by theorem A. snd with them P P P._.
Using the same motation considering A A A A end A'A'AJA'; A A A A _snd

(e S

A'AIA'RY; A AA Apnd A'AIA'A'; A A A A and AIAIAIAL in turn

3845 27374 % 3 g
P ,,2,42,4 P’%‘P I §I zP “Pffk P,_,P,., Ps#
734 35/ 5 ra sy P I 7y
FEE PE.E. F.EE.  E.E.E.are coplemar in group:
PR, ERPF, PER, PP P of four snd coll in

sets of three.
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ket the first two plenes (or sny two) determine a thr-e space, i1 ethat
planes gzg:graﬂd §:§:§ﬁ: Then the third plane is ong that 3-space

for its determined by two lines one on esch of the two plenes determining
the 3-space as R P F.ere points of a line on the second and third plenes.
e, P,B,ere on the first snd third. Like wise P F_P are on the first snd
fourth planes =snd F,F _E.ere on the second snd fourth. And P, I E are on
planes one =nd five. And P P P are on the second snd fifth. Since a2ll the
othee planes have & line commong with esch of the first two they =11 lie in
the sesme 3-8spece. Eech plsme of intersection of the 3-spece faces hes one
line =nd three points commoyg with esoh 0f the other plenes. We therefore

have a complete H6-plsne in & three~space. This proves the theorem.
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If two triangles are perspective then esre perspective also the two trian-
gles whose vertices are points of intersection of esch side of the given
triangle with the line joining a fixed point of the axis of perspectivity
to the opposite vertex.

Giveni the two perspective triangles, To prove: thet the two triangles
whose vertices are the points of intersection 0f esch side of the given
triaggle with the line joining a fixed point of the exis of perepectivity
to the opposite vertex.

Proof: Considering the complete quedrengles M Y, B % and M Y,B,2, lines Y 2
and Y' Z meet in the line M L, by theorem B. Therefore triangles A Y z,. A,Y, 2
aYe porapoctivojaﬂ.z', B Y,%,ere perspective; C, Y' Z.‘z czzl Z_ sre perspective.
Therefore since lines Y Y »nd 2,3 meet on 4 A , on B B and C C,they must
meet at P. Consider the trisngles X B C and X B C, The correeponding sides
of these triangles meet in three collinear points and therefore the triangles
ere perspective by the converse of Desargue theorem. Therefore line X, X,
passes through P, which proves the theorem. See Figures _ﬁ_:__ end /8’ . In
case M coincides with K3, or L the trisngles X, Y Z end X Y 72 degenerste in-
to three collinems points esch and one point is common to both sets, in
which case the theorem holds but is triviel , for two of the points sre the
vertices of the given perspective triengles snd the co:nmone’pointd' is the

fixed point on the axis of perspectivity.
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The nespace section of an m-point (m2n-2) in an (n4l) spgee can be
considered in the n-apasce as (m-k) k-points-points (1n.g,!my§) perspective
in patts from the vertices of the n-spece section of one (m-k)point; the
r-speces of thek-point figures meet in r-l-spsces ( r--1,2,3....,n=1)
which form the n-spsce section of the k-point.

Proof: Por every k points in the m-point in the (n4l) space there are
left m-k points. Let us consider & partiocular set these k points snd the
corresponding set of m-k pemaining points. Any two of the m~k points de-
termine & line, such 28, points £ & g determine the line f g.Now lines
joining the points £ & g to esch of the k points in the (n+l) space will
intersect the n-space section in points and there will be formed in this
manner, two sets of k-points, perspective from the point of intersection
of the line fg with the n-space section. Likewise we may take the other
points of the m-k points in the (n4l) spasce by pairs using each point but
once, and we get_m-k of the pairs of k-points in the n-space section
making in al (m-x)zk-pointa. If we trke point £ with each one of the other
m=K points in turn we will get one k-point in the n-spsce section perspec-
tive with each of the others. Likewise tsking the point g end then esch of
the others in turn, we get esch k-point perspedtive with each of the
others. These points of perspectivity of the k-points ere the intersection
poAnts of lines joining the m-k pointsjhthe (n+4l) space, with the n-spsce
section, therefor ghey are the vertices of the n-space section of the
(mek)point in the (n+¢l) spece. Since the m-k points may be selected in
all combinations of m-k in m, we hrve (m~k) k points in the n-space in

wC.Weys, perspective in patts. The m point in the nyl spece is sssumed
to be such thst no three points sre on & line, no four points on a plane,
no 5 points on a 3-s8pace, #2nd no 6 points on a 4-spgce, no p points ona

(p-8) space etoc. Figures in the n-spsce oan be shown to possess this property
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It remains to prove that the r-spaces8 of sny k-point meet in r-l spnces.
3ince sny three points of a k-point determine a plsne, 4 points determine
4 plenes intersecting by psirs. Since each peir of these planes have two
points common they intersect in a line. Likewise § points determine .G,
S-apaces. 3ince these 3-spaces have 3 common points they meet in a plane.
Likewise & poim s determine (C, 4-spaces. Since the 4-spsces have 4 points
common they meet in three spasces. In short, r+42 points determine (., r-
points. Since these r-pointa have r points common they meet ina r-1 spacge
As we shall prove in following theorem, 8ince sny two k points
are perspective, their r-spsces meet in r-l spaces. In the r-l1 spsces
there will be 3 points on a8 line. There will be ,C of these points of inter-
section of the corresponding sides of the 2 perspective k-points in the n-
epace section. There will be C,lines in the n-space section formed by the
interasection of correspond ing plenes. There will be ,, plenes in the n-space
section formed by the intersection of corresponding 3-spasces of the perspec=-
tive k-points. Bikewise there will be (C,3-spaces, O, 4-spaces, ,C, 5-8spaces
etoc. In the n-space section, formed by the intersection of the correspond-
1né 4-gpaces,b-sprcen,b6-8paces etc. of the two perspective k-points. We
notise a2lso that there are 3 points on the line snd k-2 lines on the point;
4 lines on the plsne and k-3 plenes on the line; 5 Pplmnes on the 3-space
and k-4 3sspaces on the planes; 6 3-apaces onjtho 4-sprce and k-5 4-spaces
on the 3-spsce;etc. in the n-space section. Therefore the corresponding r-

spaces of the k-points meet in the r-l spsces wWhich form the n-space section

of & k-point.
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If 2(n+lrpoints in an n-apace are perspective from a point, thelr
corresponding-r-speces mcet in r-l-spaces which lie in the seme n-l space
(r= 1,2,0000,n-1) and form g oomplete configuration of (n+l)(N-2)-ep=ces
in the n-1 space.

Proof: It follows as & corallary to Desargues theorem that 2 trisngles
not in the seme pleane, perspective from a point, have their corresponding
sides meet in points of a2 line. Since 3 oorresbonding points of the 2 per~
spective (n-l) points form perspective trisngles their corremponding #ides
and consequently their plenes, meet in a line. Therefor the corresponding
lines meet in points =nd the corresponding plesnes meet in linesa. Likewise
eveory 4 corresponding points determined corresponding 3-sraces. The plenes
of these 3-spaces meet in lines, and since the 4C,plnnea have 2 points in
common, the lines of intersectioh 0f the corresponding planes tntersect by
pairs. Let A A A A& A'A'AJAS be twe cgorresponding 3-spasces s=nd let their

corresponding plenes meet as follows:

A A meet A'A! at P, - A ,A nmeet A;A%' at P,
in plsnes A,k meet A /A at I, in planes A A A,

A Ameet A'A) at P. A A A& & R)AJA}
A'AlA] A A meet A'A' at B,

A A meet A'A} et P,

A A meet A'A, 8t ) A A meet ATAY at T,

A A A'A} et P iél?}a:f:'A'A' A t A'A} A plenes

meet et P, A _A_mee t
A, 08 ' Tq 4 T T2y r T2 %y by op AL, at P, ‘1""& A;A;A"
A A meet AJA] 2t E, A,k meet AJA; 2t P

Since any tvw of these lines of perspectivity of 2 corresponding pmirs of
triengles have & point in common they intersect. Let the lines P P P and

128" 23

P,P, P, determine a plane. 3ince each of the other g lines PP E end R P P

have two pointa each on this plesne, they lie wholly within the plsne.

Therefore the tww corresponding 3 spsces meet in rlanes.
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In a 1like manner we mey consider any $ corresponding points of the per=
spective (n + 1) points which determine two corresponding 4-spaces. These
6 correaponding points determine § correspondi ng 3-spaces which meet in

plenes. Letthe 3-spaces meet ss follows:

A A Ameet AATAY at P A3 A meet A'A'AY At P
A AR meet A'AA] ot P, AtAngmoet k"Az'A; et P~
A4 A meet A'A'A! at P, A'As meet A'A'Al 8t B,
Ak b meet AlA'AL st P. .. AL A meet AJAIAS at P,
A A A meet AAJA! st P, A A A meet A'A'A! at P,
3 5 A emeet A'A'AB et P, A A A meet A'A'A! st P,
A A B meet A'A'A! ot P, A, A A_meet A'A'A! at P ..
_h A A meet AALE! nt Pogc A A homeet ALhlR' pt P.sg

'4,A,A meet A'A'A! at P,
A A Ameet A’ATA' at P

3 8 A meet A'AJA] et B,
A0 A meet AJAZAL ot P.yo

Therefore the following lines are coplrnar:

P/zg ’2/2_61 ”),7¢ g!‘ PILVPI.lf rldf P)-'l; gijIJf Plff‘ P”f Pd‘as PIIS'PIS"P:’.‘-Pzgx P13,~P;,>»Psﬁ"

3ince any t%o of these plenes have & line common, the two plsnes determine &

3-spage (two intersecting plenes determine a S3-space). Broh of the other
planes have s line common with esch of these two snd therefore lie in the
same 3-spece. Therefore the corresponding 4-spsces meet in & 3-space.

In a 3ike menner we may consider sny 6 corresponding points of the
perspective (nel) points which determine 2 corresponding 5 spaces. These
6 corresponding points determine 6 corresponding 4-spaces wWhich meet in 3-

spaces. Let the gorresponding 4-spsces meet in the following three-spaces:
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A h,A A meet #A'AJA; In P, ,
‘. A,_A‘Asmeet ‘:‘:A;‘;m Piass

2 A,A hmeot A'ATA’A! in B, .:
A,B,2 A meet A'A'A'A! in P,..c
AlA b A-meet AJAIAZAY in P.sss

A A A A mee t A'A'A'A; 10 P,
A A A Ameet A'A'A'A? In P, ¢
A A A A meet AA'AIA? 1n P,
A AA A meet A'A’ZIA; in P, ..
A A A A meet AJAIALA! in P4

Ar A A, meet A'AA'AL in P,.s5
AL A A meet AJANATAS In P,
A AL S meet A'AIA'AY In P,
A A A Ameet A'A'A'A? in P,

A A,A A meet 2IACAAR In P,

A A L, A meet A:A}l.ﬂ,'l.} in P,, .
AL A A meot A'A'ALA? 1n P.,.
A A A A meet A'AJAIA: in P,
AAb A geet A'A'AMA AN P,
Az A A Acmeet A'ALA'AY in P.. .

L, AA A meet A'ANA'A! in P, ,,,
B A,A 2 meet A'AIRCA} in B, ;..
A AA A meet AJA'AAlIn P, ;50

B B A A meet A'RMAIN' in B,
Pl i A meet R2A K AL in Piyse

A AR A meet A'ANARAMAIN B,
A LAk meet A'AIAIAY in B,,.
A A A_Ameet AJA'AIAL in P, ~
AAA A A meet AIAJAJA! 10 Bresc
AsAp A A meet AZAZANALID P,pse

Therefore the following plenes esre on the same 3-8pace:

P

rass Pﬂ" Pn" P:n( wa" Pu-nr Pu"l- Pn.# Pl}ﬂ. P.z;w,

21255' PI:SCP,,;; Pvaf‘l- Pas;n P,‘q( Puﬂ. P;;ﬂ P iese P,g;-q.

P,glff P,-;q(,P,;fb P'Vﬂ- P,m P,_,q( P;;q{, P;," ngs't P,m‘(_

Let P P, of the first set determine the 3-spsce 2and P_ & T _0f the

2%

seocond set determine a 3-space. Since the 2 3-spsces have a cormon plane

the two 3-spacea determine a 4-space. Or points F,P P F.P P 2 sll are on

the firet 3-space. These points together with the point P, determine = 4-

space. The second Z-space is in this 4-space. Point R, Ec BRsere 2180 on this
4-spece. Since three non-collinear pointa of the plnes P P P, B  Puwdsest
(which are the plsnes of interseotion of the corresponding 3-spasces which make

up the 5-spece sre in this 4-space , and since three non-collinear points
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ytermino & plane these plenes nare all in the 4-wpace. Therefore two corres-
bnding 6-spaces meet in & 4-spmce. In the same menner it mey be proved

bet any two corresponding r-speces meet in an (r-1) space =nd thst the two
loespective (nél)-points in the n-spece meet in en (n-1) space. The.efore

11 the r-1 spsces are in en n-l-space. There ere,  C_ocorresponding n-3 -spaces
pich meed in the n-2 spaced. This mskes (nal)(M-2) spmces in the (n-l) spece.
bW every correspondimg n points of the nel perspeotive points in the n-space
orm 2 oorresponding n-l-speces which meet in an n-2 space. Let us consider
second pair of ocorresponding n~-l-spasces. n-l eorresponding points of the

iret amd second sets will be common. These corresponding n-l points form

w0 corresponding n-2 spesces which will meet in an n-3 spece, in the n-l spsace,
erefore the (n+l)(n-2) spsces meet by pairs in n-3 spasce in the n-1 espsce.
ere fore the (n-1)(n-20 spaces meet by pairb in the (n~3) spaces of the n-1
ace =nd we hesve a compieto confgguration of the (nél)(n-2 )speces in an (n-l
pace end the theorem is proved. In the seme msnner the, C correspondihg N-2
peces will meet in n-3 spaces. But these corresponding n-2-spaces will have

h n-2 points common to three corresponding n-2-spaces and there form n-3

Efoea common to three corresponing R«8 spaces snd therefore the correspond-

g n-3 spaces meet by triples in n-4 speces of the n-l spsce and so on.
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The coafiguration of Da, pus. This important coaliguration wag
discovered by Po, gus of .lexandria, who lived about 340 ..., Irlate 12,
If ..\,B3,C are any thrce &i tinet poin®s of a line 1L, .ad .',2',CT any
three distincet [olante of ancother line 17T :ceting 1, the viitc _oints of
interscetion of the pairs of liaes 3! .ad '3, 3C' wa2d D'C, oL o8 O
are collinear.
Iroof: Let the tlhrce ,o0iits ¢f iatersectica Feferred to in the theorm be

dencted by J'FP,ATT, 3'' respectively., I.cb vle Lline B''CT! ieet Uie line

3'C in a polant D; also let B''C'Y qcet 1' in Al , the line ..'3 meet .07
in 34, the line ..2' aeet .'C in 3! e tlen love tle Jollowing Lersp=-
1 §

i 2
.A. J
ectivities: L'CV'BE{3 = A'Bi 21T 0 R ‘Jlgr: ~nr1y,

37 the prianciple of projectivity then, cince in the rojectivity thus
establihed C'' is self-correcpoadiag, weo conclude “lat tle thr

1ty 3“31, 23 nret in tiie point C'. IHence D ig identical with A'', ownd
LT,BTYPC0YY are collinecr.

Thhe configuration «f tie figure as jiven is:

|

g
'3

?

Rl

This conligur..tica noy be considered .5 = cin lc | lanc lLesagon i.ccribed

4

in 0 int rocetiag lines, IZ Gie Sides of wich « hexmagon be Jencted in

~

brier 1,2,3,4,5,6 , and if ve call the ocides 1 . ad 4 op osite, lilgwise

]

the sides 2 .24 5, .zd %le zides & «ad 6, =wle last .'ecren o he stated

in e Zolleowing Lorm: IL o sliple herragoa be 1 zeribed ia Lo inbcir=

secting lines, Ule “hrece palrs ol op,o-Ite zides will iatirocet 11 col-

lincar j.0lalse
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